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Double and Iterated Integrals over Rectangles
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Double and Iterated Integrals over Rectangles

THEOREM 1 —Fubini's Theorem (First Form)
If f(x, y) is continuous thronghout the rectangular region R:a =x = b,
¢ =y = d, then

d nh b pdd
[/ flx, y)dA = f / foo, y)dedy = f / f(x, y) dy dx.
R [N i T C

EXAMPLE 1 Caleulate [[,f(x, ) dA for
flr, =100 —6xy and R 0=x=2 —-1=y=L

1 2 | =2
ﬂ flx, v) dA =f f (100 — 6_12}-'} dx dy=f |:1[_]'D.1' — ltz_v} ely
—1J0 —1 x=0
R

| |
= f (200 — 16y) dy = [znny — a}-ﬂ = 400.
—1 -1

D
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Exercises o
® f[ysin[x+}-‘]dﬂ, R —7=x=0 0=y=7 —4
R
Lzﬂ, R: D=x=1] 0=y=1] —*_1In2
xl_}'z + 1 ) 4 2
3

1 w2
@® Evaluate f / x sin ‘J:‘: dv dx. _o
—-1J0 -

@ Find the volume of the region bounded above by the surface z = 4 — }'2 and below by the rectangle R: 0 =y = |

0=y=2

https://manara.edu.sy/
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Double Integrals over General Regions™

THEOREM 2—Fubini’s Theorem (Stronger Form)
Let f(x, ¥) be continuous on a region K.

1. If Ris defined by a = x = b, gi(x) = vy = g(x), with g, and g, continuous

on [a, b], then
b rgalx)
f/ flx, V) dA = / fx, ¥) dy dx.
a « g,(x)

R

2. If Risdefined by ¢ = v = d, Iy(y) = x = hy(y), with /1y and h, continuous

on [c,d], then
d phaly)
-[[ flx, y)dA = / Fx, ¥) dx dy.
e J i)
R

\
x = hs(y)
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Double Integrals over General Regions
EXAMPLE 1 Find the volume of the prism whose base is the triangle in the xy-plane 1(3, 0,0)

bounded by the x-axis and the lines y = x and x = 1 and whose top lies in the plane "

/ lz=flx,y)=3—x—y

- ——

z=flr,y) =3 —x—

¥ =1 . x= 1

{ : \
4 : : :
y=a y=x /| &
(1,0.2¢ | T

.
C

- 1
I 1
—x — y)dydx V=/f (3 —x —y)dxdy
04y
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Double Integrals over General Regions

¥

IR

L

-

Leaves at

rVisE

Enters at
}I —_— 1 — _1'

0

Smallest x
sx =10

X |

/

Largest x
sx = |

x=1 }'=ﬂ
ff fx, y) dA = f f fx, y) dy d
T =0 J y=]—x

Largesty ¥
isy=1
~1 x=1—-y

W
¥ .
Leaves at
Smallest y
isy =0 \FW—}E
. .y

0 l

1 pVI—2
[/ flx, y)dA = [ f flx, y) dx dy
5 01—y

Enters at
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Properties of Double Integrals

| R=RUR,

=

R

0 S "
[[f (x, y)dA = ﬂf{i‘, ¥) dA + ﬂf{x, ¥) dA
R R,

X

[
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If f(x, ¥) and g(x, y) are continuous on the bounded region R, then the following
properties hold.

1. Constant Multiple: /] cflx,y)dA = ¢ [[ flx, ¥v)dA (any number ¢)
R R

2. Sum and Difference:

[/ (foy) £ glry) dA = f/ flx,y)dA + f/ glx, y) dA
R R R

3. Domination:

(a) /] flx,)dA =0 if flx,y) =0onR
R

(b) ff flx,y)dA = ff glx,y)dA if  f(x,y) = glx,y)onR
R s

d. Additivity: If R is the union of two nonoverlapping regions R, and R,, then

f/f(xiy]fm= f/f{xa}‘)iﬂ+ f/f{xi}')dﬂ
& R, R,

https://manara.edu.sy/
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EXAMPLE 4 Find the volume of the wedgelike solid that lies beneath the surface
z= 16 — x> — y* and above the region R bounded by the curve y = 2Vx, the line
y = 4x — 2, and the x-axis.

