Y

Matrices for Linear Transformations
« Two representations of the linear transformation 7¢ R®> — R3

D) 7(x.X%,x) = (2Xx + X, — X3, — X, +3X, — 2X;,3X, + 4X,)

2 1 -1|[x
(2)7T(x)=Ax=|-1 3 -2||x,
0 3 4] x]|

« Three reasons for matrix representation of a linear transformation:
« Itis simpler to write,
« It is simpler to read.
« It is more easily adapted for computer use.
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. Theorem : (Standard matrix for a linear transformation)
Let 70 R” — R™ be a linear transformation such that

a ay, a,
T(el) — ‘9:21 , 7'(92) — 3:22 e T(en) — a?n ,
_aml _ _am2 _ _amn

then the #zxn matrix whose n columns correspond to 7{e)

_311 Gy . By
A=[T(e)|T(e) | |T(e,)]=|“® “z2 v “an
a, a., ... a,

is such that 7{v) = Avfor every vin R”. Ais called the standard matrix for 7°

https://manara.edu.sy/



>y

deola
« EX : (Finding the standard matrix of a linear transformation)
Find the standard matrix for the L.T. 7? R® —R* defined by 7(x,,2) = (x — 2y, 2x + ))

Sol:

Vector Notation Matrix Notation
o’
7(e)=T(0,0) =2 re)=T(|o)=|3
_O_
o .
Te)=TOLO=(-21  T(e)=T( - 7]

r(e;)=7(0,0,1) = (0, 0) T(e)=T7(

OO
~—
I
1
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1 -2 0
A-[Te)|Te)TE]=|5 T §
« Check:
X X
1 -2 0 X—2 :
A Jz/ 2[2 | O} JZ/ :[2X+ﬂ l.e.7(xV,2) = (xX—-2).2x+ )
« Notes:
(1) The standard matrix for the zero transformation from R”into R™ is the mxn zero
matrix.

(2) The standard matrix for the identity transformation from R"”into R"” is the nxn
identity matrix 7,
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= Matrices for General Linear Transformations:
I V- WalTl B={v,v,,---,v,} abasis for Vand B'={w,,w,,---,w_} a basis for W
[x] ;IS the coordinate matrices for xin V
[ 7{x)] 5. IS the coordinate matrices for 7(x) in W
Goal: find an m2x2 matrix A such that multiplication by A maps the vector [x] ; into the
vector [ 7{x)] ;- for each xin V

A vector X 1(x) A vector
in V in W
(n-dimensional) (1m-dimensional)
A vector Y A vector
- 1 . I
in R [x]; [7T(x)] 5- in R

https://manara.edu.sy/



Y

6)jliaJl
T maps
Vinto W

T Direct
X T(x) X .
computation

T(x)

J l ml ](3)
Multiply by A4

» [T(X:']B'

(X1, )

Multiplication by 4 maps R" into R"
Finding 7(x) Indirectly
Step 1. Compute the coordinate vector [x] ;
Step 2. Multiply [x] ; on the left by A to produce [ 7(x)] 5-
Step 3. Reconstruct 7{x) from its coordinate vector [ 7(x)] 5-

> [T(\)]B
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all 312 aln
a a a
[T, =| 2| [T =] 2 | [T)], = | 2
_aml _ _amz | _amn n
Then the nzxn matrix whose » columns correspond to [ 7{v)] -
) 1(n) ... 1(v,)
dy 4y ... a4, M ‘ =
Al an & e |w, is such that [7(v)]_, = A[(V)],
I T for every vin V
_aml amz amn_Wm

We call A the matrix for 7 relative to the bases B and B ' and will denote it by the
symbol [7] 5. 5

https://manara.edu.sy/



D
deola
i
« EX : (Finding a matrix relative to nonstandard bases)

Letthe L. T. 7 R* — R*defined by 7(x, x,) = (x + x,, 2x, — X,)

Find the matrix of 7'relative to the basis B ={(1, 2), (-1, D} and B' ={(1, 0), (0, 1)}

Sol:

7(1,2)=(3,0=310)+0(0,1, 7(-11) = (0,-3) =0(1, 0) - 3(0, 1)

