[

&jliall

Exercises 6: Inner Product Spaces

CEDC102 : Linear Algebra and Matrix Theory

Manara University

2023-2024

https://manara.edu.sy/



Y

Find (a) |u||, (b) Hl/‘ ,and (c) |v+ V|
@ u=(3,1,3), v=(0,-1,1)
@) ||u| =32 +12 +32 =19 (b) [V|=+0? +(-1)% +12 =2

©) |u+v|=](3-01-(-1),3-1)=||(3,2,2) = V32 + 2% + 2> =17

Find a unit vector (a) in the direction of #and (b) in the direction opposite that of «
1) a=(3,2,-5), v=(0, -1, 1)

(a) A unit vector vin the direction of & is given by
u 1 1 3 2 -5

V=== (3,2,—5):—(3,2,—5):( , , j
lull /32 + 27 + (-5)2 J38 /38 /38 /38

https://manara.edu.sy/



Y

6jliall

(b) A unit vector in the direction opposite that of uz is given by

_V__( 3 2 -5 j_( -3 -2 5 ]
J38'/38'/38) |\ /38'/38 /38
Find the vector vwith the given length and the same direction as u

® [v=5 v=(550)

First find a unit vector in the direction of

v o1 1 1 45
”U”—m(ﬁ,s,m_@(6,5,0)_(£,£,0)
Then vis five times this vector 1 = 5(\/15 , ://_g ,0) = (\76 , 5\}/_5

,0)
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For what values of cis [c(1,2,3)|[=1? |
1 1 1

c(1,2,3)|=|c(1,2,3)|=1=|c|= = —
2.3 =ldI@. 23| 1= ===

=>C=t—
14

Find (a) v, (b) %, (¢) |’ (d) d(1,¥), (e) (&%) ¥, and (f) &(5V)
@ u=(3,4), v=(2, -3)

(@) u.v=3(2) + 4(-3) =6

(b) v.v=2(2) + (-3)(-3) =13

©) |lu| = vw=3%+4%=25

(d) d(u, V) =|lu—-v|=|(B-2,4-(=3))| =|(@7)| = V12 + 7> =/50 =52
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(f) a(5v) =5u.v=5(-6) = -30

@ u=(2,-2,1), v=(2,-1,-6)
(8) m.v=2(2) + (-2)(-1) + 1(-6) = 0
(b) v.v=2(2) + (-1)(-1) + (-6)(-6) = 41
©) ul = vw=22+(-2)> +12 =9
(d) d(u,v) =|u-v|=](2-2,-2—(-1),1-(-6))| = [(0,-1,7)

= J0% +(-1)% + 7% =+/50

(e) (u.v)v=0v=0=(0, 0, 0)
(f) u(5v) =5u.v=0
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Find (3u— v)(u—3¥) when v-u=8, u-v=7,and vv=6

Bu—v)(u—3v)=3uwu-uv-viu+3viv=3uu—-10u.v+3v.v
=3(8) — 10(7) + 3(6) =28

Find the angle @ between the vectors
@® u=(1,-1),v=(0,1)
u.v 1(0) + (-1)(1) =y . cosl(

COoSH = = — —

el 2+ 12 Joo + (c1)7 V2

-1\ 3«
= | = 2% rad (135°
7))

T . T T . 3rx
U= (COS—,SIN—), V= (COS—,SIN —
@ = (05T sin D) v= s sin ¥
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T r . & . 3r
COS—COS—+SINn—SIn —
6 4 6 4

cos@ =

= COS I = COS L = 0 = 'z radians (105°)
12 12 12

@ u=(1,1,1), v=(2,1, 1)
v 1(2)+1(1) +1(-1) 2

uv ~
v \/c032”+sin2ﬂ\/cos 3—7T+S|n23—
6 6 4 4

2

cos @ =

[l 2+ 2 22+ + (-7 V36

=0 = cos‘l(\/E / 3) ~1.08 radians (62°)

3
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Determine whether #and vare orthogonal, parallel, or neither
@D u=(1,-1,1), v=(2,1,-1)

av=1(2)+ (-1)(1) + 1(-1) = 0, the vectors #and vare orthogonal

@ u=(1,-1,1), v=(2,1, 1)
av=102)+(-1)(1)+1(1)=2#0, = u and v are not orthogonal. Moreover, because
one is not a scalar multiple of the other, they are not parallel

