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Boolean Logic

S sl (slaidll

Epp, sections 1.1 and 1.2
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Applications of Boole%ﬁ'@logic

e Computer programs

* And computer addition
* Logic problems

* Sudoku
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Boolean propositionsw

* A proposition is a statement that can be either true or false
* “The sky is blue”
* “lis a Engineering major”
[ ”X == y”
* Not propositions:
* “Are you Bob?”
« “x:=7"
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Boolean variables &

* We use Boolean variables to refer to propositions
* Usually are lower case letters starting with p (i.e. p, g, r, s, etc.)
* A Boolean variable can have one of two values true (T) or false (F)

* A proposition can be...
e Asingle variable: p
* An operation of multiple variables: pA(gv—r)
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Introduction to Logical Operators

* About a dozen logical operators
* Similar to algebraic operators + * - /

* In the following examples,
* p = “Today is Friday”
* g = “Today is my birthday”
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Logical operators: Notgﬁ
fia)

* A not operation switches (negates) the truth value

*Symbol: —or~ D —p
*In C++ and Java, T =
the operand is ! = T

*—p = “Today is not Friday”
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Logical operators: Andgﬁ
Bl

* An and operation is true if both operands are true

* Symbol: A
* It’s like the ‘A’ in And
*In C++ and Java,
the operand is &&
* pAg = “Today is Friday and
today is my birthday”

PAY

| —

mn|m|d|d|o

|- |T|H |
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Logical operators: Or oo
Bl

* An or operation is true if either operands are true

* Symbol: v

*In C++ and Java,

the operand is | |

m|m| ||
|- |T|H |

e pvqg = “Today is Friday or

today is my birthday (or
possibly both)”
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Logical operators: Excluﬁve Or
ol

* An exclusive or operation is true if one of the operands are true,
but false if both are true

e Symbol: ® P q | p®g
 Often called XOR T T F
*p®Dg=(pvag)r-(pAq) T F T
* In Java, the operand is * F T T
(but not in C++) F F F

* p®q = “Today is Friday or today
is my birthday, but not both”

httpsrivanarscsdu.sy/ 9
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Inclusive Or versus Exglusive Or

* Do these sentences mean inclusive or exclusive or?
* Experience with C++ or Java is required
Lunch includes soup or salad
To enter the country, you need a passport or a driver’s license
Publish or perish
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Logical operators: aﬁnd and Nor

* The negation of And and Or, respectively

*Symbols: | and { , respectively

* Nand: p|g =-(prq)
* Nor: pl g =-(pvq)

| T
T[T

httpsHmiandrdcsdu.sy/
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Logical operators: Conditional 1

o)ligJl

4

* A conditional means “if p then g’

*Symbol: —>

* p—>q = “If today is
Friday, then today
is my birthday”

the the
antecedent consequence

P—4

T4

|- |T|H |

—|—|T|-

i A A
S
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Logical Ooperatos; Conditional 2

*Let p = “l am elected” and g = “I will lower taxes”

| state:p > g ="“If |
am elected, then |
will lower taxes”

P g | P—(

e Consider all
possibilities

* Note that if p is false, then
the conditional is true regardless of whether g is true
or false

httpsHmiandrdcsdu.sy/ 13
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P ld|-P|—q
T|T|F|F
TIF|F | T
FIT|T|F
FIF|T|T

Dy

lllllllllll
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Logical operators: Co@ﬂjtional 4

 Alternate ways of stating a conditional:

p implies g

Ifp, q

p is sufficient for g
qifp

q whenever p

q is necessary for p

ponly if g

g

| don’t like this one

httpsHmiandrdcsdu.sy/
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Logical operators: Bi-conditional 1
ool

* A bi-conditional means “p if and only if g”
*Symbol: &

{

(

* Note that a bi-conditional

P | 9 |peq
T | T | T
T | F | F
F | T | F
F | F | T

has the opposite truth values
of the exclusive or

httpsHmiandrdcsdu.sy/
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Logical operaters: Bi-conditional 2

