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Introduction to Linear Transformations
- Images And Preimages of Functions:
Function 7'that maps a vector space Vinto a vector space W

7:v _Mapping | yr s £ vector spaces V: Domain

V: the domain of 7

W: the codomain of 7

- Image of vunder 7:

If visin Vand wis in Wsuch that: 7{v) = w
Then wis called the image of vunder 7° I:V—>W  W: Codomain
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« Images And Preimages of Functions:
« The range of 7: The set of all images of vectors in V.
« The preimage of w: The set of all vin Vsuch that 7{v) = w.

. Ex : (A function from R? into R?)
TR >R v=(,y) ek
T(v 1) = (v, — Vg, 4 +20)
(a) Find the image of v= (-1, 2). (b) Find the preimage of w= (-1, 11)
Sol:
A v=(-1,2)=>TWV)=7T(-1,2)=(-1-2,-1+2(2) =(-3, 3)
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() TO) = w=(~1,11) = T(4, 1) = (4 - 15, 1, +24) = (-1, 1)

Thus {(3, 4)} is the preimage of w= (-1, 11).

« Linear Transformation (L.T.):
V/, W. vector spaces
T V— W: Linear Transformation
1) 7Ww+v)=TW)+T(v), YuveV
(2) T(cu)=cT(u), VceRrR
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= Notes
(1)

Tu+v)= T(d) + 7(¥ T(cu) = cT{u)
t t t 1

Addition| | Addition Scalar Scalar
in V in W multiplication| | multiplication

in V in W

(2) A linear transformation 7: V— Vfrom a vector space into itself is called a linear
operator
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« EX : (Verifying a linear transformation ;#rgrin R? into R?)
T(4.1) = (4 - V., +215)
Sol:

u=(u,u,), v=(v,1) vectorsin R? c any real
ru+v)y=TrT( +v,u,+v)

— ((Ul T '/1) — (Uz T V2)1(u1 T '/1) + 2(”2 T Vz))

= ((t, — ) + (Y, = ,),(4, +20,) + (1, +21))

= (U = Uy, U +20,) + (v, =y, v, +215) = T(u) + T (V)
I (cu) =T (cu,cu,) = (cu, —cu,,cu, +2cu,)

=c(u, — U,,u, +2u,) =cT (u)

Therefore, 7'is a linear transformation
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« EX ! (A Linear Transformation from £,to 7,,,)

P=px)=¢+cgx+..+cx"eP,

I P, — Pyl T(p) = Tp(®) = xp(%) = gx+ a2 + ...

« EX : (A Linear Transformation from Z,to 2, , n>1)
I'P,— P, T(p) = T(p(x)) = p'(x) derivative

« EX : (A Linear Transformation from 2, to R)

TP, — R Tp) = TH) = [ p(x)x

+ ¢, x™!
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« EX : (Functions that are not linear transtrﬁ%ations)
(a) T(x)=sinx T' R— R
sin(x, + x,) # sin(x;) + sin(x,)

B Tx)=x T R—R

(K + %) %X +%
) T(x)=x+1 TTR—-R
AT Y)=x+y+1 T.RE—- R

() T(A) =det(A) T: M(R)— R
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= Notes: Two uses of the term “linear”

(1) {x) = x+ 1 is called a linear function because its graph is a line.
(2) {x) = x+ 1is not a linear transformation from a vector space R into R because it
preserves neither vector addition nor scalar multiplication
« Zero transformation:
rv-w T(v)=0 VveV
- ldentity transformation:

