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Introduction Eigenvalues and Eigenvectors

« Eigenvalue problem:
If A 1S an nxn matrix, do there exist nonzero vectors x in R” such that Ax is a scalar
multiple of x?

« Eigenvalue and eigenvector:
A: an nxnmatrix

A: ascalar I . !
X, anonzero vector in R” AX /
Eigenvalue | 5 "
Ax=Ax ; ‘
Eigenvector 4 Ax
« Geometrical Interpretation: AX=AX,A>0 ° Ax = Ax, A<0
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« EX : (Verifying eigenvalues and eigenvectors)

a=[3 5] x=[o} ==[3]

Eigenvalue

CREM HRHRHEE

*
Eigenvector

Eigenvalue

s [y S22 oo

*
Eigenvector
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« Theorem: (The eigenspace of A corresponding to A)
If A Is an »xn matrix with an eigenvalue A, then the set of all eigenvectors of A

together with the zero vector is a subspace of R”. This subspace is called the
eigenspace of A.

v

« EX 2: (An example of eigenspaces in the plane) oo e o
Find the eigenvalues and corresponding eigenspaces of T i -
-10
a0
Sol:
If v=(x, y), then Ay = [_01 (1)} D} = [_y} i B
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For a vector on the x-axis S For a vector on the y-axis
-1 0] [ x| [—x X -10| [0 0 N¢,
R R e . r e
t t
Eigenvalue A, =-1 Eigenvalue A, =1

Geometrically, multiplying a vector (x, ») in R* by the matrix A corresponds to a
reflection in the y=axis.

The eigenspace corresponding to A, = —1 is the x-axis.

The eigenspace corresponding to A, = 1 is the y=axis.
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« Theorem : (Finding eigenvalues and eigenvectors of a matrix Ae M,,_,)

Let Ais an nxn matrix.
(1) An eigenvalue of A is a scalar 4 such that that det(A/— A) =0

(2) The eigenvectors of A corresponding to A are the nonzero solutions of (A/— A)x=0

= Note:
Ax=Ax=> (M- A)x=0 (homogeneous system)
If (\./— A)x= 0 has nonzero solutions iff det(A./— A) =0

= Characteristic polynomial of Ae M,

nxn*

det(A/ —A) =|(A - A)|=21" +¢, A"+ + gl +¢,
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« Characteristic polynomial of Ae M,

det(A/ —A) =|(A = A)| = p,(A) =27 +¢, A"+ + A+

= Properties of the characteristic polynomial:

A=0 = det(-A)=¢c, = ¢ =(-1)"det(A)
cn—l — _tr(A)

« Properties of the eigenvalues:

det(A) = LAy Ay

tr(A) =a,+a,, +--+a, =4 +A4L+--+ 1,

https://manara.edu.sy/



[

deola
= Characteristic equation of A: det(A/— A)=0

« EX : (Finding eigenvalues and eigenvectors)
2 —12
a-[i 5]
Sol:

Characteristic equation:

A-2 12

det(1/ — A) = 1 445

=>A=-1-2

‘=22+3i+2:(/1+1)(1+2)=0

Eigenvalues: A, =-1, A, =-2
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BRI FIEH
-3 12 1 -4 X | |4t |4
S5 loo] = RlE)fE) e
-4 12 || X,
2),=-2= (@/—A)Xz[_l 3}{)(2}

EEINEY)

Check: Ax=\x
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. Ex : (Finding eigenvalues and eigenvectors)
Find the eigenvalues and corresponding eigenvectors for the matrix A. What is the

dimension of the eigenspace of each eigenvalue?
210

A= 0
2_

0 2
00

Sol:
Characteristic equation:

A-2 -1 0
[Ar-A=| 0 2-2 0 |=(1-2°=0 Eigenvalue: =2
0 0 A-2
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The eigenspace of A corresponding to A = 2:

(Al —A)x =

o O o

%)

.

o O o

+ [

o O O

o O

o O o
o O
o O o

ste R

O O O
3 X X

>

o O O

3 X X

S
0
{

1
0
0

+ [

0
0
1

sand ¢not both zero

the eigenspace of A corresponding to A = 2
has two linearly independent eigenvectors

Thus, the dimension of its eigenspace is 2.
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« Notes:
(1) If an eigenvalue A4, occurs as a multiple root (& times) for the characteristic
polynomial, then A, has multiplicity £.