7@ 2)], = m [7(-11)], = [—03}

The matrix of 7 relative to the bases Band B":

A= [[T(l, 2)]5. [T( -1, 1)]5'] - {8 —03}
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« EX : (Matrix for a Linear Transformation)
Letthe L. T. 7: P, — P, defined by 7{p(x)) = xp(x)
Find the matrix of 7'relative to the standard bases B = {1, x} and B' = {1, x, x°}
Sol:
T(v)=7TQQ) =x=0w, +1w, + 0w,

T(v,)=TX) =x"=0w,+0w, +1w,

0 0 00
[T®)], = Ll [T(0)],. = 0 = A=[[TM)], [TW], |= (1) cl)

The matrix of 7 relative to the bases Band B
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The Three-Step Procedure

Step 1. The coordinate matrix for x= a+ bxrelative to the basis B= {1, x} is

[X]B = [Z}

Step 2. Multiply [x] ; on the left by A

0 0] 0
Axlg = (],5 g [Z}: a :[T(X)]B'

Step 3. Reconstruction 7(x) = 7(a +bx) = 0 + ax + bx° = ax + bx°
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« EX:
For the L. T. 7 R* — R? given in example 2, use the matrix A to find 7{v), where
v=(2,1)

ok =102 -1-11) B_{L2) (-11}
= :V]B - [—11}
=70, -4, -3 %) 4|13
= 7(v)=3(1,0)+3(0,1 = (3, 3 B'={(1,0), (0, 1)}
=« Check:

T(2,1) =(2+12(2) -1) = (3, 3)
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= Notes:
(1) For the special case where V= Wand B= B', the matrix A is called the matrix of 7°
relative to the basis B

(2) If 7: V— Vis the identity transformation, then the matrix of 7 relative to the basis
B ={v,,v,, -,V }is the identity matrix /,

« Theorem : (Matrices of Compositions transformations)
If 7,: U— Vand 7, V— Ware L. T., and if B, B", and B' are bases for U, V, and
W, respectively, and if A, is the matrix of 7, relative to the basis B, B", A, is the
matrix of 7, relative to the basis B’, B’, then
(1) The composition 7= 7,0 7;: U— V,isaL.T.
(2) The matrix A of 7'relative to the basis B, B'is given by A= 4,4,
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« EX : (The standard matrix of a composition)
Let 7; and 7, be L. T. from R* into R® such that
N(xy2)=(2x+y,0,x+2), T,(xy.2)=KX-),2Y)

Find the matrices relative to the standard basis (standard matrices) for the compositions
I =T,oT,and7 ' =T7,0T,

Sol:
210 1 -10
A=|00 0} A=(0 0 1
101 01 0
standard matrices for 7; standard matrices for 7,
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The standard matrix for 7 =7, o 7,

A=AA

A'=AA =

1
0
0

The standard matrix for 7' =T, o

R ODN
Nl
OO

|
—o

OoOroOo

7

OFrnN
OOor
OoOroOo

R ODN

|
O O

OO
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. Theorem : (Matrices of inverse transformations)
If 70 V— Vs a linear operator, and if B is a bases for V, and if A is the matrix of 7
relative to the basis B, then following are equivalent
(a) 7'is one-to-one
(b) 7'is invertible
(c) 7'is isomorphism
(d) A is invertible

= Note:
If 7is invertible with matrix A, then the standard matrix for 7°! is A1

https://manara.edu.sy/



L7y

ﬂJLt_uJI
« Ex : (Finding the inverse of a linear transformation)

The L. T. 7* R® — R3defined by
T (X, X%,,X;) = (2X +3X, + X;, 3X, +3X, + X;, 2X, + 4X, + X;)
Show that 7°is invertible, and find its inverse
Sol:
The standard matrix for 7°
2 3 1] <« 2x +3x, +x,

A=|3 3 1| <« 3x +3X,+X,
2 41 — 2X +4x, + X,
2 31/100
A|/;]=1331{0 10
2 41/001
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L 1 00|-11 0
G.J. IEllmlnatlon> 01010 1 :[/\A‘l]
0016 -2 -3

