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Chapter 1

Functions of a Complex Variable

1. Complex Numbers
2. Powers and Roots
3. Sets 1n the Complex Plane
4, Functions of a Complex Variable
5. Cauchy-Riemann Equations
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1. Complex Numbers

= Definition: A number of the form z = x + iy, where x and y are real numbers
and i = /-1 (imaginary unit), is called a complex number.

x is called the real part of z and is written as Re(z) and y is called the imaginary
part and is written as Im(z).

For example, if z=4 + 94, then Re(2) =4 and Im(2) =9

A real constant multiple of the imaginary unit is called a pure imaginary
number

= Definition: Complex numbers z, = z, + 1wy, and z, = x, + iy, are equal, z, = 2, If
Re(z,) = Re(z,) and Im(z,) = Im(z).

A complex number z+ iy =0if xr=0and y=0.
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Arithmetic Operations
Addition: 2+ 2y = (x +1y,) + (Ty +1yy) = (2, +2,) +2(y; +Ys)

Subtraction: 2y — 2y = (:Cl + iyl) — (332 + 7;3/2) = (x1 - 372) + 7;(% - y2)
Multiplication: z,z, = (2, + iy, (¥, +1Yy) = 2,29 — Yy + WY,y + 2,Y5)
DiViSion: i xl + Zyl 331332 + y1y2 . yIZEZ B CIjly2

= = + 9
- 2 2 2 2
22 5132 + Zy2 ZCQ + y2 £U2 + y2

r
. 2.+ 2o =25 + 2
Commutative laws: ¢+ 2 72 71
kg = "ok

\
(2, + (2, + 23) = (2, + 2,) + 24

Associative laws:
] 2 (2y23) = (2125) %3
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Distributive law: 21(2y + 23) = 2124 + 224
= If z= 2+ iy is a complex number, then the complex humberz =z — 1y is called
the complex conjugate or, simply, the conjugate of 2.

— — 2 Z

_ 1 1

“1%9 = 21 495 ( j— —
ZQ ,2’2

For example, if z=4 + 94, then z =4 - 9s

z2+z=(x+1y)+(x—1y)=2r =2Re(2) :>Re(z)=z+z, ]m(z):z—.z
z2—7zZ =(z+1y)—(x—1y) =21y = 2Im(2) 21

2z =(x+1y)(x —1y) = T° + y2
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Geometric Interpretation y |
I=X+1y
A complex number z = x + 1y can be viewed as a vector whose ’

initial point is the origin and whose terminal point is (z, y). The
coordinate plane is called the complex plane or simply the
z-plane. The horizontal or z-axis is called the real axis and the x
vertical or y-axis is called the imaginary axis.

= Definition: The modulus or absolute value of z = = + 7y, denoted by ||, is the

real number
2| = J2? +y? =2z

For example, if z=2 — 34, then |2| = \/22 +(-3)° =413

2, + 2| < |7, +|2,| the triangle inequality 2, + 2,] 2 |2, = ||
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2. Powers and Roots
Polar Form y
= A nonzero complex number z = x + iy can be written as Z=X+iy
z=(rcos®) + irsind) or z=r(cosf +isind)  polar form , | }r .
r=|z] 0 = arg z = tan”_' (y/z) 2 I X
@ measured in radians is called an argument of z (arg z). ros 6

= If g, is an argument of z, then the angles 6, = 2k, are also arguments.

» The argument of a complex number in the interval —7 < 8 < x is called the
principal argument of z and is denoted by Arg 2.

For example, if z =1- \/gz then 2z = Z{COS (—%) + 7sin (— zﬂ

Functions of a Complex Variable https://manara.edu.sy/ 2023-2024 7/36


https://manara.edu.sy/

Py

LU EEEE S 2L

22y = 11[c08(6; + 6,) + isin(6, + 6,)]
AL ﬁ[(:05(91 —6,) +isin(6, — 0,)]
ZQ 7°2

|lez| = |Zl |Z2|

z|_lal

< Z2|
arg(z,2,) = arg z, + arg z,
Pl

arg | — | = arg z, — arg 2,
2
2
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= Note: It is not true, in general, that Arg(z2,) = Arg z + Arg 2, and Arg(z/z) =
Arg z; — Arg 2, (although it may be true for some complex numbers).

