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Relations and Their Properties
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Whe@s a relation

+ Let Aand Bbe sets. Abinary relation Ris a subset of A
x B

+ Example
— Let ADbe the students in a the CS major
*A = {Alice, Bob, Claire, Dan}
— Let Bbe the courses the department offers
*B={CS101, CS201, CS202}
— We specify relation R = A x B as the set that lists all students a
Aenrolled inclass b e B
— R ={(Alice, CS101), (Bob, CS201), (Bob, CS202),
(Dan, CS201), (Dan, CS202) }

https://manara.edu.sy/
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More r%‘étion examples

» Another relation example:
— Let A be the cities in the US
— Let Bbe the states in the US
— We define Rto mean ais a city in state b

— Thus, the following are in our relation:

*(C'ville, VA)
*(Philadelphia, PA)
*(Portland, MA)
*(Portland, OR)

*etc...

* Most relations we will see deal with ordered pairs of

integers

https://manara.edu.sy/

A :
Representing relations

We can represent

relations graphically:

Alice
.\. cs101

Bob

Claire @

Dan

CS201

CS202

We can represent

relations in a table:

CS101 | CS201 | CS202
Alice X
Bob X X
Claire
Dan X X

https://manara.edu.sy/
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Rela@ns on a set

» Arelation on the set A is a relation from A
to A

— In other words, the domain and co-domain are
the same set

— We will generally be studying relations of this
type

https://manara.edu.sy/

%
Rela@)ns on a set

* LetAbetheset{1,2,3,4}
*  Which ordered pairs are in the relation R ={(a,b) | adivides b}
+ R={(11), (1.2, (13),(1.4),(22), (24, (3.3), (44) }

. ) RI1 2 3 4
1/X X X X
2 2 2 X X
4 X
4o 4 -

https://manara.edu.sy/
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I\/Iogg_[ examples

+ Consider some relations on the set Z
+ Are the following ordered pairs in the relation?

11) (12) (21) (1-1) (2,2
* Ri={(ab)|ab}

- R,={(ab)|ab} X X X
- Ry={(ab)|alb/} X X
c Ry={(ab)|ab} X X X
- Re={(ab)| a=b+1} y y
c Rs={(ab)|atb<3} «

X X X X

https://manara.edu.sy/

Relatfén properties

 Six properties of relations we will study:
— 4wl Reflexive
— Gl rreflexive
— dBla.Symmetric
— Al e Asymmetric
— alilaie amAntisymmetric
— 4% Transitive

https://manara.edu.sy/
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.i“fflexivity

A relation is reflexive if every element is related to itself
- Or, (g8eR

Examples of reflexive relations:
— =< 2

Examples of relations that are not reflexive:
- <, >

https://manara.edu.sy/

Ig%éﬂexivity

A relation is irreflexive if every element is notrelated to
itself

- Or, (aa¢R
— Irreflexivity is the opposite of reflexivity

Examples of irreflexive relations:
-<,>

Examples of relations that are not irreflexive:
- 55,2

10
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Reﬂexiv% vs. Irreflexivity

* Arelation can be neither reflexive nor
irreflexive

— Some elements are related to themselves,
others are not

* We will see an example of this later on

11
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» Arelation is symmetric if, for every (a,b)eR, then (b,a) e R

« Examples of symmetric relations:
— =, isTwinOf()

» Examples of relations that are not symmetric:
- <, > 5,2

12
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Ag%/mmetry

» Arelation is asymmetric if, for every (a,b)e R, then
(ba)eR

— Asymmetry is the opposite of symmetry

+ Examples of asymmetric relations:
- <, >

« Examples of relations that are not asymmetric:
— =,isTwinOf(), <, 2

13
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Aq%ymmetry

» Arelation is antisymmetric if, for every (a,b)e R, then
(b,a)eRis true only when a=b6

— Antisymmetry is notthe opposite of symmetry

+ Examples of antisymmetric relations:
— =< 2

« Examples of relations that are not antisymmetric:
- <, >, isTwinOf()

14
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Notes%n *symmetric
relations
« Arelation can be neither symmetric or
asymmetric
—R={(ab)|a=|b| }
— This is not symmetric

-4 is not related to itself

— This is not asymmetric
4 is related to itself

— Note that it is antisymmetric

15
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T;%Qnsitivity

« Arelation is transitive if, for every (a,0)eR
and (b,0)eR, then (a,0)eR

e Ifa< band b< ¢, then a< ¢
— Thus, < is transitive

e Ifa=band b=c,then a=—c
— Thus, = is transitive

16
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Transié/ity examples

» Consider isAncestorOf()
— Let Alice be Bob’s parent, and Bob be Claire’s parent

— Thus, Alice is an ancestor of Bob, and Bob is an ancestor of
Claire

— Thus, Alice is an ancestor of Claire
— Thus, isAncestorOf() is a transitive relation

