
WMR Dynamic model 
differential WMR model 
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General robot dynamic modeling 
• The dynamic equations of the robot motion can be done by two methodologies: 

1. Newton-Euler method 

2. Lagrange method 
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Lagrange model for multi-link robot 
𝐷 𝑞 𝑞 +  𝑞, 𝑞 + 𝑔(𝑞) = 𝜏 

• 𝑓𝑜𝑟 𝑞 ≠ 0: 𝐷 𝑞  𝑖𝑠 𝑛 × 𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 

• 𝐷 𝑞 𝑞 , represents the inertia force 

•  𝑞, 𝑞 , represents the centrifugal and Coriolis force 

• 𝑔 𝑞 , represents gravitational force 

• 𝜏, the net force\torque applied to the robot 

•  𝑞, 𝑞 = 𝐶 𝑞, 𝑞 𝑞 → 𝐴 = 𝐷 − 2𝐶 𝑖𝑠 𝑛 × 𝑛 𝑎𝑛𝑡𝑖𝑠𝑦𝑚𝑒𝑡𝑟𝑖𝑐 

• → 𝐴𝑇 = −𝐴 
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Dynamic modeling of non-holonomic robot 
𝑑

𝑑𝑡

𝜕ℒ

𝜕𝑞 
−
𝜕ℒ

𝜕𝑞
+𝑀 𝑞 𝑇𝜆 = 𝐸𝜏 

• 𝑀 𝑞 , 𝑖𝑠 𝑚 × 𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑡𝑒 𝑚 𝑛𝑜𝑛𝑜𝑙𝑜𝑛𝑜𝑚𝑖𝑐 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 

• 𝑀 𝑞 𝑞 = 0 

• 𝜆, 𝑖𝑠 𝑡𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 

• 𝐸, 𝑡𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 

 
𝐷 𝑞 𝑞 + 𝐶 𝑞, 𝑞 𝑞 + 𝑔 𝑞 +𝑀 𝑞 𝑇𝜆 = 𝐸𝜏 
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Constrained to unconstrained model 
• To eliminate the constraint term 𝑀 𝑞 𝑇𝜆 we use the n × 𝑛 −𝑚  𝑚𝑎𝑡𝑟𝑖𝑥 B 𝑞   

• 𝐵 𝑞 𝑇  𝑀 𝑞 𝑇 = 0 

•
𝑀 𝑞 𝑞 = 0

𝐵 𝑞 𝑇  𝑀 𝑞 𝑇 = 0 
 

?
 ∃ 𝑛 −𝑚  𝑣𝑒𝑐𝑡𝑜𝑟 𝑣 𝑡 : 𝑞 𝑡 = B 𝑞 𝑣 𝑡  

• Now: 
𝐵 𝑞 𝑇 × 𝐷 𝑞 𝑞 + 𝐶 𝑞, 𝑞 𝑞 + 𝑔 𝑞 +𝑀 𝑞 𝑇𝜆 = 𝐸𝜏  

 
𝐷 𝑞 𝑣 + 𝐶 𝑞, 𝑞 𝑣 + 𝑔 (𝑞) = 𝐸 𝜏 
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Unconstrained model 
• The reduced unconstrained model describes the dynamic evolution of  the n dimensional 

vector q(t)  in terms of the dynamic evolution of the (n-m) dimensional vector v(t). 

 
𝐷 𝑞 𝑣 + 𝐶 𝑞, 𝑞 𝑣 + 𝑔 𝑞 = 𝐸 𝜏 

 

• 𝐷 = 𝐵𝑇𝐷𝐵 

• 𝐶 = 𝐵𝑇𝐷𝐵 + 𝐵𝑇𝐶𝐵 

• 𝑔 = 𝐵𝑇𝑔 

• 𝐸 = 𝐵𝑇𝐸 
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Differential WMR dynamic model 
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Constrained model 
• Since WMR moves in the horizontal plan the terms  𝐶 𝑞, 𝑞  and 𝑔 𝑞  are zero. 

• The constrained dynamic model becomes: 
𝐷 𝑞 𝑞 + 𝑀 𝑞 𝑇𝜆 = 𝐸𝜏 

• 𝜏 = 𝜏𝑟 𝜏𝑙 𝑇  

• 𝑀 𝑞 = −sin (𝜃) cos (𝜃) 0  

• 𝑞 = 𝑥𝑂𝑟 𝑦𝑂𝑟 𝜃 𝑇  

• 𝐷 𝑞 =
𝑚 0 0
0 𝑚 0
0 0 𝐼

, 𝐸 = 1

𝑟

cos (𝜃) cos (𝜃)

sin (𝜃) sin (𝜃)
𝑑 −𝑑
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Unconstrained model 

• 𝐵 𝑞 =
cos (𝜃) 0
sin (𝜃) 0

0 1

…𝑟𝑒𝑚𝑒𝑚𝑏𝑒𝑟(ker 𝑀 = 𝑖𝑚𝑔 𝐵 ) 

𝐷 𝑞 𝑣 = 𝐸 𝜏 

• v= 𝑉 𝜔 𝑇  

• 𝐷 = 𝐵𝑇𝐷𝐵 =
𝑚 0
0 𝐼

 

• 𝐸 = 𝐵𝑇𝐸 =
1

𝑟

1 1
𝑑 −𝑑

 

𝑚 0
0 𝐼

𝑉 

𝜔 
=

1

𝑟
1 1
𝑑 −𝑑

𝜏𝑟
𝜏𝑙
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Final model 

𝑉 =
1

𝑚𝐼
𝜏𝑟 + 𝜏𝑙  

 

𝜔 =
𝑑

𝐼𝑟
𝜏𝑟 − 𝜏𝑙  

• Always remember: 
𝑀 𝑞 𝑞 = 0

𝐵 𝑞 𝑇  𝑀 𝑞 𝑇 = 0 
 

?
 ∃ 𝑛 −𝑚  𝑣𝑒𝑐𝑡𝑜𝑟 𝑣 𝑡 : 𝑞 𝑡 = B 𝑞 𝑣 𝑡  

 
𝑥𝑂𝑟 
𝑦𝑂𝑟 

𝜃 
=

cos (𝜃) 0
sin (𝜃) 0

0 1

𝑉
𝜔

=
𝑉. cos (𝜃)
𝑉. sin (𝜃)

𝜔
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Newton-Euler WMR model 
• Assume Or is the center of gravity 

 𝐹/𝑂𝑟 = 𝑚𝑉  

 𝑀/𝑂𝑟 = 𝐼𝜔  

𝜏𝑟 = 𝐹𝑅 × 𝑟, 𝜏𝑙 = 𝐹𝐿 × 𝑟 

 𝐹/𝑂𝑟 = 𝐹𝑅 + 𝐹𝐿 = 1
𝑟 𝜏𝑟 + 𝜏𝑙  

 𝑀/𝑂𝑟 = 𝑑 𝐹𝑅 − 𝐹𝐿 =
𝑑

𝑟
𝜏𝑟 − 𝜏𝑙  

https://manara.edu.sy/ 11 



Thanks 
Think about the dynamic model of Bicycle WMR …… 
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