rv-v T=v VveV
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= Theorem : (Properties of linear transformations)
rv-w, uveV
(1) 7(0) =0
) 7T(-v)=-T(v)
@) 7T(w-v)=TW)-T(v)
@4)Ifv=cqv, +cV, +---+c,v, then
T(v)=T(cVv,+c,V, +--+cCV,)
= clr(vl) + CZT(I/Z) Tt ch(Vn)
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« EX : (Linear transformations and bases)
Let 7° R® — R be a linear transformation such that
7(1,00) =(2,-14), 7(010) =(5-2), 7(001) =(0,31)
Find 7(2, 3, -2)
Sol:
(2,3, —-2) =2(1,0,0) + 3(0,1,0) — 2(0,0,1)
7(2,3,-2)=27(1,0,0)+37(0,1,0)-27(0,0,1)
=2(2,-14) + 31,5, -2)-27(0,3,1)
= (7,7,0)
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« EX : (A linear transformation defined by a matrix) "3 0”
The function 7¢ R*> —R® is defined as T(W=Av=|2 1 {H
(4) Find 7(v), where v= (2, 1) -1-2]-"
(b) Show that 7'is a linear transformation from R? into R®
sol R2vector K vector
'3 0 lz 6
() v=(2,-1) T()=Ar=|2 1 {_1} =|3| = 7(2,-1)=(6,3,0)
-1 -2 0

(b)) T{u+ v)= A(u+ v)= Au+ Av= T(u) + 1(v) (vector addition)
T cu) = A(cu) = (Aa) = cT(u) (scalar multiplication)
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. Theorem: (The linear transformation given by a matrix)
Let A be an mxz2 matrix. The function 7'defined by 7{v) = Avis a linear transformation
from R" into R™,

« Note:
R" vector R™ vyector
dy 4y a, || ayv +apV, +---+4a,,v,
Ay =|8n Gn - Gy || Vo || dul T a5k, ++dyl,
_aml amZ amn__Vn_ _amlvl+am2v2+ +amn|/n_
1% = Av

TP R - R™
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EX : (Rotation in the plane)

Show that the L.T. 7% R* — R? given by the matrix A = [COSQ —sme}

sind cosé
has the property that it rotates every vector in R® counterclockwise about the origin
through the angle 6.

Sol:

] ) o -- . T(x.y)
v=(x, y)=(rcos a, rsin «) (polar coordinates) >

r. the length of v oY
o the angle from the positive x=axis 0
counterclockwise to the vector v o

Rotation in R?2
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T(V) = AV = cos@ —sinf || x| | cos@ —sin@ || r cosa
B | sin@ cos@ || y| |sin@ cosé || rsina
_ | rcos@cosa — rsin@sina
| rsin@cosa + rcosésina
| rcos(f + a)

B [rsin(é’ + a)}

r. the length of 7(v)
@ + «: the angle from the positive x-axis counterclockwise to the vector 7(v)

Thus, 7(v) is the vector that results from rotating the vector v counterclockwise
through the angle 6.
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« Ex : (A projection in R®) 100
The linear transformation 7° R® — R3 is given by the matrix A=|0 1 0
is called a projection in R, 000
If v=(x, v, 2) is a vector in R>, then
1(v) = (x, », 0). XY 2)

TN

Tx,y,2)=(x,5,0)

}!

Projection onto xy-plane
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« EX ! (A linear transformation from M,, ,into M, )
TA=A" (T"M__—>M_ )

nxm

Show that 7'is a linear transformation.

Sol:
ABeM,
TA+B)=(A+B) =A +B" =T(A +T(B)
T(cA) = (cA)' =cA =cT (A

Therefore, 7'is a linear transformation from M into M

nxim*
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The Kernel and Range of a Linear Transformation
« Kernel of a linear transformation 7:

Let 70 V— Whe a linear transformation. Then the set of all vectors vin V'that satisfy
1{v) = 0 is called the kernel of 7and is denoted by ker( 7).
ker(7)={v|T(v) =0, Vv eV}

« EX 1: (Finding the kernel of a linear transformation)
T(A) =A (7—: M3><2 — szs)

Sol: -y
00

ker(7)=<{0 0|}

0 O_J
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« EX : (The kernel of the zero and identity transformations)
(a) 7(v) =0 (the zero transformation 7. V— W)

ker(7)=V

(b) 1{v) = v(the identity transformation 7: V— V)
ker(7) =10}

« EX : (Finding the kernel of a L.T.)