Therefore T'is invertible and the standard matrix for 7 is A,

-1 1 0
A'=1-1 0 1
6 -2 3]
) ) -1 1 0l[x| [ —x+x, |
r~(v)=Awv=|-1 0 1| x|= —X, + X,
6 -2 -3||X | |6x —2X,—-3X;|

In other words 77 (x;,x,,X;) = (— X, + X,, — X, + X;, 6X, — 2X, — 3X;)
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Transition Matrices and Similarity / \{Bm B) <
T: V— Valinear transformation '\ * A 'Z\T(‘“B/'
B ={v,v,,---,v,} abasisfor V
B'={w,,w,,---,w_} abasis for V F P~
B /”_ - (Basis B) -
— |:[T(V1)]B 1[T(V2)]B 11[T(Vn)]5] ': [1-']3\; A’ QT(E]]B\
(matrix of 7 relative to B) »\—/ _/V

A =[[Tw)], [T, [Tw,)], ]

(matrix of 7 relative to B')
= [[Wl]B s ], w, ]B] (transition matrix from B’ to B)

pt = “'/1]5' ,[VZ]B, ,---,[vn]B,W (transition matrix from B to B')
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=[], =PV, [V, =P [V,

[T, =Alv],
[T, = ATV,

. Two ways to get from [v]_, to [7(V)]

(1) (direct) A'[V]B, = [T(V)]B,

B'

(2) (indirect) P AP[v],. =[T(V],.
— A'= PAP
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. Ex : (Finding a matrix for a linear transformation)
Find the matrix A for 7: R> » R*> T(x,X,) = (2x, — 2x,, — X, + 3X,)
relative to the basis B' = {(1, 0), (1, 1)}

Sol:
A =[T@0)],. [T D], ]
7 0) = (2, -1) = 301, 0)~1(1, 1) = [T(L 0)], = [ 3

= a=[[raol, [reol,]-[% 7
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(11) Standard matrix for 7"(matrix of 7 relative to the basis B= {(1, 0), (0, 1)})

A=[T(0) T(, 1)]:[ _21 _31

Transition matrix from B'to B P = [[(1, 0)]3 @ 1)]5] - [é ﬂ

.. . 1 -1
Transition matrix from B to B’ P ' = [0 . }

Matrix of 7 relative to B’

Coaap |1 -1[2 -2][1 1
A‘PAP‘[Ol -1 3|01

||
|
Jow
|
N o
L 1
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« Ex : (Finding a matrix for a linear transformation)
Let B={(-3, 2), (4, -2)} and B' = {(-1, 2), (2, -2)} be basis R?, and let A = [_

be the matrix for 7 R? — R? relative to B

Find the matrix of 7 relative to B’
Sol:
Transition matrix from B'to B: P = [[( 1 2)] [(2 _ 2)]5 B :ﬂ

1=
TM.from B0 8 A =|[(-32)], [(4-2)], = {;:ﬂ

. ‘ 12| =27
. ’. '_ _1 _
Matrix of 7relativeto B": A' = P AP = [_2 3}{ 3 7}[
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« Ex : (Finding a matrix for a linear transformation)
For the linear transformation 7: R> — R? from Ex 2, find [v],, [ 7{V)],, and [ 7{v)] ;. for

the vector vwhose coordinate matrix is [v] 5. = [-3 —1]"
Sol:

O VR P |

[7(V)], = A[V], = [ii ;Hig - {jﬂ

[TV, =P [TW)], = :; ﬂ{jﬂ } {_07}
or [T(W)], =A'[v], —21 ﬂ{:ﬂ y [_Oq

https://manara.edu.sy/



P

deola
« Similar matrix
For square matrices A and A’ of order n, A’ is said to be similar to A if there exist an
invertible matrix Psuch that A'= P*AP

= Theorem 6.15: (Properties of similar matrices)
Let A, B, and C be square matrices of order n. Then the following properties are true.

(1) Ais similar to A.
(2) If Ais similar to B, then Bis similar to A.