* Let p = “You take this class” and g = “You get a grade”
*Then p<>qg means

“You take this class if P q [P<(Q
and only if you get a T T T
grade T - -

* Alternatively, it means “If
you take this class, then F T F
you get a grade and if you get a gradle then ydu takeT

(took) this class”

httpsYymandedcsdu.sy/ 17
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Boolean operators suitiinary

not [ not | and | or | xor | nand| nor | conditional bi-
conditional
p|la|—p|—q|prq|pva|peq | plg | plg P—q P<>(
T|T| F F T T F F F T T
T|F| F T F T T T F F F
F|T]| T F F T T T F T F
F 1 FE'nrnTwl]uatrthey mean,don’t just *nennor|ize-|the tablefr T

httpsHmiandrdcsdu.sy/
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Precedence of operatdis

* Just as in algebra, operators have precedence
* 4+3*2 = 4+(3*2), not (4+3)*2

* Precedence order (from highest to lowest): - A v 5 &
* The first three are the most important

* ThismeansthatpvgaAa-r—>s<>t
vields: (p v (g A (=r))) € (s > 1)

* Not is always performed before any other operation

httpsHmiandrdcsdu.sy/
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Translating English Sefitences

* Problem:
* p =“ltis below freezing”
°g-= “It is SnOWing”

* Itis below freezing and it is snowing

* It is below freezing but not snowing

* It is not below freezing and it is not snowing

* [t is either snowing or below freezing (or both)
* Ifitis below freezing, it is also snowing

* It is either below freezing or it is snowing,
but it is not snowing if it is below freezing

* That it is below freezing is necessary and sufficient
for it to be snowing

httpsHmiandrdcsdu.sy/
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Translation Example Zi5

 Heard on the radio:

* A study showed that there was a correlation between the more children ate
dinners with their families and lower rate of substance abuse by those
children

* Announcer conclusions:

* If children eat more meals with their family, they will have lower substance abuse

* If they have a higher substance abuse rate, then they did not eat more meals with their
family

https D/ ivanarsesdu.sy/ 21
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Translation Example Zi5

* Let p = “Child eats more meals with family”
* Let g = “Child has less substance abuse

* Announcer conclusions:

* If children eat more meals with their family, they will have lower substance
abuse

*p—q

* If they have a higher substance abuse rate, then they did not eat more meals
with their family

* —q —>—p

* Note that p > g and —g — —p are logically equivalent

https D/ ivanarsesdu.sy/ 22
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Translation Example 1 oo
*Let p = “Child eats more meals with family”
* Let g = “Child has less substance abuse”

* Remember that the study showed a correlation,
not a causation

result conclusion

mn|T|d|d|o
M| |T|H |
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Translation Example 23

* “l have neither given nor received help on this exam”
* Rephrased: “I have not given nor received ...”
* Let p = “I have given help on this exam”
* Let g = “I have received help on this exam”

* Translation is: —p<g

p g 2
T T F
T F F
F T T
= SN————

24
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Translation Example 23

* What they mean is “l have not given and | have not received help on this
exam”

* Or “l have not (given nor received) help on this exam”

p g —pa—g | —(piq)
T T
T =

* The prdblem: & has a highedprece
not alwjays in English
* Also, ”rei-t-heEi—s-vag-ue F

, but

httpsHmiandrdcsdu.sy/ 25
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Tautology and Contradigtion

Vi

* A tautology is a statement that is always true
(Negation Law)

e p Vv -p will always be true

* A contradiction is a statement that is always false
(Negation Law)

* p A -p will always be false

P PvaP [ PA~P
T T F
F T F

hitps/manaraceau.sy,
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Logical Equivalence i

* A logical equivalence means that the two sides always have the same
truth values
* Symbol is = or <
* We’ll use =, so as not to confuse it with the bi-conditional

httpsHmiandrdcsdu.sy/ 27
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Logical Equivalences oﬁnd

ool
s pAT=D ldentity law
P T PAT
T T T
F T F
* pAF=F Domination law
P F PAF
T F F