For example, if z; =—-1 and z, = 53, then
Arg(z) = 7, Arg(2,) = 72, Arg(z12) = 72, Arg 2z + Arg 2, = 371/2 # Arg(z12)

If 2, = -1 and z, = -5, then
Arg(zq) = 7, Arg(z,) = —7/2, Arg(24/2) = —/2, Arg 2y — Arg 2, = 31/2 # Arg(z/2,)

Integer Powers of 2

n

2" =r"(cos n@ + isin nd)

For example, if z =1—+/3i, then 2° = 2° |:COS(—7Z') + isin(—ﬂ)] = -8
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DeMoivre’s Formula
(cos @ + isin )" = cos n@ + isin nd

Roots
A number w is said to be an n'" root of a nonzero complex number z if w" = z.

2 = r(cos@ + isinf) =

1/7{ (9+2ﬂkj 4 (6’+27zkﬂ
w, =71 COS + 72S1n
n n .
where k=0,1,2, ..., n—1 —@Jr%i @Jr%z
For example, the three cube roots of z =i are: - \Hb B
2+ 2 ‘ 2+ 2
W, = 13 cos 7/ gl + 7S1n 7/ il ,k=0,1,2 :
3 3 —1
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3. Sets in the Complex Plane
= Suppose z, = 1, + 1Y, |z - zO| = \/(x — x0)2 + (y — y0)2 Is the distance between the

points z = x+ iy and z, = z, + 1y, the points z = x + iy that satisfy the equation
|z — z0| = p, p> 0, lie on a circle of radius p centered at the point z,.

= The points z satisfying the inequality |z — z,| < p, p > 0, lie within,
but not on, a circle of radius p centered at the point z,. This set is
called a neighborhood of z, or an open disk. Iz—zgl=p

= A point z, is said to be an interior point of a set S of the complex plane if there
exists some neighborhood of z, that lies entirely within S. If every point z of a
set S'is an interior point, then S'is said to be an open set.
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For example, the inequality Re(z) > 1 is an open set.

» The set S of points in the complex plane defined by Re(z) = 1 is not an open

set.
lz— (1.1 + 201 <0.05
.\"I -1"
s in S
‘;{ .;f//
..a-""rh,__..a"
notin §
X

x=1

Open set magnified view of a point near x =1 Set S is not open
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Four examples of open sets —

|

y | |

| |

| |

| |

| |

——————————————————————————— X f f X

| |

| |

I I

| |

I I

I I

| |

| |

I I
Im(z) <0 —1 <Re(z) < 1

}! ¥

f’rﬂ_-h"‘x\
= ;’/ - By
v g [ ; B "'\
! X f ! ‘-.II \

T i X = O X

b / . i
\--..___,..--"‘"/ b \'-.__,..-""'; !
! !

\\\“ j‘f

Izl > 1 | <lzl <2
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= The set of numbers satisfying p, < |z — z,| < p, is called an open annulus.
= |f every neighborhood of a point z, contain ns at least one point that is in a set
S and at least one point that is not in 5, then z, is said to be a boundary point
of S.

* The boundary of a set S is the set of all boundary points of S.

= For the set of points defined by Re(z) = 1, the points on the line z = 1 are
boundary points.

= The points on the circle |z — i| = 2 are boundary points for the disk |z — 1| < 2.

= |f any pair of points z, and z, in an open set S can be connected by a polygonal
line that lies entirely in the set, then the open set S'is said to be connected.

= An open connected set is called a domain.
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* The set of numbers satisfying Re(z) # 4 is an open set but is not connected.
= A region is a domain in the complex plane with all, some, or 2
none of its boundary points. I

= Since an open connected set does not contain any boundary Z)
points, it is automatically a region.

= A region containing all its boundary points is said to be closed.
The disk defined by |z — 1| £ 2 is an example of a closed region
and is referred to as a closed disk.

= A region may be neither open nor closed; the annular region defined by
1 < |z - 5] < 3 contains only some of its boundary points and so is neither open
nor closed.
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= Note: Do not confuse the concept of “domain” defined here as open connected

set with the concept of the “domain of a function.”