B) u=(1,-2,4), v=(-3, 6, -12)
u=-3v, the vectors #and vare parallel

(4) u=(cos 6, sin 6, —1), v=(sin 6, —cos 6, 0)
uv =Ccos 0 (sin & + (sin &)( —cos & + (-1)(0) = 0, the vectors uz and v are
orthogonal
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Find (a) proj,zand (b) proj,,v
@ u= (_1, 3), V= (41 4)
u-v -1(4) +3(4)

: B 21 B
(a) proj u = V. VV_ 42 +42 (414) — 4(4’4) _(111)
=LYy = HDHAE) g 419212
(b) prOJuV_ U'Uu (_1)2+32 ( 113) 5( 113) ( 51 5)

proj,u

]
|
§ 2

» X

1
|
4
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2 u=(1,3,-2), v=(0, -1, 1) 2=
., u-v  10)+3(-1)-2(1)
(@) proj,u/ = v’ 0% +(-1)* +1°
0(1) + (-1)(3) +1(-2)
17 + 32 +(-2)°
-5 =15 5

5
REVRRR VRV RE?

(0, 11)_—(0 ~11) = (0 275)

1,3,-2)

) proj,v=—u=
u-u
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Find (a) |u|, (b) |||, and (c) |lu+ v
1. a=(2,1,-1), v=(0, -1, 1) 2. u=(2,-1), v=(1, 1)

Find a unit vector (a) in the direction of #and (b) in the direction opposite that of &

l.a=(-1, 3,4) 2. u=(2,-2)

Find the vector vwith the given length and the same direction as «
1. |v|=4 u=012-1) 2. |V|=2, u=(3,4)

2
2

Find (a) &, (b) v, (©) |1 (dd(mv, (e)(=v,and () #(5W)
1. u=(-1,2), v=(2, -2) 2. u=(0,-2,1), v=(2, 1, -2)
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For what values of cis |[c(-2,2,1)| =67
Find (z+ V)(2u— v) when ru=4, u-v=-5, and v»v=10
Find the angle @ between the vectors
l.a=(3,1), v=(-2,4) 2. u=(2,3,1), v=(-3,2,0)

3. U= (cosz,sinz),v= (cosz,sinz)
3 3 4 4

Determine whether zand vare orthogonal, parallel, or neither
1. u=(0, 3,—4), v=(1, -8, 6) 2. u=(1,-1,2), v=(-3, 3, —6)
3.u=(1,-1), v=(0, -1)

Find (a) proj,zand (b) proj, v
l.u=(1, 2), v=(2, 1) 2. u=(5,-3,1), v=(1, -1, 0)
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(a) Determine whether the set of vectors in R” is orthogonal, (b) if the set is orthogonal,

then determine whether it is also orthonormal, and (c) determine whether the set is a
basis for R"

Q) u=(2,-4), v=(2,1)
(@) (2,-4)-(2, ) =2(2) +(-4)() =0, the set is orthogonal

(b) [[(2,-4)|| = /22 + (—4)? = /20 =1, the set is not orthonormal
(¢) 2 independents vectors, the set is a basis for R?

@) {u=(3/5, 4/5), v=(-4/5, 3/5)}
@ 2,9) (-2, D=2(-9)+2() =0, the set is orthogonal

(b) H(S,S)H—\/() +(3)° =1 |(-4.d)|= \/(—g) +(2)? =1, the set is orthonormal
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(c) 2 independents vectors, the set is a basis for R?

‘(— ) \/( )*+ (= ) H(—— =) \/(——) +G ) =1
o -{218) - £.48)-(24.9)
2 2 6 3 6 3 3 3

(a) The set is orthogonal because

(ﬁ ﬁ]_(_% G @]:_@m@

=0

’01 ] ]
2 2 6 3 6 12 12

(ﬁ ﬁj(ﬁ J3 _ﬁj:@w_@
| 6

’01 ] ]
2 2 3 3 3 6

=0
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V6 V6 V6 (V33 B) VB V1B V1B
6’3 6 )1 33" 3] 18 9 18

(b) The set is orthonormal because

(ﬁ’o’ﬁj :\/E+O+E:L (\/g,ﬁ’_ﬁj :\/§+§+§:
2 ' 2 4 4 33" 3 9 9 9
6 V6 6 _\/6+6+6_1

6 3'6 ) V36 9 36

(c) 3 independents vectors, the set is a basis for R3
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® {u=[ oz} v=(010)

(a) The set is orthogonal because (

(b) The set is orthonormal because

H —— O— H +O+%—1 1(0,1,0)| =~/0+1+0 =1

(c) Only 2 independents vectors, the set is not a basis for R®
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(a) Show that the set of vectors in R”is orthogonal and (b) normalize the set to produce an
orthonormal set

