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Chapter 6
Z-Transform

1. Definition of the Z-Transform

2. Properties of the Z-Transform
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. Definition of the Z-Transform

The z-transform plays the same role in the discrete analysis as Laplace and
Fourier transforms in a continuous system.

Difference equations are formed in the discrete system, and their solution and
analysis are carried out by z-transform, similar to the method of Laplace
transformation in connection with differential equations.

Definition: The z-transform of a sequence f(n) is defined as:

Z{f(n)} = F(2) = ) f(n)z™"
provided that the power series converges.
where z, the independent variable of the transform is a complex number.

There are two important variants:
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Unilateral (or one-sided): F(z) =) f(n)z™";
n=0

Bilateral (or two sided):  F(z) = i f(n)z™";

N =—00

= When we refer to z-transform (ZT) without the qualifier word “bilateral” or
“unilateral”, we will always imply the unilateral ZT.

» Example 1: A simple z-transform example
f(n) =141.5,1.2, —1.5, 3.6, 5.1}
F(z)=) f(n)z" =15+1.227" —=1.527 + 3.6z + 5.1z

n=0

The transform converges at all points in the complex z-plane except of z= 0.
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Regions of Convergence (ROC)
* For the z-transform F(z) of f{n) to exist we need that:

i f(n)z™"| < i |f(n)|‘fr—"e_w" = i |f(n)|r_" < o0

n=-—oo n=—00 n=—00

Thus, the regions of Convergence depends only on rand not on 6.

F(2)| =

» Example 2: Z-Transform of an exponential sequence

fin)=a™ n=>0
F(z)=Z2Z{a"} = Za"z_” = Z(az‘l)” __4 — = ©
=0 =0 1 —-az zZ—a

converge if: [az | <1 = |2 > |4
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When ¢ = 1, we obtain

- 2
1} = ~= 1
Z{1} Z‘az —r |z|>

» Example 3: Z-Transform of the unit-impulse

1, n=0
5(”):{0 n#0

F2) = Z{6(n)y = 3 f(n)z" = f(0)2° =1
n=0

It converges at every point in the z-plane

» Example 4: Z-Transform of the unit-step

0, n<O
u(n):{l n >0
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F(z) = Z{u(n)} = iz‘” = —
n=0

converge if: |z 1| <1 = |7 > 1

» Example 5: Z-Transform of a discrete-time pulse

1, 0<n<N
J(n) = {O, otherwise
N-1 1— N
Fz)y=> (2" = —, |¢>0
n=0 1-2
2 -1
F(z) = TG oD It seems as though F(z) might have a pole at z=1
Py _

Zeros: z, =™ k=0, -, N -1
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Poles: z=1and p, =0, k=1,---,N-1
The factors (z — 1) in numerator and denominator polynomials cancel each
other, therefore there is neither a zero nor a pole at z= 1.

» Example 6: Z-Transform of complex exponential f(n) = e™

© © 1
F _ nT =N _ 1w _—1\n _ ‘
(2) Z;} ez nzz;) ez ) T
F(z2)= ° — eixz_l‘ <l= |z| > 1
Z — €

2. Properties of the Z-Transform

Linearity
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= Theorem 1 (Linearity of the Z-Trans:f&m): The z-transform is a linear operation;
that is, for any sequences f(n) and ¢g(n) whose z-transforms exist and any
constants a and b, the z-transform of af + bg exists, and

Z{af(n) +bg(n)} = aZ{f(n)} + bZ{g(n)}
» Example 7: Z-Transform of a cosine and sine

cos(nz) =Lte™u+Le™ = Z{cos(nz)} = L Z{e™} + 1 Z{e ™"}

1/2 1/2 1—coszz 2(z — cos )
Z{cos(nx)} = . + . — —
weos(n); 1—e%2t 1-e™zt 1-9%2c0szzt+22% 2°—-20szz+1
ROC is |7 > 1

sin(nz) = Le™u—Le™™ = Z{cos(nz)} = L Z{e™} - L Z{e""}
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1/21 1/21 sin z 2~ ZSIN X
Z{sin(nx)} = , — , — _
sin(na); 1—e%2' 1—-e™zt 1-92coszzt+27 2°—2o0szz+1
ROC is |7 > 1
» Example 8: Z-Transform of a cosine
Find the Z-transform of cos(n; + Zj
Z < cos L = Z<¢cos "4l COS 2 — sin a sin r
2 4 2 4 2 4

2(z —cos %) zsin 7%

1
\/5 _z2 —200s%z+1 22 —200s§z+1_
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3 1{ 2 K }_ 2(z —1)
V2122 +1 22+1| 22+
Shifting
» The effect of shifting depends upon whether it is to the right or to the left. For

the sequence fin — 2), no values from the sequence f(n) are lost; thus, we
anticipate that the z-transform of f{n — 2) only involves F{(>z).

n f(n) f(n-2) f(n+2)

* For the sequence f(n + 2), the first two values of

. 1 4
fln) are lost, and we anticipate that the ? 9 8 ]
z-transform of fin + 2) cannot be expressed 9 4 1 16
solely in terms of F(z) but must include those 3 g 9

64
two lost pieces of information. :
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= Theorem 2 (Time Shifting): If Z{f(n)} F(z) and m > 0, then