G+ 2 3 ¥=(y+2)/4
ﬂ 16 — T__J“ }.rH f f 15_*"1_?2)“’—“"}: = lﬁx—l——x‘rl dx
0 3 ] x=v"/4

G+2 o+2y ¥y
_fu [4{3;4-2}— 361 T — 4y +3-154+I dy

_ [191,}‘ 63y> 145y  49* 20803 _ .,

24 32~ 96 768 ' 20 1344L= 1680
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EXxercises T
integrate f over the given region.
@ f(x.y) = x + y* over the triangular region with vertices (0, 0), (1, 0), and (0, 1) L: _|‘;_x(x2 + f]dy ax =1

@ f(s, 1) = e*Int over the region in the first quad rant of the si-plane that lies above the curve 5 = Inf from ¢ = ltor = 2

J-IEJ:}ME:‘ Int ds dt =%

® [ (v — 2x*) dA where R is the region bounded by the square |x| + |y| = I =—3

@ Find the volume of the solid whose base is the region in the xy-plane that is bounded by the parabola v = 4 — x* and the
line ¥ = 3x, while the top of the solid is bounded by the plane = = x + 4

1 pd-x?
— ; _ 625
V= J J‘h (x+4)dyvdx - 5

https://manara.edu.sy/ 1
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Area by Double Integration

DEFINITION The area of a closed, bounded plane region R is

A=£]¢M.

Find the area of the region R enclosed by the parabola y = x* and the

EXAMPLE 2
line y =x + 2

[ ray
— S
Rﬂ
A
[ wo
= X

2 x+2 2
A= | odx= -+ 2 —x7)d , L vy 4 vy
_/_I['}:L: ' ~/_1(l x) di y=xT A= ﬂrfﬁ-l- [/n:b‘-l =f[ dx dy -I—/f dx dy.
2 0 Sy 1S y—2
X’ =207 9 Rk, R,
Y ) /]

(—L 1)

=
"

o
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Area by Double Integration

EXAMPLE 3 Find the area of the playing field described by

R—2=x=2-1—-—V4—-x>=y=1+ V4 — 1%, using (a) Fubini’s Theorem (b) Simple geometry.
e P RV A
[a}A=j/cM=/f dy dx
4 0Jo
2

= f{l-[-ﬂ)dx

0

2
=4lx+%v4—_€+4§sin_'%} =8 + 4
0

(b) A=8+ 722 =8 + 4m.

https://manara.edu.sy/ i



Y

Area by Double Integration
Average Value
: _ 1
Average value of f overR = - [[ f dA. (3)
R

EXAMPLE 4 Find the average value of f(x,¥) = xrcosxy over the rectangle

RO=x=w,0=y=1L

W™ 1 T :,,-=| - -
// x cos xy dy dx =/ [Siﬂ ’4 dx =/ (sinx — 0)dx = —c&s:} = 2,
0J0 0 v=0 0 0

The area of R is o. The average value of f over Ris 2/

https://manara.edu.sy/
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Double Integrals in Polar Form ool

S = 2, (. 6) AA

=1
lim §, = fj‘f{r; #) dA.
R
AA; = area of large sector — area of small sector
8 =x

2 2
= %[(q + %) — (1";,r — ir) ] = %{Er;{ﬂr} = n. Ar AP

‘ .Srﬂ - E _f(.i"l.ﬁ E.k} Ly ﬂhr ﬁ.ﬂ ‘ lim 5" = /] _f{.i"-, ﬂ}rdr {!ﬂ.
i=l R—r00

I

0=F pr=g.0)
ff f(r,8) dA = f f {(r, 0) r dr db.
‘2 I=a + r=g, ()

https://manara.edu.sy/ —
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Double Integrals in Polar Form

Area in Polar Coordinates
The area of a closed and bounded region R in the polar coordinate plane is

A= /]rdrdﬂ.

R

EXAMPLE 2 Find the area enclosed by the lemniscate r* = 4 cos 2.

wf4 W cos 20 T 5 r—xm
f f rordf = 4f l }

=4f Ecﬂszﬂdﬂ—dsmﬁﬂ} = 4
0 0

¥ Leaves at

1 r=1/4 cos2d

/

T
/3

Enters at A
r=10 -

https://manara.edu.sy/
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Double Integrals in Polar Form

Changing Cartesian Integrals into Polar Integrals

[[_f(.t,y)dxdy= [[_f(rcﬂsﬂ,rsinﬂlrdr '
R G I

EXAMPLE 3  Evaluate [/ Y dy dx

where R is the semicircular region bounded by the x-axis and the curve y = V1 — x* p

I y=vi-

e . AL =1
[[er+3’dyir=/f " rdr df =f llef} db
0Jo o L2 lo
R
1 T 8= g=0
— _— —_ = — —_ (,ﬂ

fﬂ E(E:' 1) df 2(3 1). - S T

https://manara.edu.sy/ &
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Double Integrals in Polar Form