@ u=(-1,4), v=(8, 2)

(a) (-1,4)-(8, 2)=-1(8) +4(2) =0, the set is orthogonal
(b) [(-14)||= J(=1)?+42 =17 #1, the set is not orthonormal. Normalizing

7 1 B 3 _\/17 417
ST 1’4)‘( 717 )
v, 417 17
i@
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® [4=(5.65.5). v =(~Z.02)

(@) (v/3,/3,+/3)-(=+/2,0,+/2) = —/6 +0++/6 =0, the set is orthogonal
) [(BABAB|= VN3 +3 +43 =B =31

the set is not orthonormal. Normalizing

42BN LY D

33

i, ~L(2.042)- [g 032’

2
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Find the coordinate matrix of wrelative to the orthonormal basis Bin R”

J5 205 ( 245 5
0 wrcson-(S28).5)

(V5 25) 35 86 5f
(_3’4)\5 5} 5 5 B
(25 V5)_6V5 45 10J§
917 ’5}2 s ' 5 "5 20

so, [, | Vi
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® W:(Z,_z,l),gz{% oi} 01020 %}
(2,-2,1)- (x/_ 3\/—j @+O+3\/1—0_5\/1_0_\/1_0
10 10 10 0 10 2

(2,-2,)-(0,1,0)=0-2+0=-2

oo 20 o I0)_ 656 o IO 55 _ 0
L 0 "10 5 10 10 2
'.ﬁ@;'
2
So, [W]B: —2
_ Ao
2 ]
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Apply the Gram-Schmidt orthonormalization process to transform the given basis for R”
into an orthonormal basis

@ v=(3,4), »,=(1,0)

v, - W, 1(3)+0(4 16 12
Wy = vy~ 22y = (1,0 - 1) (2)(3,4){ - j
W - W 3" +4 25 25

Normalize the vectors
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@ B={n=(1,-2,2),%=(2,21), »=(2,-1,-2)}
Because v; v;= 0 for 7# , the given vectors are orthogonal. Normalize the vectors

Vi 1 1 2 2
u, = = (1,—2,2):(—,——,—j
C vl \/12+(—2)2+22 3 33

v, 1 2 21
u, = = (2,2,1)=(—,—,—j
Lol V22122 412 333

Vs 1 2 1 2
U, = = (2,—1,—2)=(—,——,——j
A \/12+(—2)2+22 3 3 3

® B={v=(4,-3,0),%»=(1,2,0), »=(0,0,4)}
Orthogonalize each vector in B vectors
wy = v, =(4,-3,0)
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V., - W,
W, =V, — 2.W1 = (1,2,0)-%(4,-3,0)=(££,4,0)
1 1
V5 - W, V5 - W, 33 44
Wy=V,————=Ww,——=—=w., =(0,0,4)-0(4,-3,0)-0(=,2 0)=(0,0,4
3 3 V’/1V'/1 1 W2 W2 2 ( ) ( ) (25 25 ) ( )

Normalize the vectors

U = A — 1 (4,-3,0) = (g 3 oj

vi 42 + (=3)2 +0? 5
_ Y _ 1 33 44 (3 4 j
U, = = ,2=,0=|-=,=-,0
el Jregre TR S
u=3 =1 (0,04)=(0,01)

Jvall o2 +02 + 42
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(a) Determine whether the set of vectors in R7 s orthogonal, (b) if the set is orthogonal,

then determine whether it is also orthonormal, and (c) determine whether the set is a
basis for R”

1. {u=(-3,5), v=(4,0)}
2.{u=(2,1), v=(1/3, -2/3)}

oo 2o (03]

4.{(2,5,-3),(4,2,6)}
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(a) Show that the set of vectors in R” s orthogonal and (b) normalize the set to produce
an orthonormal set

1.{v,=(-1,3), », =(12, 4)}
2.{v,=(1,3,1), »,=(3,0,-3)}

Find the coordinate matrix of wrelative to the orthonormal basis Bin R~

l.W=(l,2),B={( 2J_’3J—j’(3dl—3’2ﬁ_3}}

13 13 13 13

2. w=(1,-3,2), B_{[ﬂ 0, i} (0,1,0), [—i 0, £}
10 ' 10 10
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Apply the Gram-Schmidt orthonormalization process to transform the given basis for R”
into an orthonormal basis

1. B={v;=(4,-3), »=(3, 2)}
2. B={v,=(2,1,-2),v,=(1,2,2), n=(2,-2,1)}
3.B={v,=(1,0,0), »,=(1,1,1), »,=(1, 1, -1)}
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