4. Functions of a Complex Variable

= Definition: A complex function is a function f whose domain and range are

subsets of the set C'of complex numbers.

* The image w of a complex number z = x + iy will be some complex number
w = u + ; that is, w= u(x, y) + 1z, y) = f(2), where u, v are real functions of x

and .
= |[f to each value of z, there corresponds one and

only one value of w, then w is said to be a single-
valued function of z otherwise a multi-valued

function.

|.‘.

X

w=f(z)

Cjﬁm of f

1?

range of f

B

N

==
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For example, w= 1/zis a single-valuﬁéd function and w = \/Z IS @ multi-valued
function of 2. The former is defined at all points of the z-plane except at 2= 0
and the latter assumes two values for each value of z except at z= 0.

Some examples of functions of a complex variable are:

f(2)=2"—4z=(z" —y° —42)+i2ay — 4y), zeC
2

f(z2)=——, 2eC\i,—1} f(z) =2+ Re(z), zeC(C
2°+1

= Note: we cannot draw a graph of a complex function w = f{z). We, say that a
curve C Iin the zplane is mapped into the corresponding curve C" in the
w-plane by the function w = f(z) which defines a mapping or transformation of
the z-plane into the w-plane.
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= Example 1: Image of a Vertical Line y \‘5
Find the image of the line Re(z) = 1 under the _\‘:“"2’4
mapping f(z) = 22 | - x | — u
f(2) =2 = (@, y) = 2" -y and v(z, y) = 2zy /
Re(z) =z =1= u(z,y) =1—-v* and v(z, y) = 2y
(a) z-plane (b) w-plane

—u=1-0v°/4

Principal Square Root Function z/2
The square root of a nonzero complex number z = r{cosé + i sind) = re'? is given

by:
Jr {cOs[H +2Wj p zsin(H + mﬂ = Jre @2 | = 0,1

2
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By setting 0= Arg(z) and k=0 2" = /|

g2z principal square root function

&
= Example 2: Values of 22 for z=-21

(- 27;)1/2 _ \/5612(—71/2+2k7z)/2’ k=0,1
[ J2¢'-7% —1_;  principal square root

V26 BT = 1 4

Limits and Continuity

(=202 =

\

= Definition: Suppose the function f is defined in some neighborhood of z,
except possibly at z, itself. Then fis said to possess a limit at z,, written

lim f(z) =L
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if, for each ¢ > 0, there exists a 5 > 0 such that I{z) — L| < ¢ whenever
0<|z— 27| <o

(a) 0-neighborhood (b) £-neighborhood

= Complex and real limits have many common properties, but there is at least
one very important difference. For real functions, lim f(z) = L if and only if:
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lim f(z) = lim f(z) =L  two directions y
= For limits of complex functions, z is allowed to approach # .3
2, from any direction in the complex plane, that is, along | —--i-fev
any path through z,. ol

* |n order that lim f(z) exists and equals L, we require that

Z—>Z

f(z) approach the same complex number L along every

possible path through z,.

Criterion for the Nonexistence of a Limit

= If fapproaches two complex numbers L, # L, for two different paths or paths
through z,, then lim f(z) does not exist.
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= Example 3: A Limit That Does Not Exist

Show that limé does not exist
z2—0 2

.. : + 01
z approach 0 along the real axis hmé — lim 2 Z =1
20 7 >0 ¢ — (1
2 0+

-1

z approach 0 along the imaginary axis lim — = lim -
z—0 7 y—0 () — 1Y

» Theorem 1: Suppose that f(z) = u(x, y) + vz, v), 29 = 7y + 1Yy, aNd L = ug + 1.
Then lim f(z) = L if and only if

Z—)ZO . )
Iim  w(z,y) =u, and Iim  v(z,y) = v,
(z,y)—>(2y,Yp) (z,y)—> (2, Yp)
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» Example 4: Using Theorem 1 to Compute a Limit