Changing Cartesian Integrals into Polar Integrals

EXAMPLE 5 Find the volume of the solid region bounded above by the paraboloid
z =9 — x* — y* and below by the unit circle in the xy-plane.

j](g —x2 — y?) dA =fn ﬂl{g — r2) rdrdf =f:1l{9r— r3) dr df

2
=/ |:§.i'_? - 1:’4] el
§] r=(]

]
13
;""‘"'-I.
5
5
|
|S
=

https://manara.edu.sy/
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Exercises

change the Cartesian integral into an equivalent polar integral. Then evaluate the polar integral

W

deol o
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/-/ cf}; elx (1=-In2)x
-1 =T=2 1 Vil + 2 ¥

| W=y
/—-l./—-‘-u"l—_vl

One leaf of a rose  Find the area enclosed by one leaf of the rose r = 12 cos 36

Integrate

In(x2 + v2 + 1)dxdy r(In4-1)

fl vy =[In(x* + ¥*) ] /Vx* + y* over the region 1 = 32 4 V=g

127

27(2-+e)

https://manara.edu.sy/
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Triple Integrals in Rectangular Coordinates

—

Su = > Flu, e 2 AV,
k=1

,,l'_ﬂ'gn = JQ‘[F(I. y,2)dV  or “}_,ﬂl_l_u-sn = Jgfﬂx‘ v, z) dx dy dz.

DEFINITION The volume of a closed, bounded region D in space is

v= |l av

o

https://manara.edu.sy/ 2L



[

6)liaJl

Triple Integrals in Rectangular Coordinates

a=b py=gix) pz=filx )
[ [ i
x=a  yv=gyix) J z=filx, ¥)

EXAMPLE 2 Set up the limits of integration for evaluating the triple integral of a
function F(x, y, 7) over the tetrahedron D whose vertices are (0, 0, 0}, (1, 1, 0, (0, 1, 0),
and (0, 1, 1). Use the order of integration &z dy dx.

.. L "
Leaves at
l j,,:r*=1 1 pl py—x
/]/F{_t., v, z) dz dy dx =f/f F(x, v, z) dz dvy dx.
0SS xs0
Fi)

|
|
[
|
|
|
|
|
|
|
|
|
|
]
|

e

https://manara.edu.sy/ 2
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Triple Integrals in Rectangular Coordinates

EXAMPLE 3 Find the volume of the tetrahedron D from Example 2 by integrating
F(x, y,z) = 1 over the region using the order dz dy ¢x. Then do the same calculation using
the order dy ¢z dx.

I pl pv—x
v=fff dzdydx =1L
DJdxJdD 6
I p#1- 1
V =/ f / dy dz dx = l.
0o x+z 6

£

https://manara.edu.sy/ 22
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Triple Integrals in Rectangular Coordinates

EXAMPLE 4
and 7 =

X°+3y°<z<8-x°

8 — a2 — 3yl

X°+3y°’N8—x°—-y?

X°+3y°

=8—x°*

—2<Xx <2

R I

_y2

—Y

2

) X°+2y°

44— l."

Vid—3)2

)l2<y s\/(4—x2)/2

L7y

'I:IJLI_I:L”

B—r—y
[ dz dy dry = H-’]‘T"..,r"li‘
_1—+3\'-

=4 .27 >0

Enters at

2=+ 3P~

Enters at

Leaves at
5
z=8—x —

(2,0.4)

y=—=V@ - )2 —

(2,0,0)

Find the volume of the region D enclosed by the surfaces z = x* + 3y

V= /[/ dz dy dx,
D

Leaves at

y=Va-x72

(—2,0,0)

2+ 2)'2 =4

https://manara.edu.sy/
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Triple Integrals in Rectangular Coordinates

Average Value of a Function in Space

_ 1
Average value of Fover D = volome of D /]] Fdv.
D I

EXAMPLE 5 Find the average value of F(x, v, z) = xyz throughout the cubical
region D bounded by the coordinate planes and the planes x = 2, y = 2, and 7 = 2 in the

first octant.
The volume of the region D is (2)(2)(2) = &.

