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1. Sequences and Series
2. Taylor Series

3. Laurent Series
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1. Sequences and Series -
Sequences
= A sequence {z,} is a function whose domain is the set of positive integers; in
other words, to each integer n =1, 2, 3, ..., we assign a complex number 2

For example, the sequence {1 + "} is
1+, 0, 1—1, 2, 1+1,...
0 0 0 0 0
n=1 n=2, n=3, n=4, n=35,...

* |f lim z = L we say the sequence {z,} is convergent.

n n
n—>00 /

{z,} converges to the number L if, for each positive humber >\
& an N can be found such that |z, — L| < £ whenever n > N. \ /

The sequence {1 + "} is divergent. x

L""
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= Example 1: A Convergent Sequence y
/I;n+1 Z'n+1 i
The sequence y—— converges, since lim — =0 B i W |
n n—»>90 N _* 5{ ;3 T

. - 1y s !
1 1 1 1 N 4;

_1) T T e T e T e T T e eee \*"'"L._____ ’,f
2 3 4 5 "'"--—.--...-_'_é

» Theorem 1 (Criterion for Convergence): A sequence {z} converges to a

complex number L if and only if Re(z,) converges to Re(L) and Im(z,)
converges to Im(L).

ni

» Example 2: The sequence { } converges to i. since

n + 21
Re(z) =2n/(n? +4) — 0and Im(z,) = n?/(n*+4) > 1as n— o
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Series

= An infinite series of complex nhumbers

(0.0)
DI AE S A A IR AL

Is convergent if the sequence of partial sums {S }, where
S =2 +2+2++z

n

converges. If S, — L as n — oo, we say that the sum of the series is L.

Geometric Series

0 —
Zk_oazk —ag+az+az’ +-+a2" +--

o oa(l-=2" a
S =a+az+az +-+ar" = ( )—>
l—2 nowl-z

when |z| <1
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Zazk converges when |z] < 1, and diverges when |z] > 1.

k=1

Vl-2)=14+z+2"+2°+---, 1l+2)=1-—2+2" -2 +-.- valid for |2| < 1
n—1

L-2"Y1-2)=1+2+2"+2"+-+2

= Example 3: Convergent Geometric Series
o0 -~k . N2 3
Z(l—;?z) _ 1+ 22 N (1 +27) N (1 + 21) L
k=1

5 52 53
IS a geometric series with a= (1 + 27)/5 and z=( 1 + 23)/5.
2 (1 +2i) B
2| = +/5/5 <1 = the series converges Z( - ) _ 1 __ .
k=1 ~ 75
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= Theorem 2 (Necessary Condition for Convergence): If sz converges, then:
lim z, =0 b=
N, —> 00

= Theorem 3 (The nth Term Test for Divergence): If lim z # 0, then the series:

n—»0o0

sz diverges.

k=1
—k+5 . . ,

For example, the series Z% diverges since z, = (n+ 57)/n > 1as n — o
k=1

0 0) 0 0]
= Definition: An infinite series sz Is absolutely convergent if Z|zk| converges.
k=1 k=1

For example, the series Z(ik)/k2 is absolutely convergent ‘(z”“)/kQ‘ = 1/k*
k=1
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= Note: Absolute convergence implies convergence.

> (i*)/k” is convergent
k=1

* Theorem 4 (Ratio Test): Suppose sz IS a series of nonzero complex terms
such that k=l

Zn+1

lim = L

n—>0

Zn

(i) If L <1, then the series converges absolutely.
(i) If L > 1 or L = o0, then the series diverges.
(iii) If L =1, the test is inconclusive.
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* Theorem 5 (Root Test): Suppose sz IS a series of complex terms such that:

k=1
lim g]z, | = L

n—>0

(i) If L <1, then the series converges absolutely.
(ii) If L > 1 or L = o0, then the series diverges.
(iii) If L =1, the test is inconclusive.

Power Series

k=0
where the coefficients a, are complex constants, is called a power series in

z— 2, Centered at z,,
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Circle of Convergence )

|f—f.;'_:.| = R“‘

convergence

= Every complex power series has radius of convergence R,
where R is a real number.

