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• Functions of Several Variables

• Limits and Continuity in Higher Dimensions

• Partial Derivatives

• The Chain Rule

• Directional Derivatives and Gradient Vectors

• Tangent Planes and Differentials

• Extreme Values and Saddle Points

• Lagrange Multipliers

• Taylor’s Formula for Two Variables

• Partial Derivatives with Constrained Variables
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Estimating Change in a Specific Direction
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How to Linearize a Function of Two Variables
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Differentials
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Functions of More Than Two Variables
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Exercises
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Extreme Values and Saddle Points

Derivative Tests for Local Extreme Values
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Extreme Values and Saddle Points

 
22( , ) 2 5 5f x y x y    

The critical point (0, 2) gives a local minimum
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Extreme Values and Saddle Points

2 0 and     2 0
x y

f x f y      0,0The critical point

Along the positive x-axis   2,0 0f x x  

Along the positive y-axis   20, 0f y y 

The function has a saddle point at the origin and no local extreme values
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Extreme Values and Saddle Points

   0,0 , 2,2The critical points

 2 72 1
xx yy xy

D f f f y   

 0,0 72 0D    the function has a saddle point at the origin

   2,2 72 0 , 0,0 6 0
xx

D f     the function has a local maximum value

 2,2 8f 
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Extreme Values and Saddle Points

Absolute Maxima and Minima on Closed Bounded Regions

 1,2
The critical point
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Extreme Values and Saddle Points

At the interior points

(0, ) 4 2 0f y y    2y 
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Extreme Values and Saddle Points

(1,2) the function has a maximum value (1,2) 7f 

(9,0) the function has a minimum value (9,0) 61f  
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Extreme Values and Saddle Points
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Exercises

Find all the local maxima, local minima, and saddle points of the functions

Find the absolute maxima and minima of the functions on the given domains
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Lagrange Multipliers
The Method of Lagrange Multipliers
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Lagrange Multipliers
The Method of Lagrange Multipliers
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Lagrange Multipliers
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Lagrange Multipliers
Lagrange Multipliers with Two Constraints
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Lagrange Multipliers

2 2 2 2
(1,0,0) 1 , (0,1,0) 1 , , ,1 2 1.172 , , ,1 2 6.83

2 2 2 2
f f f f

    
           

   
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Exercises
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Method of Solution

     , , ,
f f

df x y dx dy M x y dx N x y dy
x y

 
   
 

   , , ,
f f

M x y N x y
x y

 
 

 

Integration  x

     , ,f x y M x y dx g y 

     , ,
f

M x y dx g y N x y
y y

 
  

  
Integration  y

 g y

 ,f x y C
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    2, 2 , , 1M x y xy N x y x  
 2

2
xyM

x
y y


 

 
 2 1

2
N x

x
x x

  
 

 

Exact EquationM N

y x

 


 

22 , 1
f f

xy x
x y

 
  

 

   2,f x y x y g y 

Integration  x

2 2( ) 1
f

x g y x
y


   



( ) 1g y   ( )g y y 
2x y y c   2,f x y x y y 

2 1

c
y

x




EXAMPLE  22 1 0xydx x dy  
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       2 2, cos sin , , 1M x y x x xy N x y y x   

 2cos sin
2

x x xyM
xy

y y

 
  

 

  21
2

y xN
xy

x x

 
  

 

Exact Equation
M N

y x

 


 

EXAMPLE

 

2

2

cos sin
, (0) 2

1

dy xy x x
y

dx y x


 


An initial value problem

   2 2cos sin 1 0x x xy dx y x dy   
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 2 2cos sin , 1
f f

x x xy y x
x y

 
   

 

   
2

2, 1 ( )
2

y
f x y x h x  

Integration  y

2 2( ) cos sin
f

xy h x x x xy
x


    



 2 2 21 cosy x x C  

    2 2 22 1 0 cos 0 C  

   
2

2 21
, 1 cos

2 2

y
f x y x x  

 2 2 21 cos 3y x x  

( ) cos sinh x x x 

21
( ) cos sin . cos

2
h x x x dx x   (0) 2y 

3C 
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Nonexact Equations and Integrating Factor

M N

y x

 


 
Nonexact Equation

       , , , , 0x y M x y dx x y N x y dy   Exact Equation

  y xM N

N


1

2

( )x
 

( )
y xM N

dx
Nx e






 x yN M

M


( )y

 

( )
x yN M

dy
My e






Finding an Integrating Factor
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EXAMPLE
 2 22 3 20 0xydx x y dy   

    2 2, , , 2 3 20M x y xy N x y x y   
 xyM

x
y y


 

 

 2 22 3 20
4

x yN
x

x x

  
 

 

Nonexact Equation
M N

y x

 


 

 
2 2 2 2

4 3
( , )

2 3 20 2 3 20

y xM N x x x
x y

N x y x y


  
  

   

 
( )

4 3 3x yN M x x x

M x y
y

y xy


 
    Ok
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  
3

3

3ln ln 3( )
x yN M

dydy
y yyMy e e e e y




     Integration Factor

 4 2 3 5 32 3 20 0xy dx x y y y dy   

3( )y y 

   4 2 3 5 3, , , 2 3 20M x y xy N x y x y y y   

 4

34
xyM

xy
y y


 

 

 2 3 5 3

32 3 20
4

x y y yN
xy

x x

  
 

 

Exact EquationM N

y x

 


 

 2 22 3 20 0xydx x y dy   
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4 2 3 5 3, 2 3 20
f f

xy x y y y
x y

 
   

 

   2 41
,

2
f x y x y g y 

Integration  x
2 3 2 3 5 32 ( ) 2 3 20

f
x y g y x y y y

y


    



5 3( ) 3 20g y y y   6 41
( ) 5

2
g y y y 

2 4 6 41 1
5

2 2
x y y y c    2 4 6 41 1

, 5
2 2

f x y x y y y  
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Exercises

Determine whether the given differential equation is exact. If it is exact, solve it.

Solve the given initial-value problem.

Solve the given differential equation by finding an appropriate integrating factor.
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Exercises
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