Z{f(n - m)} = 2 "F(2)
Z{f(n +m)} = 2" {F(z) S f('r)zr}
r=0

Zifin + 1)} = AF(2) = A0)},
Z{fin +2)} = 2{F(2) - f0)} — 2f(1),
Z{fin + 3)} = 2{F(2) - f0)} — 2f1) — #/(2)

= Example 9: Shifting to left
Find Z{4" +3}

{4”}_ V=20 { — 4% — 224 — 247

-4
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Z{4"3 = 274 ° — 4% — 2?4t — 247 = © 4 162 = 642
z—4 z—4 z—4
ROC is |z > 4

Multiplication by an exponential
= Theorem 3 (Multiplication by an exponential): If Z{f{n)} = F(z), then
Z{a"f(n)} = F(a™'2), |2|>]q
» Example 10: Multiplication by an exponential
Find Z{a"}, n>0

Z

z—1
1
a 2 2

F(z) = Z{u(n)} =

Z{a"u(n)} = F(a '2) = : |z| > |a|

alz2—1 z-a

Z-Transform https://manara.edu.sy/

13/22


https://manara.edu.sy/

Py

dso .
o)lial
Derivative of z-transforms

= Theorem 4 (Derivative of z-transforms): If Z{f(n)} = F(z), then
Zinf(n)} =~ F(2)
More generally,
Z{n"f(n)} = —z—Z{nk )y, k=12 ...

Z{n" = —z—Z{nk h

= Example 11: Derivative of z-transforms
Find Z{n}, Z{n?}, and Z{n3}
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Z{in} = deZ{n} i o1

20 d , _d oz  z2z+])
Z{n}——zEZ{n}——zdz (z —1) _(z—1)3
. d 5 d 2Az+1) 22 +4z+])

Convolution

= Theorem 5 (Convolution property): If Z{f(n)} = F(2) and Z{g(n)} = G(z), then the
z-transform of the convolution f{n) * g(n) is given by:

Z{f(n) * g(n)} = Z{f(n)} £Z{g(n)}
where f(n) * g(n) = 3 f(n —m)g(m) = 3 f(m)g(n - m)
m=0 m=0
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= Example 12: Using the convolution property

f(n)=14,3,2,1}, g(n)={3,7, 4
Determine h(n) = f(n) * g(n) using z-transform techniques.

F(2)=4+32"+227+27, G(r)=3+Tz"+42"

H(2)=F(2)G(2) =12+372" +43272 +2927° + 152" + 427"

h(n) = {12, 37, 43, 29, 15, 4}

Initial Value Theorem
* Theorem 6 (Initial Value Theorem): If Z{f(n)} = F(z), then
f(0) = lim F'(2)

Z—>0

Also, if f{0) =0, then /(1) = lim 2F'(2)

Z—>0
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= Example 13: Initial Value Theorem
Verify the initial value theorem for f{(n) = a”

f(0)=a" =1, lim F(2) = lim

Z—>0 Z—>®0 7 —

z:1

Final Value Theorem
» Theorem 7 (Final Value Theorem): If Z{f(n)} = F(z), then

lim f(n) = lim {(z = DF(2)}

Nn—>00 Z

provided the limits exist

» Example 14: Final Value Theorem
Verify the initial value theorem for the sequence with the z-transform:
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102° + 22
(z —1)(5z —1)°

2 2
lim{(z—l) 1022 + 22 }:hm{l()z +2z}:%

F(z2) =

21 (z=1D(Bz-1)7] 1| (5z-1)
Verification:
2
F(z) = 102" + 22 :§L_§L_l 2

(z=1)05z-17% 4z2-1 42-1/5 5 (z-1/5)

3 3(1Y 1Y
=3-3(3) (3]
limf(n):3

n—>00 4
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F(2)=Z{f(n)} = Zf(n)z_” = £(0) + f(l) f(22) + f(?) N

Z z
f(0) = lim F(2)

Z—>0

f(1) = lim 2 [F(z) f(0)]

Z—>0

f2) = lim 2 F(z) f(o)_@}

Z—>0

f(3) = lim 2’ F(z) f(())_f(l) f(Q)}

Z—>0 P
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» Example 15: Initial Value Theorem
2
If () = 221021 evaluate f2), f3)
(z-1)"
2
7(0) = lim F(z) = lim 22722418 _ g
2—>00 Z—>00 (Z — 1)
2
F(1) = lim 2[F(2) - £(0)] = lim 22 (+ 5;*4' 110
Z—>0 2 —>0 z —

1) = lim 22| F(2) - f00) - @}  lim 2 22 X521

2—>00 z 2—>00 (Z _ 1)4

f(3) = lim 2° _F(Z)—f(o)—@_@}: lim{z?’ 2Z2+52+14—2z}=13

200 z 7 sy~ (2 - 1)4

2
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fin), n=0 Fl(z2) ROC
o(n) 1 2| >0
u(n) v z| > 1
z—1
. 2
a |z| > a
Z—a
n C >t
(z—1)
¢ " |z| > 0
n!
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fin),n=0 E(2) ROC

z(z —coszx

6 COS NI > ( ) |z| > ]

25 —2zcosx + 1
zZsInx
7 SIN NT |z| > 1

22 —92zcosz +1

2(z — cosh x)

8 cosh nzx > |z| > el
z° —2zcoshz +1
, zsinh z w
9 sinh nx > zl > e
z° —2zcoshz +1
10  (Ina)"/n! a'” 2| >0
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