» Consider isParentOf()
— Let Alice be Bob’s parent, and Bob be Claire’s parent
— Thus, Alice is a parent of Bob, and Bob is a parent of Claire
— However, Alice is not a parent of Claire
— Thus, isParentOf() is not a transitive relation

17
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Relati@s of relations

sammary

= < > < >
Reflexive X X X
Irreflexive X X
Symmetric X
Asymmetric X X
Antisymmetric X X X
Transitive X X X X X

18
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Combyining relations

* There are two ways to combine relations
R, and R,
— Via Boolean operators
— Via relation “composition”

19
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Combi@@gg relations via
Boolean operators

+ Consider two relations R, and R

* We can combine them as follows:
— R, U R, =all numbers = OR <
*That’s all the numbers
— R, N R, =all numbers = AND <
*That’s all numbers equal to
- R, @ R, = all numbers = or <, but not both
*That’s all numbers not equal to
R, - R. = all numbers = that are not also <
*That’s all numbers strictly greater than
— R, - R. = all numbers < that are not also =
*That’s all numbers strictly less than

» Note that it’s possible the result is the empty set

20

https://manara.edu.sy/

10


https://manara.edu.sy/
https://manara.edu.sy/

5/28/2023

Combir{ﬁgg relations via
relatiortal composition
* Let Rbe arelation from Ato B, and Sbhe a
relation from Bto C
—lLetae A be Bandce C
—Let(ab) € R,and (b,c) € S
— Then the composite of R and S consists of the
ordered pairs (&,0)

*We denote the relation by S- R

*Note that S comes first when writing the
composition!

21
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Combi@@gg relations via
relatiortal composition

* Let Mbe the relation “is mother of”
* Let Fbe the relation “is father of”
« Whatis M- F?

— If (a,b) € F, then ais the father of b

— If (b,¢) € M, then bis the mother of ¢

— Thus, M- Fdenotes the relation “maternal grandfather”
e Whatis Fe M?

— If (a,b) € M, then ais the mother of b

— If (b,¢) € F, then bis the father of ¢

— Thus, F° Mdenotes the relation “paternal grandmother”
e Whatis M- M?

— If (a,6) € M, then ais the mother of b

— If (b,¢) € M, then bis the mother of ¢

— Thus, M- Mdenotes the relation “maternal grandmother”
« Note that Mand Fare not transitive relations!!!

22
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Combir{ﬁgg relations via
relatiortal composition
» Given relation R
— R° Rcan be denoted by /2
—R2o R:(Ro R)o R=R8

— Example: M is your mother’s mother’s
mother

23
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Representing Relations

24
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In th@ slide set...

* Matrix review

« Two ways to represent relations

—Via matrices

— Via directed graphs

+ These matrices will be used for Boolean operations

— 1lis true, O is false

N =

https://manara.edu.sy/

M@fjix review

»  We will only be dealing with zero-one matrices
— Each element in the matrix is eitheraOoral

0

1
0
0

0

0
1
1

0

o O O

25
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Matrigéransposition

» Given a matrix M, the transposition of M, denoted M, is
the matrix obtained by switching the columns and rows

of M
1 2 3 4
lel 2 3] 5 6 7 8
456 M=lg 10 1 1
1 4 13 14 15 16
Mt=12 5 15 9 13
36 |2 6 10 1
3 7 11 15
* In a “square” matrix, the main |4 8 12 16

diagonal stays unchanged 27

anara.edu.sy/

:H@trlx join

* A join of two matrices performs a Boolean
OR on each relative entry of the matrices
— Matrices must be the same size
— Denoted by the or symbol: v

kO
- O o
o o o o
, O o o
e I I e

0 1
0 0
1 1
0 1

o o -k o
=
=
[ RN S SO SN
o P, O o

28
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!\/%mx meet

» A meet of two matrices performs a
Boolean AND on each relative entry of the
matrices

— Matrices must be the same size
— Denoted by the or symbol: A

1t 00001100000
00100/ (0110|0100
1t 010 0011 o010
t 010/ [t1o00| 1000

29
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Matrix g%;olean product

* A Boolean product of two matrices is similar to
matrix multiplication

Cl,l = al,l * bl,l + al,Z * b2,1 + a1,3 * b3,l + a‘1,4 * b4,l

— Instead of the sum of the products, it's the conjunction
(and) of the disjunctions (ors)

Cip=a; A b1,1 Va, A bz,l Va3 A b3,1 vV, A b4,1

— Denoted by the or symbol:

10 0 1100110
0100 110/ 0110
101 0 mo 1 1| o111
101 1. 00D N1 1.1
LJ-UJ-U .I.\IULUJ-J.J-JJ 30

https://manara.edu.sy/
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74 :
Relations; using matrices

 List the elements of sets Aand Bin a particular order
— Order doesn’t matter, but we’ll generally use ascending order
» Create a matrix

31
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A :
Relations; using matrices

« Consider the relation of who is enrolled in which class
— Let A= {Alice, Bob, Claire, Dan }
— LetB={CS101, CS201, CS202 }
— R={(ab) | person ais enrolled in course b}

CS101 | CS201 | CS202
1 0 0
Alice X
M 01 1
Bob X X =
1o 0 0
Claire
0 1 1
Dan X X

32
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74 :
Relations; using matrices

* What is it good for?

