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The Determinant of a Matrix 48 sias 3334
det: M, (K) = K; A det (A) =]|A]  JSaIL Gome &l e 3ke 48 flaas 23as

K. (Ror ) 42 4c gana
= The determinant of a 2 x 2 matriX 2 x 2 43 yall (30 48 shiaa 224!

a dp
A= [ } = det(A) = |4 = a,,a,, —a,a,,

dy)  dy

3
L =04 -203)=0-6=-6

e e ol o) (aa e oSy 38 48 giiaall daaa dkaa e

=2Q2)=1(=3)=4+3=7

1 2

https://manara.edu.sy/



Y

6)lioJl

= Minor of the entry a;; saisll jias
48 ghiadll (je j dsarlly i- el Gada e A0l 48 ddiadll daaa

a; 8, .. G Qv .. dy,
M. = a(/—l)l a(i—1)2 a(i—l)(/—l) a(i—l)(/+1) 3(,-_1),7
! Ay Qe ... Aoy Auney .. Qe

anl anZ £ an(/'—l) an(j+1) ces ann

= Cofactor of 2,:J gl &8l 4l
C,=(-D"M,
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« EX 2:

dyy Ay dpg
A= dy, dy dy
_3 31 A3 dgg |
a a
_ 912 433
:DA@V‘a a
32 933

6)jliaJl
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« EX 3: Find all the minors and cofactors of A

4 yall il Hall g Gl jraadll d81S aa
Sol: (1) All the minors of A

-1 2

M, = 0 1‘ = -1,
2 1

M,, = 0 1‘ =2,
2 1

o l% s

B~ W

w O ~ O

B~ W

~ O
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(2) All the cofactors of A
C,=(-1)"M,
-1 2 32
21 01
Ca=~o 1‘:_2’ Con =1y 1‘:_4’
2 1 01
631—+_12‘=5, 632——32‘:3,

~ O B~ W

w O

https://manara.edu.sy/



Py

m "

« Theorem :
JCAIL s A da el 46 ghadd) 33as
(a) det(A) = |A = Za,/c =a,C,+a,C,+-+a,C

()Lul\dsj)ml\z-throw 1=1,2,..., n)

or

ny= nj

(b) det(A) = |A = > a,C;=a,C,;+a,C, +-+a,C
/=1

((2sexdl 335 M Ath column, j=1, 2,..., n)
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= det(A)
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djy  dyg
Ay Ay
dgy dg |

=a;,Cy; +a,C, +3a;30,
= dy 0y + 8,0, +ayCy,
= dyCy + 8505 + a0 5
=a;,Cyy +a,Cy +3ayC5
=a;,C, +3,C, +3a,C,
=a;3C15 + 0, +d,Cay
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« EX 5: The determinant of a matrix of order 3
0 2 1] C,=-1C,=5 C;=4
A=|3 -1 2 FromEx3: C,,=-2,C,,=-4,C,, =8
4 0 1 C, =5 C,=3 C,=-6

Sol:
= det(A) = a,,C); +a,,Cy, +a,;C,5 = (0)(-1) +(2)(5)+(D)(4) =14
=a,Cyy +3,,Crp +3,,Cr = (3)(-2)+(-1)(-4) +(2)(8) =14
=a,C,, +a,C,, +a,,C., = (4)(5) + (0)(3) + (1)(-6) =14
— allcll + a21621 + a31631 — (O)( o 1) + (3)( o 2) + (4)(5) — 14
— 312012 + 322622 + a32632 - (2)(5) + ( o 1)( T 4) + (O)(3) — 14
=a3,,C1; +3,C,, +35,,C, =(1)(4)+(2)(8) +(1)(-6) =14
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« EX 6: The determinant of a matrix of order 3
0 2 1
A=|3 -1 2|= det(A) =7
_4 —4 1_
Sol:
+ _1 2 + 3 2
611:(_1)11_4 1‘:7 012:(_1)124 1‘:(_1)(_5):5
313 -1
Cis = (_1)1 ’ 4 _4‘ = -8

— det(A) = allcll + 312612 T 313613

= (0)(7) +(2)(5) + (1)( - 8) = 2
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« Note:
Dha¥ e dae ST g san A aseadl ol Hhaudl G3y S s daaall Clual Hla il

« EX 7: The determinant of a matrix of order 4

(1 2|30
-1 1|0|2
= :’)
A=l 5o |3 | detlA) ="
'3 4|02
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Sol: o
det(A) = (3)(Cy3) + (0)(Cy3) + (0)(Cy3) + (0)(Cy3) = 3C,
-1 1 2
= 3(—1)1+3 0 2 3
3 4 -2

-3/ (O)(- 17" |5

Hr@u g Hee-0

=3[0+ @)W)(~4) + B)(-1(~7)
- (3)13)
_ 39

R |
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« The determinant of a matrix of order 3 (Sarrus Rule)

« EX 8:

all
A=|a,
‘931

= det(A) = |A| = dy,8,,A33 + d1,d,5385 T A13d,,d5,
o 331322313 o 3323 23311 o a33a21a12

12
22
32

DD VD

al3
a23
a33

4

>y
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0 6

0 16 -12

S0l u\c\dﬂ\ Y C)la ?"