V) = (x, % 0) T. R° >R
ker(7)=?
Sol:

ker(7) = {(0, 0, 2)| zis a real number}
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« EX : (Finding the kernel of a linear transformation)
1ol
T(x) = Ax = L -2 (T:R° > R%)
-1 2 3|72
| X3
ker(7) =?
Sol:

ker(7) ={(X, %, %)l T(Xl’XZ’XS’) =(0,0), x =(Xx,,X%,X;) € R’}
T()(l’XZ’XB) = (0,0)

Eexifigt
-1 2 3 Xi 0
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{1 -1 -2 O} Gauss-Jordan Elimination {1 0 -1 0}
-1 2 3 0 01 1 O
w1 [ 1
=X |=|-T|=1f-1
X, [ 1

= ker(7) ={d1, -1, 1)|¢is a real number} =span{(1, -1, 1)

« Theorem : (The kernel is a subspace of V)
The kernel of a linear transformation 7: V— Wis a subspace of the domain V

« Note: The kernel of 7'is sometimes called the nullspace of 7
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« EX : (Finding the kernel of a linear transformation)
T'P,—-P,.: T1p=Tp(x)=xp(x) = ¢gx+ ¢ + ...+ c,x*
Sol:
Tp(x) =xp(x) = x+ ¥ + ..+ cx™"M =02 ¢=0,0<7<n

ker(7) = {0}
« EX : (Finding the kernel of a linear transformation 2> 1)

TP, — P, T(p) = T(p(x) = p' (%)
Sol:

ker(7) =span{l1}
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« EX : (Finding a basis for the kernel)
Let 72 R°> — R*be defined by 7{x) = Ax, where xis in R and

0
Find a basis for ker( 7) as a subspace of R>
Sol:

AJ0]-

N -

(@)

O O FL DN

|
O o W O

A=

N O - -

(1 2 0 1 -1}
2 1 310
10 -20 1
0 0 2 8

-1
G. J. Elimination

c — O
o O O O

>
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X, | 2s+t| [-2] |1
X, S+ 2t 1 2
X=|X|= S =51 |+¢] 0
X, -4t 0 —4
_X5_ l‘ O l

B={(-2,1,1,0,0), (1, 2,0, -4, 1)}: one basis for the kernel of 7

« Corollary :

Let 7! R" — R™ be the L.T. given by 7{x) = Ax. Then the kernel of 7 is equal to
the solution space of Ax=0

1(x) = Ax (a linear transformation 7: R" — R™)

= ker(7) = NS(A) = {X|AX =0,Vx e R”} (Subspace of R")
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« Range of a linear transformation 7:
Let 7! V— WhealL.T.

Then the set of all vectors win W that are images of vectors in Vis called the range of
T'and is denoted by range( 7)

range(7) = R(7T) ={T7T(v)|Vv eV}

« Theorem : (The range of 7'is a subspace of W)
The range of a linear transformation 7 V— WIs a subspace of the W

« EX : (The range of the zero and identity transformations)
(a) 7(v) =0 (the zero transformation 7: V— W) range(7) = {0}
(b) 1(v) = v(the identity transformation 7: V— V) range(7)=V
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=« Notes: Domain Kernel
T V— W:is Linear Transformation
(1) ker(7) is asubspace of V
(2) Range(7) is a subspace of W

= Corollary :
Let 72 R” — R™ be the L.T. given by 7{x) = Ax. Then the range of 7'is equal to the
columns space of A.
= range(7) = CS(A)
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. Ex: (Finding a basis for the range of a linear transformation)
Let 7° R°> — R*Dbe defined by 7{x) = Ax, where xis in R and

1 2 0 1 -1
2 1 3 10 : . e |
— Find a basis for the ran fr
A 10 20 1 Ind a basis for the range o
_O 0 0 2 8_