Use Theorem 1 to compute lim (z* + i)

z—=>1+1
f()=2"+i=2"—y* + Qzy + )i
u, = lim (2°-¢y")=1"-1"=0 and

(z,y)—=>(1,1)
v, = Im (2zy+1)=3
(z,y)—> (2, Yp)
lim (2° +4) = L = u, +iv, = 3i
z—=>1+41

= Theorem 2: Suppose lim f(z) = L, and lim ¢g(2) = L,. Then

lim [£(2) + g(2)] = L, + 22 lim [£(2)g(2)] - Lo, tmi® by

22, 22 % g(Z) L2
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= Definition: A function fis continuous at a point z, if

lim £(2) = f(z))

= As a consequence, if two functions fand g are continuous at a point z,, then

their sum and product are continuous at z,. The quotient of the two functions is
continuous at z, provided ¢(z,) # O.

A polynomial of degree n
f(z)=a 2"+ a,n_lzn_1 +--+az+apz,a, #0,a,€C,1=0,1, ---,n

IS continuous everywhere.

A rational function f(z):%, where ¢ and h are polynomial functions, is
Z

continuous except at those points at which A(z) is zero.
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= Example 5: Discontinuity of PrincipaIﬁS“quare Root Function
Show that the principal square root function f(z) = 22 is discontinuous at z;=—1

z approaching —1 along the second quadrant. That is, y

z= €Y 72 < 0< &, with @approaching 7z / T TN e
lim 2% = lim /|]z|e"***” = lim ¢'”” = lim (COSQ + sing) =i _ \ .
z——1 z—-1 O—>r O—>r 2 2 = |

z approaching —1 along the third quadrant. That is, \

z= e —r< @< —nl2, with @ approaching —r

. . - L . 6 . 60 .
lim 2" = lim |z e M2 = lim % = lim (cos = + sin—) = —i
z——1 z——1 0—>—r 0—>—r ) )
. 1/2 . . . .
hmlz does not exist. Therefore, the principal square root function f(2) = 21
Z—>—

IS discontinuous at z,=-1
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Derivative

= Definition: Suppose the complex function fis defined in a neighborhood of a
point z,. The derivative of fat z, is

f’(zo) — lim J(zy +Az) = f(z,)

Az—0 Az

provided this limit exists.
= |f the limit exists, the function fis said to be differentiable at z,.

= Asinreal variables, If fis differentiable at z,, then fis continuous at z,.

Moreover, the rules of differentiation are the same as in the calculus of real
variables.

» |f fand ¢ are differentiable at a point 2, and c is a complex constant, then:
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Constant Rules:

Sum Rule:

Product Rule:

Quotient Rule:

Chain Rule:

Power Rule:

>y

d d ,

Le=0, Lof) = o)

di[fcz) 9] = f12) + ()
y4

d

U9 = F(2)9(2) + f()9' ()

d _f(z)} _['(2)9(2) - f(2)g'(2)
dz | 9(2) [9(2)T

diﬂg(z)) - F(9(2)9)
y4
d 4

n n
—Z =Nz

dz

, M an integer
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= Note: In order for a complex function fto be differentiable at a point z,,
hm f(z() + AZ) - f(z())
Az—0 Az
must approach the same complex number from any direction.

= Example 6: A Function That Is Nowhere Differentiable.
Show that the function f(z) = x + 4iyis nowhere differentiable

Az=Ax+ 1Ay = f(z+Az2)— f(2) =(z+ Ax) + 4i(y + Ay) — z — 4iy = Ax + 4iAy

Az—0 Az Az—0 Ar + Q,Ay
Az — 0 along a line parallel to the a-axis, then Ay =0 and the limit is 1.

Az — 0 along a line parallel to the y-axis, then Ax = 0 and the limit is 4.
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Analytic Functions

= Definition: A complex function w = f(z) is said to be analytic (holomorphic) at a
point z, if fis differentiable at z, and at every point in some neighborhood of z,.

A function fis analytic in a domain D if it is analytic at every point in D.

f(2) = |#|? is differentiable at z = 0 but is differentiable nowhere else. Hence,
f(2) = |2|? is nowhere analytic.

In contrast, the simple polynomial f(z) = 22 is differentiable at every point z in
the complex plane. Hence, f(z) = 22 is analytic everywhere.