— It is how computers view relations
*A 2-dimensional array

— Very easy to view relationship properties
» We will generally consider relations on a single
set

— In other words, the domain and co-domain are the
same set

— And the matrix is square

33
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I%ﬂexivity

» Consider a reflexive relation: <
— One which every element is related to itself
—LetA={1,2,3,4,5}

If the center (main)
diagonal is all 1's, a
relation is reflexive

V\Z
1l
o O O O -
o O O - -
o O - -
[ S N
L S S N =N

34
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» Consider a reflexive relation: <
— One which every element is notrelated to

itself
—LetA={1,2,3,4,5}
0 1 1 1 1] If the center (main)
000111 diagonal is all O’s, a
M._={0 0 0 1 1 relation is irreflexive
00001
0 0 0 0 0f

35
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» Consider an symmetric relation R
— One which if ais related to bthen bis related to afor all (a,6)
- LetA={1,2,3,4,5}

10110 . If, for every value, it is
0 000 @ the equal to the value in
M.=|1 0 0 0 0 its transposed position,
10010 then the relation is
symmetric
0o o 1]

36
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Aggym metry

» Consider an asymmetric relation: <
— One which if ais related to bthen bis notrelated to afor all (&,6)
- LetA={1,2,3,4,5}

If, for every value and
the value in its
transposed position, if
they are not both 1,
then the relation is
asymmetric

An asymmetric relation
must also be irreflexive

Thus the main

» Consider an antisymmetric relation: <

. , 37
nepsimaneracusidfiggonal must be all 0's

Aq[%ymmetry

— One which if ais related to 6then bis notrelated to aunless a=b
for all (a,b)

— LetA={1,23,4,5}

IA

[ T < Y S H N

If, for every value
and the value in its
transposed position,
if they are not both 1,
then the relation is
antisymmetric

The center diagonal
can have both 1’s
and O’s

38
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« Consider an transitive relation: <

— One which if gis related to band bis related to cthen ais
related to cfor all (a,6), (b,¢) and (&,c)

— LetA={1,2,3,4,5}

T;J«%nsitivity

If, for every spot (a,b)

5/28/2023

11 @ 1 (1:) and (b,0) that each
have a 1, thereisa 1l
01 111 @0 th o
at (g0, then the
M.=10 01 1@> relation is transitive
0 00 11
000 0 1  Matrices don’t show
thic nronerbhvoacilv
https://manara.edu.sy/u oo PEEET R 3
Combigiing relations:
deola
via Boolean operators
1 0 1 1 0 1
e Let: M,=|1 0 0 M,={0 1 1
01 0 1 0 0
1 0 1
* Join: Mays =MgvM =[1 1 1
110
1 0 1
* Meet: Mas=MoAMg=[0 0 0
—0—=0 70

https://manara.edu.sy/ —
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Combﬁmg relations:
via relation composition

Let: h i
0 1

1 0 11

cio0 1 0 0 0

But why is this the case?

g h
all 0 1
MSDR:MROMS:bl 0 1
0 1 0

41
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Repre%nting relations
using directed graphs

A directed graph consists of:

— Aset Vof vertices (or nodes)

— Aset Eof edges (or arcs)

— If(a b)isin the relation, then there is an arrow from ato b
Will generally use relations on a single set
Consider our relation R={(a,b) | adivides b}

Old way:

42

=
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I%ﬂexivity

+ Consider a reflexive relation: <
— One which every element is related to itself
- LetA={1,2,3,4,5}

If every node has a
loop, a relation is
reflexive

43
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Ig%gvﬂexivity

+ Consider a reflexive relation: <
— One which every element is notrelated to itself
- LetA={1,2,3,4,5}

If every node does
not have a loop, a
relation is irreflexive

44

https://manara.edu.sy/

22


https://manara.edu.sy/
https://manara.edu.sy/

y

Consider an symmetric relation R

metry

— One which if ais related to bthen bis related to afor all (a,6)

— LetA={1,2,3,4,5}

®?2

Called anti-
parallel pairs

 If, for every edge, there
is an edge in the other
direction, then the
relation is symmetric

* Loops are allowed, and

do not need edges in the
“other” direction

Note that this relation is neither

Consider an asymmetric relation:

reflexive,noritrefiexive!