(3) If Ais similar to Band Bis similar to C, then A is similar to C.
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« EX : (Similar matrices) |

2 -2 . |3 -2 .
(a)A:[_1 3}andA _{_1 2}are similar

because A' = P LAP. where P = {(1) ﬂ

-2 7 121 .
(D) A= {_3 7} and A = [_1 3} are similar

because A' = P LAP, where P = B :ﬂ
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« EX : (A comparison of two matrices for a linear transformation)
13 0|
Let A=[3 1 0 |bethe matrix for 7? R®* — R3relative to the
0 0 -2

standard basis. Find the matrix for 7 relative to the basis B' = {(1, 1, 0), (1, -1, 0),
(0,0, D}.
Sol:

The transition matrix from B’ to the standard basis

P=[la10], [@-10], [©01],]-

o R K
|

©

O O
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maitrix of 7 relative to B":

A =PrAP =

I
o o b~

0

0
—2

1/2 1/2 0
1/2 -1/2 0

0 1

1/2 1/2 0]
1/2 -1/2 0

0
0

—2

0O 0 1

o Wk

O W
o R

-

()

O O
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. Notes: Computational advantages of diagonal matrices:

a 0 - 0
(1) D* = 0 ‘ék R

0 0 d
2) D" =D

1d, 0 -~ 0
@oi=| } Ve D g=o

o 0 - 1/4d

https://manara.edu.sy/
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Applications of Linear Transformations =

- The Geometry of Linear Transformations In R

(a) Reflection in y=axis (b) Reflection in x=axis
-1 0| x| |- 1 0|[x| [ x
0 1i(ly| |y 0 -1||y| |-
( H)\ R ( X, y) Era V)

|
]
|
== - = X
\.
|
|
]

(x, —Vv)

I(x, y) = (-x7) T(x, ») =(x-Y)

(c) Reflection in line y= x

b bEH

-‘P.
j

(x, )

.\

\ (v, X)

=

I(x, y) = (» x)
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(@) Horizontal expansions and contractions [/O( (ﬂ [X} = {/O(}
1(x, y) = (kx, )

y y
A A
(kx, y) (X, V) (x.y)  (kx,y)
® °
- X > X
Contraction (O< k< 1) Expansion (k > 1)
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() Vertical expansions and contractions [é 2} {X} _ [ X}

1%, y) = (x &y)

y

A

3

o1, )

x, ky)

Contraction (O0< k< 1)

Y

[

6)jliaJl

Yy | kv

(x, ky)

o(x.y)

Expansion (k> 1)
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(e) Horizontal shear - () Vertical shear
1 k||x| |x+ 1 0f|x| | x
0 1(ly| | Vy k 1||ly| |kx+y
4—“—0 V) (x +2v, v)
N ®------- *
;: | g @
T A s
"""" it k=2 | k
Ilx, y) = (x+ £y, ) Ilx, ») = (x, kx+ )
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Rotation by 90°

LR LT T

Rotation by 45°

51 ol
2

H
S
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Reflection about x-axis

LR LT T

0 1
1 0
7o

| ‘ | [ —

Reflection about y = X

https://manara.edu.sy/



[

deola
>
A
{1 1/2} | ‘ {1 o}
0o 1| | =~ 0 0
] | ] | — »
Horizontal shear \ertical projection on X-axis
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= Rotation In R°

' cosd -sind 0O
sin@ cosd O
0 0 1

| xc0s@ — ysiné |
Xxsiné + ycoséd
z
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Rotation about the zaxis

(c0s60° —sin60° o] | w2 =312 0
A=|sin60° cos60° 0|=[~3/2 12 0
0
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Rotation about the x=axis Rotation about the y-axis  Rotation about the zaxis

1 0 0 | ' cosd 0 singd | (cos® —sin® 0
0 cos@ -sIind 0 1 O sin@ coséd 0
O sin@ cosé —singd 0 cosé 0 0 1
i \ i
&
x%\v I/W\y x/\ }!
Rotation about x-axis Rotation about y-axis Rotation about z-axis
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Rotation of 90° about the x-axis Rotation of 90° about the y=axis
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