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Uniform Convergence

Definition

Pointwise convergence

Uniform convergence

Example
uniformly converges to                   on  
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Uniform Convergence

Example
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Improper Integrals Depending on a Parameter

Definition
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Improper Integrals Depending on a Parameter

Example
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Improper Integrals Depending on a Parameter

Example
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

The Weierstrass test
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Example

Example  

0

( ) sinxF e xdx


 

We have sinx xe x e  
0 0

sinx xe x dx e dx 

 

  
Since

0

xe dx





 converges uniformly for 
0 0   Therefore, by Wierestrass test
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( ) sinxF e xdx


 

converges uniformly for 
0 0  
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Dirichlet test

Let     and      are defined for                      and            . Assume that     is continuous with respect to     , and  

have continuous first order partial derivative         , if :    

a)                  is  a positive decreasing function with respect to     , and

b)                                      for every                and           . 

Then                                          converges uniformly on     . 
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Example
 2

0

( ) sinxF e xdx


 

Let                              ,          ( , ) sinf x x 
2

( , ) xx e   

is continuous with respect to .      ( , ) sinf x x  x
2

( , ) xx e    is  positive continuous function with respect to x

2

2 0 , 0 , 0xxe x
x


 

      


2

( , ) xx e    is  decreasing

Moreover, ( , ) 0 ; 0
x

x  


  

0

0

sin cos 1 cos 2 ; 0 , 0 , 0

b
b

xdx x b b x           

By Dirichlet test, 
2

0

( ) sinxF e xdx


  converges uniformly for every 0 
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Abel test

1) Let                  is monotonic function with respect to      for                   , and      ( , )x  x a x  

0 : ( , ) ; ,M x M a x Y        

2) The integral                          converges uniformly on                       ( , )
a

f x dx


 Y

Then the integral                                          converges uniformly on     .( , ) ( , )
a

f x x dx  


 Y
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Example
2

0

sin
( ) x x

F e dx
x




 

is monotonic function with respect to      , where                    and           
2

( , ) xx e    x

0

sin x
dx

x





Moreover, 

By Dirichlet test, converges uniformly for every 0 

0 x   0 

2

( , ) 1xx e    
2

( , ) xx e    is bounded for                      and   0 x   0 

By Abel test, 2

0

sin
( ) x x

F e dx
x




  converges uniformly on  ; 0  



https://manara.edu.sy/ 13

Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Remark: The uniform convergence of an integral whose only singularity is at the lower limit of integration 

can be defined and studied similarly. 

Remark: If the integral has a singularity at both limits of integration, it can be represented as 

 
( , ) ( , ) ( , )

c

c

f x dx f x dx f x dx  
 

 

   

if both of the integrals on the right-hand side of the equality converge uniformly 
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Limiting Passage Under the Sign of an Improper Integral Depending on a Parameter 

Theorem
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Differentiation and Integration of an Improper Integral with Respect to a Parameter 

Theorem

Theorem
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Example Compute the Dirichlet integral

We use the integral                                                 which converges uniformly on the interval  
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Example Compute the Euler–Poisson integral 

 2

0

xI e dx



 
We use the integral

2 2

0

( ) xI e dx 


 

Let                 in  u x
2 2

0

( ) xI e dx 
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0 0

( ) x uI e dx e du I 
 

    

Let                 in                        and taking the product  x 
 2

0

xI e dx
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Reversing the order of integration 
2 2

2 2
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x e
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The Eulerian Integrals 

The Gamma Function

Properties of The Gamma Function

 )()1( xxx 1 Integration by part

2 (1) 1  0

0

(1) 1tt e dt



  

n is a positive integer3 ( 1) !n n  
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0! 1

( 1)
( )

x
x

x

 
 



https://manara.edu.sy/ 19

The Eulerian Integrals 

The Gamma Function
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x x
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The Eulerian Integrals 

The Gamma Function

Example Evaluate
1 3

,
2 2

    
    
   

   1 1/ 2 3 1/ 2 4
2 ,

2 1/ 2 2 3 / 2 3
 

       
         
     

Example Use Gamma function to compute Euler-Poisson integral
2

0

xI e dx
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2
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The Eulerian Integrals 

The Gamma Function

Example Use Gamma function to compute the integral
2

0

3 xI dx



 

0 0 ,x t x t    
1

2x t

1

2
1

2
dx t dt




2x t

2
1 1

ln32 2

0 0 0

1 1
3 3

2 2

x t tdx t dt t e dt
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dt 

2
1 1

ln32 2

0 0 0

1 1 1 1 1
3

2 2 2 ln 32 ln 3 2 ln 3

x t udx t e dt u e du
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The Eulerian Integrals 

The Beta Function
1

1 1

0

( , ) (1 )m nm n x x dx   

1

2
1

( , ) ( 1, ) , 1 , 0
1

m
m n m n m n

m n
 


   

 

If 1 and 1m n  this is a proper integral.

If                           and either or both                                  0, 0m n  the integral is improper but convergent.1, 1m n 

Properties of The Beta Function

Symmetric( , ) ( , )m n n m 

The Reduction Formula Integration by parts

3
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The Eulerian Integrals 

The Beta Function

   

 

1 ! 1 !
( , ) , ,

1 !
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      Trigonometric formula 
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The Eulerian Integrals 

Example Use Gamma and Beta functions to compute the integral

1

3

0

(1 )x x dx
1

1 , 1 3
2

m n   
3

, 4
2

m n 
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The Eulerian Integrals 

Example
/2

4 3

0

sin cos d



  Use Gamma and Beta functions to compute the integral

2 1 4 , 2 1 3m n   
5

, 2
2

m n 
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5 3 1
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1 5 1 1 22 2 2
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The Eulerian Integrals 

Example 4

0

cos d



 Use Gamma and Beta functions to compute the integral

/2

4 4 4

0 0 /2

cos cos cosd d d
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2 2
4 4 4

1 1 1 1

/2 0 0

cos ( sin ) sind d d

 





         

/2 /2

4 4 4

0 0 0

cos cos sind d d

  

        



https://manara.edu.sy/ 27

The Eulerian Integrals 

/2
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0
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The Eulerian Integrals 

( , ) ( , )m n n m 
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Example
/2

0

tan d



 Use Gamma and Beta functions to compute the integral

/2 /2

1/2 1/2

0 0

tan sin cosd d
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