<

45

— One which if ais related to bthen bis notrelated to afor all (a,6)

— LetA={1,23,4,5}

A digraph is asymmetric if:

If, for every edge, there is
not an edge in the other
direction, then the relation
is asymmetric

Loops are not allowed in

an asymmetric digraph
(recall it must 1269

https://manara.edijrsr/eﬂexive)

5/28/2023

23


https://manara.edu.sy/
https://manara.edu.sy/

5/28/2023

Ar@ymmetry

» Consider an antisymmetric relation: <

— One which if ais related to bthen bis notrelated to aunless a=b
for all (a,6)
- LetA={1,2,3,4,5}

« If, for every edge, there is
not an edge in the other
direction, then the relation
Is antisymmetric

« Loops are allowed in the
digraph

a7

https://manara.edu.sy/

T%nsitivity

¢ Consider an transitive relation: <

— One which if gis related to band bis related to cthen ais
related to cfor all (a,6), (b,¢) and (a,c)

— LetA={1,23,4,5}

* Adigraph is transitive if, for
there is a edge from ato ¢
when there is a edge from
ato band from bto ¢

\) 48
https://manara.edu.sy/
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Samé,e guestions

Which of the graphs are reflexive,

5 2 24 ¢ irreflexive, symmetric, asymmetric,
antisymmetric, or transitive
e ‘ 23 (24 |25 |26 |27 |28

b b p:
2. a b 2%. a ;| Reflexive Y Y Y
Irreflexive  |Y Y
¢ a : [ Symmetric Y'Y
oy 2 Q=D | Asymmetric Y
Anti- Y'Y
A ey C 2 symmetric
Transitive Y
49
https://manara.edu.sy/
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Equivalence Relations
Dr. lyad Hatem , S11 50
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Infroduction

» Certain combinations of relation properties are very
useful

— We won'’t have a chance to see many applications in this course

+ In this set we will study equivalence relations
— Arelation that is reflexive, symmetric and transitive

» Next slide set we will study partial orderings
— Arrelation that is reflexive, antisymmetric, and transitive

« The difference is whether the relation is symmetric or
antisymmetric

Dr. lyad Hatem , S11 51
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Equiv%fgnce relations

» Arelation on a set Ais called an equivalence relation if it
is reflexive, symmetric, and transitive

» Consider relation R={(a,b) | len(a) = len(b) }

Where /en(a) means the length of string a

It is reflexive: /fen(a) = len(a)

It is symmetric: if fer(a) = len(b), then /len(b) = ler(a)

I/t ij(t;ansitive: if ler(a) = len(b) and /en(b) = /en(c), then /en(a) =
len(c

Thus, Ris a equivalence relation

Dr. lyad Hatem , S11 52
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Equiv%ence relation
example

Consider the relation R={(a,b) | m| a-b}

— Called “congruence modulo 7’
Is it reflexive: (a,a) € R means that m| a-a

— a-a= 0, which is divisible by m
Is it symmetric: if (a,6) € Rthen (b,a) € R

— (ab) means that m| a-b

— Orthat ksm = a-b. Negating that, we get b-a=-km

— Thus, m| b-a,so (b,a) e R
Is it transitive: if (g,6) € Rand (b,¢) € Rthen (a,¢) e R
— (a,b) means that m| a-b, or that km= a-b

(b,¢) means that m| b-c, or that /m= b-c

(a,¢) means that m| a-c, or that nm= a-c
Adding these two, we get km+/im = (a-b) + (b-c)

Or (k+hm= a-c

— Thus, mdivides a-c, where n= k+/
Thus, congruence modulo mis an equivalence relation

b)

c)
d)

e)

Dr. lyad Hatem , S11
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Which of these relations on {0, 1, 2, 3} are equivalence relations?

Determine the properties of an equivalence relation that the
others lack

{ (010)1 (1!1)1 (212)7 (3!3)}

@ Has all the properties, thus, is an equivalence relation
{(0,0),(0,2), (2,0), (2,2), (2,3), (3,2), (3,3) }

@ Notreflexive: (1,1) is missing

@ Not transitive: (0,2) and (2,3) are in the relation, but not (0,3)
{(0,0), (1.1), (1,2), (2,1), (2,2), (3,3) }

@ Has all the properties, thus, is an equivalence relation
{(0,0), (1,2), (1,3), (2,2), (2.3), (3,1). 3,2) (3.3) }

@ Not transitive: (1,3) and (3,2) are in the relation, but not (1,2)
{(0,0),(0.1) (0,2, (1,0), (1,1), (1,2), (2,0), (2,2), (3,3) }

@ Not symmetric: (1,2) is present, but not (2,1)

@ Not transitive: (2,0) and (0,1) are in the relation, but not (2,1)

Dr. lyad Hatem , S11

https://manara.edu.sy/
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