(2) The multiplicity of an eigenvalue is greater than or equal to the dimension of
Its eigenspace.
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- Ex : Find the eigenvalues of the matrix A and find a basis for each of the

corresponding eigenspaces. 10 0

0
Sol: A =

e =N

0
-1
0
3

O OB
O N Ol

Characteristic equation: i

A-1 0 0 0
0O 4A-1 -5 10
-1 0 4A-2 0
-1 0 0 41-3

A1 - A = — (A -12(A-2)(A-3)=0

Eigenvalues: A, =1, A, =2, A; =3

https://manara.edu.sy/



Yo oo
|

)

+
|
o —Hoo

»

[]
_I_I.

)
o~
|

||
| |
A N M <
NN

~n Yoo
O - OO
oo oo
—Ho oo
{
_Om_uO?__
o¥ 7o
oo oo
0011

IS a basis for the eigenspace of A correspondingto A =1
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« Theorem : (Eigenvalues of triangular matrices)

If A is an nxntriangular matrix, then its eigenvalues are the entries on its main diagonal.

« EX: (Finding eigenvalues for diagonal and triangular matrices)

i i (100 0 O

2 00 0 20 00

(a)A=|-11 01|, (BHHLA=]/0 00 0 O

5 3 -3 0 0040

) ) 0 00 0 3

Sol: - -
A-2 0 0

@A -A=1 2-1 0 |[=(A-2)(A-D(A+3)
™ 3 A+3 ) —24,=1,4,=-3
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B) A =-14=22,=04=-4 1 =3

« Theorem : (Eigenvalues and Invertibility)
A square matrix A is invertible iff A = 0 is not an eigenvalue of A

« Eigenvalues and eigenvectors of linear transformations:
A number A is an eigenvalue of a linear transformation 7: V — V when there is a
nonzero vector x such that 7{x) = Ax. The vector x IS an eigenvector of 7
corresponding to A, and the set of all eigenvectors of A (with the zero vector) is the

eigenspace of A.
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« EX : (Finding eigenvalues and eigenspaces) (1 3
Find the eigenvalues and corresponding eigenspaces A=|3 1
Sol: 00

A-1 =3 0
Al-A=]-3 A-1 0 |=(A+2)°(1-4)
0 0 A+2

Eigenvalues: A, =4, A, = -2

The eigenspaces for these two eigenvalues are as follows:
B ={(1,1, 0)} Basis for A, =4
B,={(1,-1,0),(0,0,1)} Basisforai,=-2

|
o S ©
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« Notes:

(1) If T: R® — R3 s the linear transformation whose standard matrix is A, and B is
a basis for R® made up of the three linearly independent eigenvectors
corresponding to the eigenvalues of A, then the matrix A' for 7 relative to the
basis 5 is diagonal.

0 O
A =10 @ 0 Nonstandard basis:
0 0 @ B ={(1,1,0),(1-1,0), (0,0, 1)}
tt 4 t ot
Eigenvalues of A Eigenvectores of A

(2) The main diagonal entries of the matrix A’ are the eigenvalues of A.
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Diagonalization

« Diagonalization problem:
For a square matrix A, does there exist an invertible matrix 2 such that P1AP is

diagonal?

« Diagonalizable matrix:
A square matrix A is called diagonalizable if there exists an invertible matrix 2 such

that P1APis a diagonal matrix. (P diagonalizes A)

= Note:

If there exists an invertible matrix # such that B= P1AP, then two square matrices A
and B are called similar. and the transformation from A to P1APis called a similarity

transformation

https://manara.edu.sy/
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Property that is preserved by a similarity transformation is called similarity invariant.
Table below lists the most important similarity invariants

Property Description
Determinant Aand P1APhave the same determinant
Invertibility Ais invertible if and only if P1APis invertible
Rank Aand P1APhave the same rank
Nullity Aand P1APhave the same nullity
Trace Aand P1APhave the same trace
Characteristic polynomial Aand P1APhave the same characteristic polynomial
Eigenvalues Aand P1APhave the same eigenvalues
Eigenspace dimension Aand P1APhave the same dimension for the same A

https://manara.edu.sy/
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« EX ! (A diagonalizable matrix) 13 0
A=131 0
Sol: Characteristic equation: 00 2]

A-1 -3 0
Al-A=|-3 2-1 0 |=(A-4)(A+2)7°=0
0 0 A1+2

Eigenvalues: A, =4, A, =-2, A, =-2

(1) A, =4 = Eigenvector: p, =|1
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(2) A, = -2 = Eigenvectors: 0

« Notes:

P:[pl P, /03:|:

O K
|
H

(1)'02[:02 Py /03]: -1

(2)'0:[/72 P ,01]: -1

—| -1,

POO OFRFR K

O O
U
E
™
Q
I

= PlAP =] 0
0

— PlAP =] 0
0

O o b
|
N
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- Theorem : (Condition for diagonalization)
An nxn matrix A IS diagonalizable if and only if it has » linearly independent
eigenvectors.