F F F

httpsHmiandrdcsdu.sy/
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Logical Equivalerg;ui@gs of And

* PAPEDP ldempotent law
P P PAP
T T T
F F F
* PAQ=EQgAp Commutative law

PAG aAp

(T |
E_'n-—l | |e
|||
|||
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Logical Equivalences oﬁnd

* (PAgAT=EpA(QAaTr)

2O

el

Assoclative law

Pla|r|pag | (PAg)Ar | gar | pa(garn)
TIT|T| T T T T
TIT|F| T = F F
T|F|T| F = F F
T|F|F| F F F F
FIT|T| F = T F
FIT|F| F = F F
FIF|T| F = = F
FIF|F| F = F F

httpsHmiandrdcsdu.sy/
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Logical Equivalences oﬁr

Oial
e pvT=T dentity law
e PpVvF=ED Domination law
s PDVPED dempotent law
*pvg=qvp Commutative law

(pvgvr=pv(vr Associative law

httpsHmiandrdcsdu.sy/
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Corollary of the Assoclative Law

*(PAQ)AT=EpAQgAT
c(pvqg)vr=pvagvr
e Similar to (3+4)+5 = 3+4+5

* Only works if ALL the operators are the same!

httpsHmiandrdcsdu.sy/
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Logical Equivalences otNot

* (-p)=p
e pvap=T
e pApP=EF

o)ligJl

Double negation law
Negation law
Negation law

httpsHmiandrdcsdu.sy/
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DeMorgan’s Law s

* Probably the most important logical equivalence

* To negate pAg (or pvq), you “flip” the sign, and
negate BOTH p and g
— Thus, =(p A Q) =-p v —q
— Thus, =(p v q) =-p A —q

T[n[d][d[o
T[T d]o

httpsYYmansrdcsdu.sy/ 34
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Yet more equivalence§’s

* Distributive:
pvigar)=(pva)alpvr)
pAa(gavr)=(pag)vipar)

* Absorption
pvipAag)sp
pA(pva)=p

httpsHmiandrdcsdu.sy/
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How to prove two pr%OSItIOHS
are equivalent? oo

e Two methods:

* Using truth tables

* Not good for long formulae
* In this course, only allowed if specifically stated!

* Using the logical equivalences
* The preferred method

* Example: show that:

(p=>r)v(@—=>r)=(pag)—>r

httpsHmiandrdcsdu.sy/
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Using Truth Tables

dools
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(pP—=>r)v(@—>r)=(paq)—r
P q r|p—r q—r (p—Nv(g—r)(pAg (pPAg) —T

T T T T

T

F
T
T
T

F
T

37
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Using Logical Equivale@&@s
Byi el
=rv@=r)=mag) —or Original statement
(—P \DEJinvitlon@irfipireatiG ARy Y @ =—PV Q

DeMorgan's Law  —(p A Q) =—pVv—(Q

—Assocativity o flGe ViIQVvIr)=—pvirv—(gvr
g _me Fqvr)=—p q
—ReversNgiing, r = —pv —q Vv I

depRroteff Lans Fpy =@ v I

httpsrivanarscsdu.sy/ 38
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Logical Thinking oy

At a trial:
* Bill says: “Sue is guilty and Fred is innocent.”
e Sue says: “If Bill is guilty, then so is Fred.”
* Fred says: “l am innocent, but at least one of the others is guilty.”

e Let b = Bill is innocent, f = Fred is innocent, and s = Sue is innocent
* Statements are:

e -saf
e -b > -f
* fA(-b Vv =s)

httpsHmiandrdcsdu.sy/
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Can all of their statéments be true?