SOl C'_a\;.h;l\ 222 &>

= det(A) = |4 = 0+ 16 — 12

—(-4+0+6)=2

https://manara.edu.sy/



[

6)lioJl

= Upper triangular matrix :llall 3541 44 sl
el i) Rl Cins Aadl ) ualiall 8lS

« Lower triangular matrix: il 4355l 43 siiaall

Dlaal i)l haill 58 jpualiall 23S
- Diagonal matrix: 43 kil 43 s aall

Sl i) Ll gy cns Radl )l ualiall S
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« EX:
all 312 al3 all O O all O 0
O 322 323 321 a22 O O 322 O
B O O 333_ _331 a32 333_ F O O 333_
upper triangular lower triangular diagonal
« Theorem :

If Ais an nxatriangular matrix (upper triangular, lower triangular, or diagonal),
il kil jealic elaa daadll 0 oSy i | le 0N ) 4 5kl 43 hiadll ) 5SS Ladie

det(A) = |Al = a,,a,,34, - @

nn
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=« EX:
2 0 0 0
14 -2 0 0 b
(@) A=| 5 § 1 g (2)
1 5 3 3]
Sol:

(3 4= (2)(-2)(1)(3) =-12
(5) 18 =(-1)(3)(2)(4)(-2) = 48

B =

O O O wOo

O o N O O

o~ O OO

o O O O

N
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Evaluation of a determinant using elementary"operations
« Theorem : (<lasall HhaY! e 43, Glalaall)
Let Aand B be square matrices sz » (x% shiaa
(@) B=r,(A) = det(B) = —det(4) (ie. (A =-]4)
(L) B = r,.(k) (A = det(B) = kdet(A) (.e. r,.(k) (A)‘ = k|A|)
(¢) B=r{"(A) = det(B) =det(A) (i.e. |r? (A)‘ = |A))

https://manara.edu.sy/
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12 3
A={0 1 4|, det(A) =-2
121
4 8 12 0 1 4] 1 2 3
12 1 121 1 2 1

A=r(A) = det(A) = det(5 (4)) = 4det(A4) = (4)(~2) = -8
A=r(A) = det(A) = det(r,(A) = ~det(4) = ~(~2) =2
A =r52(A) = det(A) =det(75? (A)) = det(A) = -2
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« Notes:
det(r,.j(A)) = —det(4A) = det(A) = —det(r,.j(A))

det(r® (A)) = kdet(4) = det(A) = % det(r® (A))

det(r¥(A)) =det(4) = det(A) =det(r¥(A))

https://manara.edu.sy/



« EX:
2 -3 10
A=|1 2 -2
0 1 -3
Sol:
2 -3 10
det(A) =1 2 -2
0O 1 -3

| =

/’(_7)
EES

= (N(-HODQA) = -7

P

daola
ool

, det(A) =7

r. 11 2 =2| 2

=_]2 -3 10 2-
0 1 -3

12 —2[r5Y |12

01 -2 =701

01 -3 0 0

1 2 -2
0 -7 14
0 1 -3

2| i
=2l = (N(-1)

Nl

oOrnmMN

I
NN
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Determinants and elementary column operations
= Theorem : ( Caladaall 32ac ! JPArS @j\j\ a\,ﬂ.ud\)

Let A and Bbe square matrices (rim ya (8 sdaaa

(@) B=c,(A) = det(B) = —det(A) (i.e.

C/J'(A)‘ =—|A)

() B=c¥(A) = det(B) = kdet(A) (i.e.

c(A)| = klA)

(c) B=c?(A) = det(B) =det(A) (i.e.

e, (A= A)
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2 1 -3
A=[4 0 1| det(4)=-8
0 0 2
11 -3 12 -3 2 10
A=|20 1|, A=04 1| A=|401
0 0 2 0 0 2 0 0 2

1 1

A=c(A) = det(4) = det(c? (A) = 7 det(A) = ()(~ 8) = -4
A =0,(A) = det(A) = det(c,(A) = —det(A) = —(-8) =8
A=A = det(A) =det(c? (A)) = det(A) = -8
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= Theorem : (Conditions that yield a zero determinant)
det(A) = 0 Jxie 40l o g a3l (gaa) Ciial g day ya 48 shiaall CuilS 1)