Sol: )
1 2 0 1 -1 ()0 2 0 -1
2 1 3 1 0| G.J Elimination 0@Q)-10 2
10 -20 1 000Q)4
0O 0 0 2 8 _O 0 0O O_
¢, 6, 6 6 G Wy, W), Wy, Wy, Wi
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= {w,, w,, w,} is a basis for CS(B)
{c,.6,¢,} is a basis for CS (A)
={(1, 2,-1,0), (2,1,0,0), (1, 1,0, 2)} is a basis for the range of 7

« EX : (range of a linear transformation)
T P,— Pt T(p) = T(p(¥) = xp(3) = X+ G + ...t 6x*1
range( 7) = span{x, »?, ..., x*1}

« EX : (range of a linear transformation »> 1)

I'P,— P, T(p) = T(P(¥) = p'(%)
range(7) = span{l, x, ..., x*1}
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« Rank of a linear transformation 7: V— W:

rank( 7) = the dimension of the range of 7
= Nullity of a linear transformation 7: V— W:

nullity( 7) = the dimension of the kernel of 7

= Note:

Let 7? R" — R™Dbe the L.T. given by 7{x) = Ax. Then
= rank( 7) = rank(A), nullity( 7) = nullity(A)
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« Theorem : (Sum of rank and nullity)

Let 72 V— Whbe a L.T. from an »-dimensional vector space Vinto a vector space
W. Then

rank( 7) + nullity(7) = n
dim(range of 7) + dim(kernel of 7) = dim(domain of 7)

« EX : (Finding rank and nullity of a linear transformation)
Find the rank and nullity of the L.T. 7? R® — R3defined by A =

o O -
o+ O

Sol:
rank( 7) = rank(A) = 2
nullity(7) = dim(domain of 7) —rank(7)=3-2=1
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« EX : (Finding rank and nullity of a linear transformation)
Let 7° R°> — R’ be a linear transformation
(a) Find the dimension of the kernel of 7'if the dimension of the range is 2
(b) Find the rank of 7'if the nullity of 7'is 4

(¢) Find the rank of T'if ker(7) = {0}
Sol:
(a) dim(domain of T) =5
dim(ker of 7) = n—dim(range of 7)=5-2=3
(b) rank(7) = n—nullity(7) =5-4=1
(o) rank(7) = n—nullity(7) =5-0=5
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« One-to-one:

A function 7: V — W is one-to-one when the preimage of every w in the range
consists of a single vector

T'is one-to-one if and only if, for all zand vin V, 7(4d) = 7(v) implies u= v

14

One-to-one Not one-to-one
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= Onto:
A function 7: V— Wis onto when every element in Whas a preimage in V. (7°is onto

Wwhen Wis equal to the range of 7)

« Theorem : (One-to-one linear transformation)
Let 7 V— Whe a linear transformation. Then 7°is one-to-one iff ker( 7) = {0}

« EX : (One-to-one and not one-to-one linear transformation)
(a) The linear transformation 7: M, ,(R) — M, (R) given by 7{A) = A’is one-to-
one because its kernel consists of only the nxn zero matrix
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(b) The zero transformation 7% R® — R3is not one-to-one because its kernel is all of
R3
« EX : (One-to-one and onto linear transformation)

()) The L. T. 7! P, — R4givenby T(a+ bx+ cx*+ dx®) =(a, b, ¢, d
(b)) The L. T. T} M, ,(R) — R*given by

Az 2)-waee

« EX : (One-to-one and not onto linear transformation)

T. P,— P,y T(p) = T(p()) = xp()
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= Theorem : (Onto linear transformation)
Let 7? V— W be a linear transformation, where W is finite dimensional Then 7°is
onto iff the rank of 7'is equal to the dimension of W.