* When 0 < R < o, a complex power series has a circle of
convergence defined by |z — %] = R. divergence

» The power series converges absolutely for all z satisfying
|2 — 2| < R and diverges for |z — z| > R. The radius R of convergence can be:

(i) zero (the power series converges at only z = z,),

(i) a finite number (the power series converges at all interior points of the
circle |z — z| = R), or

(iii) oo (the power series converges for all 2).
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= Example 4: Circle of Convergence
k+1

: R .
Consider the power series Y, ——. By the ratio test
n+2 k=1
& o Thus the series converges absolutely for
lim ”ntll = lim 1|z| =|z| |2 < 1. The circle of convergence is |7 = 1
n—o0 1 —> 00 .
L ne and the radius of convergence is R=1.
n

On the circle of convergence, the series does not converge absolutely.

It can be shown that the series converges at all points on the circle |z| = 1

except at z= 1.
or L = lim g[a,|

n—>00

an+1

a’n

= Note: the radius of convergence is R=1/L. L = lim

n—»0
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» Example 5: Radius of Convergence

o k
Consider the power series Z(Gk i 1) (z —29)"
i\ 2k + 5

. . bn+1 . —
lim §/|a,| = lim 2n+5 =3 The radius of convergence of the series is
A nomen T R=1/3. The circle of convergence is |z— 21| = 1/3,

the series converges absolutely for |z — 21| < 1/3.

2. Taylor Series

= A power series defines or represents a function f; for a specified z within the
circle of convergence, the number L to which the power series converges is
defined to be the value of fat z; that is, f(z) = L.
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= Theorem 6 (Continuity): A power series Zak(z — zo)k represents a continuous
k=0
function fwithin its circle of convergence |z — 2| = R, R # 0.

» Theorem 7 (Term-by-Term Integration): A power series Zak(z—zo)k can be
k=0
integrated term by term within its circle of convergence |z — 7| = R, R # 0, for

every contour C'lying entirely within the circle of convergence.

» Theorem 8 (Term-by-Term Differentiation): A power series Y a;(z — 2,)" can be
k=0
differentiated term by term within its circle of convergence |z — z| = R, R # 0.

Taylor Series
= A power series represents an analytic function within its circle of convergence.
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. f(k)(z ) k o=
f(z)=> o “~(2—2,)" Taylor series for fcentered at z,.
k=0 .
& F7(0) N
f(z)=>Y . v Maclaurin series for f
k=0 .

= Theorem 9 (Taylor's Theorem): Let f be analytic within a domain D and let z,
be a point in D. Then fhas the series representation

w (k) .
fo) = 3By C
k=0 .

valid for the largest circle C with center at 2, and radius R
that lies entirely within D.

D
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P Z Z >
e =14—-—4+—4.-- = R
12 — k!
> D 0 2%+1
sinz:z—Z_JrZ__...: Z(_l)k z
31 Bl P (2k + 1)!
2 & o
cos z=1-— + . — _1
21 4l Z( ) (2k)!

are valid for all 2

= Note: the radius of convergence R is the distance from the center z, of the
series to the nearest isolated singularity of f. An isolated singularity is a point
at which f fails to be analytic but is, nonetheless, analytic at all other points

throughout some neighborhood of the point.

15/31
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» Example 6: Radius of Convergence

Suppose the function f(z) = - ' s expanded in a Taylor series with center
— 1+ 2

2o =4 — 2i.What is its radius of convergence R?

The function is analytic at every point except at z = -1 + 4, which is an
Isolated singularity of f. The distance from z=-1+ :1t0 z, =4 — 27 is:

2=zl =(—~1-4)° + (1-(-2)’ =34 = R

» Example 7: Maclaurin Series .

1-2)’

Find the Maclaurin expansion of f(z) =

1
1—2

=1l+z+2°+2° ++, |z <1
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Differentiating both sides

L 14224324 y 2P |2l <1
(1-2)° -

= Example 8: Taylor Series

Expand f(z) = in a Taylor series with center z, = 2:.