_JG..A‘&J;.@UQJS(J)AQ) ).J:u.u']
O gladia (pagas b cp a2

Al (3500 shud Cielias (35ee) b 3
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« EX:

1 2 3
0 0 O[=0
4 5 6
11 4 |2
11 5 |2{|=0
116 |2

[

6)jliaJl

W N
o O1 b~
(=)
|l
(@)

N

W=

a1 |||

o |IN||F-

10
12

o O1 b
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« Ex : (Evaluating a determinant) 3 5 2
Sol: A=12 -4 -1
3 0 6

3 5 2|03 5 4 _—

det(A): 2 -4 -1 =12 -4 3 :(_3)(_1)3+1
-3 0 06 -3 0 O

5 3 =3

3 5 2|r5|-3 |5] 2
det(4) =2 —4 -1 = |-2/5|0] 3/5
3 0 6| |-3]|0|6

- @(-p| 2 3’5‘4 (- 3) =3

https://manara.edu.sy/
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« EX : (Evaluating a determinant)

Sol:

Non Y —

M AN OO

—

— [ OO

AN M

(D(-1)""
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8 1 3 2

(
Cn'|-8 -1 2 3 poa
13 5 6 4= D=1

0O 0 0 1
=S g
= (9)(-27)

= —135

Y
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8 1 3r2(11)

8 -1 2 2
13 5 6

0 0 5

-8 -1 2
13 5 6
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>y

6)jliaJl

Properties of Determinants
« Theorem 3.6: (44 siaa olaa 22a4)

det (AD) = det (A) det (D)
« Notes:
(1) det (£A) = det (£) det (A)
(2) det (A + B) # det (A) + det (D)

(3) all alZ a13 all 312 a13
a21 +021 322 +b22 a23 +bz3 = aZl 322 523
331 a32 333 331 332 333

all a12 a13
3

b, 4,

a31 332 a33

https://manara.edu.sy/




« EX:

A=

P O

—2

3
0

Find |A4], | B, and |AH

Sol:

|Al=

Y

o w

P NN

L NN

/,

|Bl=

https://manara.edu.sy/
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1 222 0 1] [8 4 1
AB=|0 3 2||0 -1 -2|=|6 -1 -10
10 1)|3 1 -2 |51 -1
8 4 1
:\AB\:6 -1 -10|=-77
5 1 -1
Check: e
|AL| = |A] | B

—17=-7x11

https://manara.edu.sy/




>y

6)jliaJl

« Theorem : (23 435 yae 44 jhiaa 22a4)
If Ais an mzxn matrix and cis a scalar, then
det (cA) = ¢* det (A)

« EX 2:

10 -20 40| |1 -2 4
30 0 50{,/3 0 5/=5 Find |A]
20 -30 10| |-2 -3 1
I, 1 -2 4
3 0 5|=|A4=10°|3 0 5[=(1000)(5)="5000
2 -3 2 31
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« Theorem : (333 & 43 sias 22a)
det (A) # 0 S\S 13) Jadi 5 13 Il A48 day yall 4 ghicaall ) oS

e EX 30 Y ol 83L3 438 giadll CuilS 1) Lagd 2aa

0 2 -1 0 2 -1
A=|3 2 1|, B=|3 2 1
3 2 -1 32 1

Sol:

|A|=0= A 34(it is singular).
|B =-12 # 0 = B Bl 44(jt is nonsingular).
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« Theorem : (4 shaa i slia 20a4)
If A is invertible, thendet(A™") = L .
det(A)

« Theorem : (4850 J s3ia 22a4)
If A is a square matrix, then det(A") = det(A).

« EX: 1 0 3]
A=|0 -1 2 (3 |at|=2 (B |AT|="
2 1 0
Sol: - -
1 0 3 L
A0 -1 2/=4 =AY ===, |AT|=|A=4
2 1 0 A 4

https://manara.edu.sy/
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« EqQuivalent conditions for a nonsingular matrix:
If Ais an zxn matrix, 4S5 L0l Lo g 80 Daie,
(1) A Qs
(2) Ax= b=y~ &l
(3) Ax=0 g aall Jall clls,

(4) det (A) =0
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« EX : Which of the following system has a unique solution?

() 2x, — x, = -1 () 2X, — X,
3, — 2x, + x; = 4 3X, — 2X, + X,
3, + 2x, — x; = -4 3, + 2X, + X, =
Sol:

() Ax= b= |A] =0. 35 Ja i ¥ Alasll oa,
(b)BX: b= IBI:—]_Z;‘:O Jﬁéjd&&&“&h oA
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