« Theorem : (One-to-one and onto linear transformation)
Let 7 V — W be a linear transformation, with vector space V and W both of
dimension z. Then 7'is one-to-one iff it is onto.
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Let 72 R" — R™ be a L.T. given by 7{x) = Ax. Find the nullity and rank of 7 to
determine whether T IS one-to-one, onto, or neither

Sol:
T: R" — R™ dim(domain of 7)

(a) A=

o o
O DN

(a T R® - R®
() T R>° - R®
(0 T' R® - R?
(d T R® - R®

R~ RO

(0 A=

3

2
3
3

-
01

_O O_

,<c>A=[

rank( 7)

3
2

2
2

12 0
01 -1

nullity(
0

0
1
1

](b)A=

o o -
O DN

O - O

7) one-to-one

Yes
Yes

No
NoO

onto
Yes
No

Yes
NoO
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« Composition of linear transformations :
Iy T,
u Ty(u) T,(Ty(u))
U V %

If 7,: U— Vand 7,: V— Ware L. T., then the composition of 7, with T,, denoted
by 7, o T3, is the function defined by the formula

(T, 0 T)(#) = T(Ty(w))
where @z is a vector in U

- Note:
This definition requires that the domain of 7, (which is V') contain the range of 7,
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« Theorem : (Composition of linear transformations)
If 7: U— Vand 7,: V— Ware L. T, then (7, o 7;):U — Wis also a linear

transformation
« EX : (Composition of linear transformations)
Let 7;: £, — Fyand 75: P, — P, be the linear transformations given by
T1(p(x)) = xp(x) and 7(p(x)) = p'(x)
(Tp0 1) B, — B
(70 () = (T Ty(A(¥) = Ty(ax+ b2 + oxd) = a+ 2bx+ 3cx?
(T, o T): B, — P,
(7,0 B)(P(N) = (L T(A(N) = T,(b+2e) = bx+2e2  T,oT # TyoT,
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« Note: 7,07, # 1)o7,

« Composition with the Identity Operator
If 70 V— Vs any linear operator, and if 2 V— Vs the identity, then for all vectors v
in V, we have
(7o )(v) = T (v) = 1(v)
(To T)(W) = I(T(W) = T(¥)

= lnverse Linear Transformations T

If 7! V— Wis a one-to-one L.T, then v O w = T(v)

Tol=Tand o T=T

THUR(T)—-V IV 71 R(T)
TY(7(v)=vand (T Y w)=w ToTl=TYo T=1]
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« EX : (An Inverse Transformation)

I P,— P,y T(p) = T((¥) = xp(x) = X+ o2 + ..+ ¢x™
is a one-to-one L.T = 7T(gx+ g+ ...+ cx™ )=+ gx+ ...+ ¢ x"

« EX : (An Inverse Transformation)
Let 70 R> — R be the linear operator defined by 7(x, y) = (2x+ 3y, x+ y)
Determine whether 7'is one-to-one; if so, find 7-1(x, y)
Sol:
2x+3y=0,x+y=0=x=y=0= ker(7) ={0} = T'is one-to-one
Ix, y)=(x,y)=(2x+3y, x+y) = (x, y) = (=x"+ 3y, x'-2y’)
TYx, y)=(—x+ 3y, x-2y)

https://manara.edu.sy/



>y

deola
it
= Theorem : (Composition of One-to-One Linear Transformations)
If 7,: U— Vand 7,: V— Ware one-to-one L. T., then
(@) (7, o 7)) Is one-to-one
(b) (Lo T)t= T o7,

« ISomorphism:

A linear transformation 7: V — W that is one to one and onto is called an
iIsomorphism. Moreover, if V and W are vector spaces such that there exists an
isomorphism from Vto W, then Vand Ware said to be isomorphic to each other
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« Theorem : (Isomorphic spaces and dimension)
Two finite-dimensional vector space Vand Ware isomorphic if and only if they are of

the same dimension

« EX : (Isomorphic vector spaces)

The following vector spaces are isomorphic to each other
(@) R* = 4 —space
(0) M, , = space of all 4 x1 matrices
(c) M, , = space of all 2 x 2 matrices
(d) P,(x) = space of all polynomials of degree 3 or less

(e) V ={(x, x,, x,, x,, 0), x, isareal number} (subspace of ~7°)
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