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Complex Matrices

 Conjugate of a matrix:

m n ij m n ijm n m n
A M C a A M C a  

         
( ) ( )

1 1 1 1

1 1

i i
A A

i i i i

    
     

     
 Ex :

 Properties of the conjugate of a matrix:

(1) 

(4) 

A A (2) A B A B   (3) AB AB

(6) If A is invertible, then

,cA c A c C  (5) 
T TA A( )

A A 1 1( )
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 Conjugate transpose of a matrix:

* T
m n n mA M C A A M C    ( ) ( )

 Ex :

*

1 2
1 0

3 2
2 3 2

0

T

i
i i

A A A i i
i i

i

 
    

           

 Properties of the conjugate transpose:

(1) 

(4) 

* *A A( ) (2) * * *A B A B  ( )

(3) 
* * *AB B A( ) ,* *cA c A c C ( )
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 Ex 4:

A square matrix            is skew- Hermitian if A* = –A
 Anti-Hermitian (Skew-Hermitian) matrix:

 Ex :
*

2 2 4

2 3

4 1

i

A i i A

i

 
 

  
 
  

nA M C ( )

*
2

2 0

i i
A A

i

  
   

  

 Hermitian matrix:

A square matrix            is Hermitian if A*  AnA M C ( )
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 Notes:

(1) Diagonal entries of an Hermitian matrix are real

(2) Diagonal entries of a Skew-Hermitian matrix are purely imaginary or zero

(3) Every square matrix can be expressed as the sum of a Hermitian

matrix B and a skew-Hermitian matrix C
nA M C ( )

,* *B A A C A A   
1 1

( ) ( )
2 2
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 Ex:

 Unitary matrix: A square matrix is Unitary if A*  A1
nA M C ( )

 Theorem : (Properties of Hermitian matrices)

 Hermitian matrix: A square matrix is Hermitian if A*  AnA M C ( )

If A is a Hermitian matrix, then:

(a) The eigenvalues of A are all real numbers.

(b) Eigenvalues from different eigenspaces are orthogonal

i
A

i

 
   

2 1

1 3

det( ) ( )( )
i

I A
i


  



  
     

  

2 1
1 4 0

1 3
⇒   1, 4 (real numbers)

Hermitian Matrices and Unitary Diagonalization
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,
i i

 
    

      
   

1
2

1 1 2 2

1 (1 )
1: 4:

1 1
v v

 i i i i           1 1
1 2 2 2

( 1 ) (1 ) (1)(1) ( 1 )( 1 )+ 1 0v v ⇒ orthogonal

 Theorem : (Unitary matrix)

If A is an n×n complex matrix, then the following are equivalent

(a) A is unitary

(b)                    for all x in C n

(c) Ax . Ay  x . y for all x and y in C n

(e) The column vectors (row) of A form an orthonormal set in Cn with respect to the

complex Euclidean inner product

A x x
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 Ex : (Unitary matrix)

i i
A

i i

  
  

   

1 1
2 2

1 1
2 2

(1 ) (1 )

(1 ) ( 1 )

Show that A is unitary, and then find A1

Sol:

Row vectors [ ], [ ]i i i i      1 1 1 1
1 22 2 2 2

(1 ) (1 ) (1 ) ( 1 )r r

   i i i i        1 1 1 1
1 2 2 2 2 2

( (1 )) (1 ) ( (1 )) ( 1 ) 0r r

,i i i i          
2 2 2 2

1 1 1 1
1 22 2 2 2

(1 ) (1 ) 1 (1 ) ( 1 ) 1r r

are orthonormal

So A is unitary ⇒ * i i
A A

i i


  

   
   

1 1
1 2 2

1 1
2 2

(1 ) (1 )

(1 ) ( 1 )
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 Unitary diagonalization 

A square complex matrix A is said to be unitarily diagonalizable if there is a unitary

matrix P such that P ∗AP  D is a complex diagonal matrix. Any such matrix P is said to

unitarily diagonalize A

Every n×n Hermitian matrix A has an orthonormal set of n eigenvectors and is unitarily

diagonalized by any n×n matrix P whose column vectors form an orthonormal set of

eigenvectors of A

 Theorem : (Unitary diagonalization)
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 Unitary diagonalization of a Hermitian matrix

Let A be an nn Hermitian matrix.
Step 1: Find a basis for each eigenspace of A
Step 2: Apply the Gram–Schmidt process to each of these bases to obtain orthonormal

bases for the eigenspaces.

Step 3: Form the matrix P whose column vectors are the basis vectors obtained in Step 2.

This will be a unitary matrix and will unitarily diagonalize A

 Ex : (Unitary diagonalization of a Hermitian matrix)

Find a matrix P that unitarily diagonalizes the Hermitian matrix

i
A

i

 
  

 

2 1

1 3
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Sol:

,
i i

 
    

      
   

1
2

1 1 2 2

1 (1 )
1: 4:

1 1
v v

Gram-Schmidt Process: 

,

i i     
      

      

1 1

3 61 2
1 21 2

1 23 6

v v
p p

v v

i i

P

   
  

  

1 1

3 6

1 2

3 6

*
i i i

i

i
D P AP

i

    



      
        

         

1 1 1 1

3 3 3 6

1 2 1 2

6 6 3 6

2 1 1 0

1 3 0 4
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 Normal matrices

A square complex matrix A is said to be normal if it commutes with its conjugate

transpose: A∗A  AA∗

Normal matrices include: the Hermitian, skew-Hermitian, and unitary matrices in the

complex case and the symmetric, skew-symmetric, and orthogonal matrices in the real

case.

 Note:

The nonzero skew-symmetric matrices are examples of real matrices that are not

orthogonally diagonalizable but are unitarily diagonalizable
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 Ex : (Normal matrix)

A

 
 
 
 

1 1 0

0 1 1

1 0 1

(A∗A  AA∗)

Hermitian matrices have real eigenvalues

Skew-Hermitian matrices have eigenvalues either

zero or purely imaginary

Unitary matrices have eigenvalues of modulus 1

 Notes:
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