2 a2 62
f/f xvzdedydz = §
DT

Average valueof | [/ e (l)(g} _,
xyz over the cube  volume AL 2 )
Clbe

i

https://manara.edu.sy/
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Find the volumes of the regions ?J . I
@  The tetrahedron in the first octant bounded by the coordinate planes and the plane passing through (1, 0, 0), (0, 2, 0), and (0, 0, 3) =1
; 0.0.3)}

@ The region common to the interiors of the cylinders x* + v* = | I

and x* + z° = 1, one-eighth of which is shown in the accompanying figure

-y ] a3 ‘x{ﬂ 2.0)
1 (1.0,0)/ Ty
R2+2=1 -
.1'/

® The region in the first octant bounded by the coordinate planes, the ‘

plane x + y = 4, and the cylinder v+ 472 =16 : £ |

\,\‘
87 %
X
26
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Masses and First Moments 6)Lioll
TWO-DIMENSIONAL PLATE

Mass: M= ﬂﬁ dA & = &(x, v) 15 the density at (x, ¥).
R

First moments: My=ﬂxﬁﬂ, Mx=ﬂy5i¢l
R R

AN, LT

THREE-DIMENSIONAL SOLID

Mass: M= fﬁ dV & = &(x, v, z) is the density at (x, y, 2).
D
First moments about the coordinate planes:

MH=MIEW, Mn=ﬂ[}rﬁdﬂ
D D
M M

Center of mass: _f=f, =35 7=

https://manara.edu.sy/
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Applications e
Masses and First Moments
EXAMPLE 1 Find the center of mass of a solid of constant density & bounded below y
by the disk R:x2+y* =4 in the plane z =0 and above by the paraboloid x_f
z = 4 — x* — y* (Figure 15.38). §

By symmetry ¥ = ¥ = 0. To find Z,

:=-11—.1-""—,'*'2 -2 =d4—xr—v -"III.- =
M, = ﬂ zddrdydx = /] [*'2—] ddvde = g[/{il — x* — y* ) dy dx |'/
_.T_=n !
® s R

-

2w o2
= g_/ f (4 — F)Vrdrdd = 32w > -
L L 3
4——y?
M= [/[ 8 dz dy dx = 8mwé.
L
R

Therefore z = (M, /M) = 4/3 and the center of mass is (x, ¥, z) = (0,0,4/3)

https://manara.edu.sy/ 2
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Applications
Masses and First Moments \.
EXAMPLE 2

Find the centroid of the region in the first quadrant that is bounded
above by the line v = x and below by the parabola y = x°.

l px
M=/f | dydx =

0J

I px { l px
— hj h] e — 1 =L
Mx—j;[j}ff}dx— 3 M, [ﬂL.rrf}dx 5

M}-_lflﬂ_l M_I;"lﬁ_g
M

=l Lo

T =

__ I

T 1/6 2 and -y =737 = 1/6 5

The centroid is the point (1 /2, 2/5).

https://manara.edu.sy/ 22



Applications
Moments of Inertia
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Applications
Moments of Inertia
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Applications

Moments of Inertia

EXAMPLE 3 Find I, I, I. for the rectangular solid of constant density &

B2
Lﬁ[_ (*rl + %) Sdx dy dz= ”i’f (B + ¢2) = %{!ﬁ + 2).

b2 S —af2

E

I =

—_ 2 __ 2 2
: lz{a +¢?) and I {ﬂ + B).

M=

abrcd

https://manara.edu.sy/
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Applications
Moments of Inertia

EXAMPLE 4 A thin plate covers the triangular region bounded by the x-axis and the
lines x = 1 and y = 2x in the first quadrant. The plate’s density at the point (x, y) is
8(x, ¥) = 6x + 6y + 6. Find the plate’s moments of inertia about the coordinate axes and

the origin.

Il plx I p2x
I = / / v28(x, v) dy dx = f [ (6xy? + 6y + 6v*) dy dx = 12
040 040

1 021
[ = / f 226(x, y) dy dx = 2.
' 0J0 3

[ =12+32 26039 99

5 3 5

(1,

2)

https://manara.edu.sy/
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Exercises

@ Find the moment of inertia about the x-axis of a thin plate bounded by the parabola x = v — y* and

theline ¥ + v = 0 if 8(x,¥) = x + . o

@® A solid in the first octant is bounded by the planes y = Q0 and z = 0 and by the surfaces z = 4 — x> and x = ¥
(see the accompany-ing figure). Its density function is &(x, v, z) = kxy, k a constant.

|
a. the mass of the solid. b. the center of mass. i
cmg— gt
M=% M, =% Y=3 oM - Bl y=402 gy - T z-8 N
@ Find the mass of the solid region bounded by the parabolic i
surfaces z = 16 — 2x” — 2y* and z = 2x* + 2y° if the density L /,,r=,'2
of the solid is &(x, v, 2) = V2 + 2. S194 f{,fﬁf Hﬁ{.x\‘ﬂ}

.

Ln
\.
-
S
=

https://manara.edu.sy/ .
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