1-2
First Method:
n! |
f ( ) (1 . )n+1 f ( ) (1 B 27;)n+1
Z 19 )n+1 (z — 2z’)k circle of convergence |z — 27;| -5
k=0 ()

(using ratio test)
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Second Method:
1 1 1 1 1

-z 1-2+2-20 1-2i—(z-2) 1-2i, 2-2i
1—-21
i : N2 NG il
1 1 2—=21 (z-—21 % = 2
= 1+ + + + .-
-2 1-2 1 -2 1—-21 1 -2
1 1 1 . 1 2
= > (2 —21) + (2 —21)" +--

_I_
1—z 1-2 (1-2i) (1 - 21)

Iz —2il=+5

I
L%

= Note: we represented the same function 1/(1 — 2) by 2 different power series.
The first has center 0 and radius of convergence (ROC) 1. The second has
center 2; and ROC +/5. The shaded region is where both series converge.
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3. Laurent Series
= |If a complex function f fails to be analytic at a point z = z,, then this point is

said to be a singularity or a singular point of the function.

* For example, the complex numbers z = 2¢ and z = —27 are singularities of the
function f(z) = 2/(z%2 + 4) because fis discontinuous at each of these points.

Isolated Singularities

= Suppose that z = z; is a singularity of a complex function f. The point z = z; is
said to be an isolated singularity of the function fif there exists some deleted
neighborhood of z,, 0 < |z — 2| < R throughout which f is analytic.

= For example, z = 127 are isolated singularities of f(z) = #/(2* + 4) since [ is
analytic at every point in the neighborhood |z — 2i] < 1 except at z = 27 and at
every point in the neighborhood |z — (—27)| < 1 except at z = —21.
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= On the other hand, the branch point z= 0 is not an isolated singularity of Log =
since every neighborhood of z= 0 must contain points on the negative z-axis.

= We say that a singular point z = z, of a function f is nonisolated if every
neighborhood of z, contains at least one singularity of f other than z,.

= For example, the branch point z = 0 is a nonisolated singularity of Log z since
every neighborhood of z = 0 contains points on the negative real axis.

A New Kind of Series

= If 2= 2z, is a singularity of a function f, then certainly fcannot be expanded in a
power series with z, as its center. However, about an isolated singularity z = z,
it is possible to represent fby a new kind of series:
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f(z) = i a,(z — zo)k = ia_k(z — zO)_k + iak(z — zo)k
k=—o0 k=1 k=0

Such series representation is called a Laurent series or a Laurent expansion
of f.

o0

ia_k(z — zO)_k = Z i
k=1

1 (2 — Zo)k
Is called the principal part and will converge for |1/(z — z)| < r* or equivalently
for |z — z| > 1/ =1

D4, (2~ %)" is called the analytic part and will converge for |z - %l < R.
k=0

f(2)= > a,(z=2)" will converge for r< |z— z| < R

k=—00
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= Example 9: A New Kind of Series
The function f(z) = (sin 2)/2* is not analytic at z = 0 and hence cannot be
expanded in a Maclaurin series.

: 2 2 2
Sin 2 =z2——+———+ -
3l 5 7
converges for all |z| < o
principal part analytic part
sin 2 1 1 z oz 2
f(z): 1 = 3— + -+ — — -
2 27 3lz st 7t 9

The analytic part of the series converges for |z| < o. The principal part is
valid for |z] > 0 = the series converges for all zexceptat z=0 (0 < |2| < ).
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= Theorem 10 (Laurent’s Theorem): L'é"t"'f be analytic within the annular domain
D defined by r < |z - z| < R. and let z; be a point in D. Then f has the series
representation:

- C
f(2)= D a(z—2)"
k=—o0
valid for r < |z — %| < R. The coefficients a, are given by: g |
akzi, f(s)klds, k=0,£1,%2,...
2717 C (s — 2,)"" D

where C'is a simple closed curve that lies entirely within D
and has z, in its interior.
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= Example 10: Laurent Expansions
1