=« Note:

If » linearly independent vectors do not exist, then an zxn matrix A is not
diagonalizable.

« EX ! (A matrix that is not diagonalizable) {1 2}
A=

Sol: Characteristic equation:

A-1 2

|M—A|:‘ 0 41

‘ =(1-1°=0 Eigenvalue: A, =1
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0 2] [01 . —
i/—A:/—A:{O O}N{O O} = Elgenvector: —[0}
Adoes not have two (2= 2) L. |. eigenvectors, so A is not diagonalizable

= Steps for diagonalizing an zxn square matrix:

Step 1: Find = linearly independent eigenvectors p,, p,, ... p, for A with corresponding
eigenvalues A, A,, ... A,

0 .- 0
%20 D |, where Ap, = 4, i=12,....m
00 - A

Step2:Let P=|p |p, |- |0, ]

Step3:Let PTAP =D =

https://manara.edu.sy/
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« Note:
The order of the eigenvalues used to form 2 will determine the order in which the

eigenvalues appear on the main diagonal of .

« EX : (Diagonalizing a matrix) 11 1]
Find a matrix Zsuch that is 71APdiagonal A=|1 3 1
-3 1 -1
Sol: Characteristic equation: - -
A-1 1 1
Ar-A=-1 2-3 -1|=(A-2)(A+2)(2-3)=0
3 -1 A+1

Eigenvalues: A, =2, A, =-2,A; =3
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1 1 1] [101]
(A, =2 = A/ -A=|-1-1-1|~010
3 -1 3 000
x| |-t -1 -1
=|x,|=|0|=¢t 0| = Eigenvector: A, =| 0
X, t 1 1
-3 1 1 10 -1/4
Q) r,=-2 = A4L/-A=|-1-5-1|~|01 1/4
3 -1-1 00 O
x| | W 1 1]
= | X, |=|—-(1/4)t|=—t|-1| = Eigenvector: 0, =
X, t 414
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B) =3 =>4/ -A=

(2 1 1
1 0 -1
3 -1 4

— Eigenvector: 0;

1 1
0

1 4

-1 1
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- Notes: £is a positive integer |
d 0 - 0] 0 - 0
mo-|? % % o]0 0
00 - d 0 0 - o

Q) D=P AP = D“=(P'AP) = PAP = A = PD"P
« EX : (Powers of a Matrix)
Find A% where

—2

)N
I
R R O
O N O

1
3

Sol:
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Eigenvalues: A, =1, A, =2 double &

-1 0 -2

P=|0 1 1
10 1

A = pD°P =

P

6jliall

;,03:

62 0
63 64

63 0

~126 |
63
127 |
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= Theorem : (Sufficient conditions for diagohalization)
If an zxn matrix A has » distinct eigenvalues, then the corresponding eigenvectors are

linearly independent and A is diagonalizable.

« EX : (Determining whether a matrix is diagonalizable)

1 2 1
A=l0 0 1
0 0 -3

Sol:
Because A is a triangular matrix, its eigenvalues are the main diagonal entries.
These three values are distinct, so A is diagonalizable.
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If A, is an eigenvalue of an zxn matrix A, then the dimension of the eigenspace

corresponding to A, is called the geometric multiplicity of A,, and the number of times
that A — A, appears as a factor in the characteristic polynomial of A is called the

algebraic multiplicity of A,

« Theorem : (Geometric and Algebraic Multiplicity)
If A is a square matrix, then:

(a) For every eigenvalue of A, the geometric multiplicity is less than or equal to the
algebraic multiplicity.

(b) A is diagonalizable if and only if the geometric multiplicity of every eigenvalue is
equal to the algebraic multiplicity
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- Theorem : (Eigenvalues and Eigenvectors of Matrix Powers)
If &£ is a positive integer, A is an eigenvalue of a matrix A, and x is a corresponding

eigenvector, then A% is an eigenvalue of A% and x is a corresponding eigenvector

« Ex : Find the eigenvalues and corresponding eigenvectors of A’

1 -1 -1|
. A=|1 3 1
Sol: __3 1 _1_

The eigenvalues of Aare A, =2, A, =-2,A;=3
The eigenvalues of A’ are A, =27 =128, A, = (-2)" =-128, A, = 37 = 2187

The Eigenvectors of A7are: 1 =| 0 |, g, =|-1|, p;=|1
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