*Show: (-s A f) A (mb = =f) A (f A (=b Vv —5))

b|f s|=ab —f =as|-asaf —b—-f fA(=bv-S)

TTT|F F F| F T =

TFT|F T F| F T F
TFF|IF T T| F T F
FTT|T F F| F = T
FTF|T F T| T = T
FFET|T T F| F T F
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Are all of their statement%ue?
Show values for s, b, and ﬁ'ﬁé‘i‘uch that the equation is
true

(—sA F)A(=b > —F)A(f A(=bv—s))=T Original statement
(—sA f)Albv—f)A(f A(=bv—s))=T Definition of implication
—sAfAlbbv—)ATfA(=bv—s)=T Associativity of AND

—SAfATADVf)A(—DV—S)=T Re-arranging

—safAbv—f)A(=bv—s)=T Idempotent law
f A(bv—f)A—SA(=sv—b)=T Re-arranging

f A(bv—f)a—s=T Absorption law
(f Ay —f ))/\—.s _T Re-arranging

((f Ab) v (f A—f ))/\ﬁs _1 Distributive law

(f AD)VF)A—s=T Negation law
(f AD)A—S=T Domination law

f hAr_c=T Associativity of AND

httpsYymandedcsdu.sy/ 41
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What if it weren’t pos%le to assign such

6)liod
values to s, b, and f? ==

(SAF)A(=D>—F)A(F A(=DV—=8)AS=T
(sAf)A(bv—=f)A(F A(DV=S))AS=T

(f AD)A—=SAS=T
f ADA—SAS=T
f ADAF=T
fAF=T

F=T

Original statement
Definition of implication

... (same as previous slide)
Domination law
Re-arranging

Negation law

Domination law
Domination law
Contradiction!

httpsHmiandrdcsdu.sy/
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Functional completengss

* All the “extended” operators have equivalences using only the 3 basic
operators (and, or, not)
* The extended operators: nand, nor, xor, conditional, bi-conditional

* Given a limited set of operators, can you write an equivalence of the
3 basic operators?
* If so, then that group of operators is functionally complete

httpsrivanarscsdu.sy/ 43
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Exch%e-Or

coffee “or”

deola
o)ligJl
tea ?| exclusive-or

How to construct a compound statement for exclusive-or?

Idea 1: Look at the true rows

(pA=q)V (=pAq)

Idea 2: Look at the false rows

(P A q) AN=(—=p A —q)

p q | pBEQ
T T =
T F T
F T T
F F F

Idea 3: Guess and check

(pVaqg)A—=(pAq) -

httpsHmiandrdcsdu.sy/
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p®g=(PVag)A-(pAg)

p q pPq | pVqg R(pAq)

T T F T F F
T F T T T T
F T T T T T
F F F F T F

Logical equivalence: Two statements have the same truth table

httpsHmiandrdcsdu.sy/
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Writing Logical Forn%a for a Truth Table
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Given a truth table, how to write a logical formula with the same function?

First write down a small formula for each row, so that the formula
IS true if the inputs are exactly the same as the row.

Then use idea 1 or idea 2.

PANGAT
pANgA —r
PpAgAT

pA—gN\ T
V(mp A =g AT)
—p/NgN-r
pANTGAT
pAN\ g AN\

-

output

F

M| (M| 4|4 |4 |T

Mm|mjd|dA|Tm |||

|4 |T|H|7n|4|7T|H
||| Tn|A |

Idea 1: Look at the true rows
and take the “or”.

(pANgA—r)
V(p A =g AT)
V(-p AgAT)
V(—p A g A )

The formula is true iff the

Input is one of the true rows

httpsHmiandrdcsdu.sy/
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Writing Logical Forn%}a for a Truth Table

deola

q | swn | carry
P OR
1 0 1
Digital logic: i 1 ()
— 1 1 (]
AND
! (] N (]
—— Ccatrtry
Idea 2: Look at the false rows,
P q r | output negate and take the “and”.
pAgANT T T T F
pAgA—-T| T | T | F T -(pAgAT)
pA-gAT | T | F | T T A=(p A =g A\ —r)
pA-gA-r | T | F | F F A=(=p A =g A =)
pPAGAT F T T T can be simplified further
“pAgA T F T F T
TpPATGAT F F T T The formula is true iff the input
TP A TGN Tr—F F F F iS Not one of the false row.
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