= A function that is analytic at every point z is said to be an entire function.

Polynomial functions are differentiable at every point z and so are entire
functions.
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5. Cauchy-Riemann Equations
A Necessary Condition for Analyticity

» Theorem 3 (Cauchy-Riemann Equations): Suppose f(z) = w(z, y) + w(x, y) IS
differentiable at a point z= z + 1y. Then at z the first-order partial derivatives of

u and v exist and satisfy the Cauchy Riemann equations:
ou Ov ou ov
—=— and —=-——
oxr 0y oy ox

This result is a necessary condition for analyticity

For example he polynomial f(2) = 2 + zis analytic for all z
f(2) =22 —»+ 2+ (2xy + v)
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U _5 1.9 4 OU_ 9y = ~0v  Cauchy-Riemann equations
0 0y 0y Ox are satisfied

= Example 7: Using the Cauchy-Riemann Equations
Show that the function f(z) = 222 + y + (% — z) is not analytic at any point.

ou =4z and ov = 2y
ox 0y ou _ Ov
ou =1 and ov =—1 % o
oy ox
ou 0v - .
= Is satisfied only on the line y=2x
oxr 0y

However, for any point z on the line, there is no neighborhood or open disk
about z in which fis differentiable. We conclude that fis nowhere analytic.

2023-2024 31/36
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Criterion for Analyticity

= Theorem 4: (Criterion for Analyticity) Suppose the real-valued functions u(x, v)
and v(zx, y) are continuous and have continuous first-order partial derivatives in
a domain D. If v and v satisfy the Cauchy-Riemann equations at all points of D,
then the complex function f(z) = u(zx, y) + 2v(z, y) is analytic in D.

T oy

The function f(z) = — — g

4y x4y
IS analytic in any domain not containing the point z= 0.

= Note: If the real-valued functions u(x, y) and »(z, y) are continuous and have
continuous first order partial derivatives in a neighborhood of 2, and if v and v
satisfy the Cauchy-Riemann equations at the point 2z then the complex
function f(z) = u(z, y) + wv(x, y) is differentiable at zand f’(z) is given by:
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foy =ty ovou
or Or Oy 0y

Polar Coordinates
f(2) = u(r, 6) + iv(r, 6)
* |n polar coordinates the Cauchy-Riemann equations become

ou 1 ov ov 1 ou
= and —=-———

or rof or 100
The polar version of f(z) at a point zis
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Harmonic Functions
= Definition: A real-valued function ¢(z, y) that has continuous second-order

partial derivatives in a domain D and satisfies Laplace’s equation (0%¢/0%z +
0%¢ 104y = 0) is said to be harmonic in D.

» Theorem 5 (Harmonic Functions): Suppose f(z) = u(x, y) + vz, y) IS analytic in
a domain D. then the functions u(z, y) and u(z, y) are harmonic functions.

Harmonic Conjugate Functions If f(z) = u(z, y) + 1v(z, y) is analytic in a domain D,
then u and v are harmonic in D. Now suppose u(z, y) is a given function that is
harmonic in D. It is then sometimes possible to find another function u(z, y) that
iIs harmonic in D so that u(x, y) + iv(z, y) is an analytic function in D. The function
v is called a harmonic conjugate function of .

Functions of a Complex Variable https://manara.edu.sy/ 2023-2024 34/36


https://manara.edu.sy/

dz2ols
oLal
= Example 8: Harmonic Function/Harmonic Conjugate Function
Verify that the function w(z, v) = 22 — 3zy* — 5y is harmonic in the entire

complex plane. Find the harmonic conjugate function of .

2 2
a—u:3x2—3y2, a—?;=6x, a—u:—G:I:y—& 8_1;:_6$
0T o0z 0y 0y
2 2
a—Z+a—Z:6x—6x:0
ox” 0y
av=au=3x2—3y2, @z—ﬁ—u=6xy+5
oy Oz ox oy
v(z, y)=3:1:2y—y3+h(:c):>?=6wy+h'(az):>h'(:z:)=5:>h(x)=5x+0
T

f(2) =2 —3zy° =5y +i(3z°y —y° + bz + O)
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Continuous

Differentiable

Analytic
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