Expand f(z) =

in a Laurent series valid for (a) 0 < |z] < 1, (b) 1 < |4,

2(z—1
(c)0<]z—-1]<1,and (d) 1 <|z-1]. ’
1 1 1 /.f"' ""‘\\
(@) f(z)=-= =—[l+z+2"+2°+-] -
21—z 2z~ % ’ o 1
|Z|<1 \"\.________,.r"/
:_l_l_Z_ZQ_Zﬁ—--- converges for 0 < |z] < 1
Z Y
1 1 1 1 1 1 ~7 T~
(b) f(2)=— 1~ 2{1+_+ 7+ 3+”1 S
2Pt % z 20z 4 x
y - NG ~ \ y
l<1 T
Z
24/31
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1 1 1 1 for 1
f(z) =—+—+—+—+- converges for 1 <|z]
Z Z < Z
1 1 1 1 y
(©) f(2) = =
I1-1+z2-1 2z-11+(z-1) F
/
1 -4
= 1[1—(z—1)+(z—1)2—(z—1)3+---] R
“ T |z—T|<1
f(2) = ! ~14+(z-1)—(2—1)°*+--- converges for0 < |z — 1| <1
z—1 ;
1 1 1 1
Z +(Z ) (Z_ ) 1+ . _0‘:
Z_
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1 1 1 1
J2) = (z —1) [1_z—l+(z—1)2 (-1 +}
. |
21
1 1 1 1

G- G- GO (-1

<1

+... converges for 1 < |z — 1|

f(2) =

= Example 11: Laurent Expansions

1
Expand f(z) = oG 3

(b) 0 < |2— 3| < 2.

in a Laurent series valid for (a) 0 < |z — 1| < 2,
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@) f(Z)_(z—1)2(z—3)_(z—1)2—2+(z—1)_2(z—1)21_z_1
2
-1 z-1 (-1 (z-1°
f(z)—2(z_1)2{1+ ; + 52 + >3 + }
b b L Lo validfor0< - 1]<2
20z-1?% 4(z-1) 8 16
) 1 1 1 1 2 -3
o f(z)_<z—1>2<z—3>_z—3[2+<z—3)]2_4<z—3>{“ 2 }

using the general binomial theorem:
m(m — 1) 2 m(m — 1)(m — 2) 3
2! 3!

(1+2)" =1+mz+ + .-, |z|<1,meQ
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f(2) = 1 1+(—%(Z—SJ+(—D(—$(z—3j+””
4(z — 3) 1! 2 2! 2
f(2) = 1 _l+i(2_3)_l(2_3)2+... valid forO < [z — 3| < 2
4(z-3) 4 16 8
= Example 12: Laurent Expansions
Expand f(z) = 8? +] in a Laurent series valid for 0 < |z | < 1.
Z\1L— 2
f(2) = Sz 41 _ Sz =(8+lj(1+z+z2+z3+---)
2(1-2) z 1-2z 2
f(z):l+9+9z+922+... valid for 0 < [2] < 1
Z

Series and Residues https://manara.edu.sy/ 2023-2024 28/31


https://manara.edu.sy/

E%F

daolo
ool
= Example 13: Laurent Expansions
1 . : :
Expand f(z) = D in a Laurent series valid for 1 < |z - 2| < 2.
(2 — |
Find two series involving integer powers of z — 2: one | A
converging for 1 < |z — 2| and the other converging for f’f a \&m
|Z— 2| > 2 ﬂ'l\ ]+\\ EI j—"} ;j} !
1 1 1 L. 4
2) = = —— 4+ = Z)+ Z B -
O R T e (RS0
1 1 1 1 1 — 2 —2)° —2)°
i) =—==- =~ -2 B
2z 2+ 2—2 2 1 z—2 2 2 2 2
_I_
2
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1 2-2 (2-2° (2-2)
AR =—o 4 T converges for |z — 2| < 2
1 1 1 1 1 1 1
fQ(Z): — 1 — |:1— + > 3_|_...
l+2-2 2-2,, 2= 2 2=2 (z=-2) (z2-2)
z—2
L(z) = L1 + Yy +... converges for 1 < |z — 2|
-2 (z-27° (-2 (z-2)
r _0)2 )3
f(z2) =+ L - 1 4 1 1 2 22_(2 32) L 42) o
(z-2) (2=-2) =z2-2 2 2 2 2

converges for1 <[z - 2| < 2
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= Example 14: Laurent Expansions

Expand f(z) = ¢** in a Laurent series valid for |z| > 0.

p 2
e =1+2+—+—+--
21 3
2 3
3% :1+§+3_+3_+... valid for |z| > O

z 2% 317
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