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Chapter 2
Matrices

2.1  Operations with Matrices
2.2 Properties of Matrix Operations

2.3 The Inverse of a Matrix
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2.1 Operations with Matrices
« Matrix: - v
alll al12 e o 0 alln
a a a
— — 21 22 v 2n
A= |:a’ij :|m><n o : € men(K)
_a’ml a’m2 cee amn |

K: afield (R or C) M, .. (R):Real matrices M. .. (C): Complex matrices

(1, j)—th entry: a; TowW: m column: n S1ZE: MXN

= 7-th row vector

r.=la, a, - a,]  row matrix
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= j-th column vector
Clj
c o= C?j column matrix
J .
ij
= Square matrix: m = n
= Diagonal matrix: 40 .. 0
. 0 d, - 0
A =diag(d, d,, ---,d)=|. * . .leM_ (K)
0 0 d, |
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= lrace:
If A= [aij:|nxn Then Tr(A)=a, +ay +-+a,, =) a,
1=1
« Ex 1:

A:B?é}:{ﬂ = n=[123], n=[45 6]
[

1 23 1
A:LL . 6} c, ¢ cg] = 01:{4}, C,

« Complex matrices
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« Equal matrix:

If A=|a;] B:[b@.]mxn Then A = Bifand onlyif a, =b, V1<i<m,1<j<n

« Ex 2: (Equal matrix)
1 2 a b
CR el
IfA=B Thena=1,b=2,c=3,d=4
= Matrix addition:

If A= [a.]mxn , B= [b@j]mxn Then A+ B = [%}mxn + |:bij:|m><n = [azj + bij:|m><n

)
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= Ex 3: (Matrix addition)

-1 2 L1 3|1+l 243] 1 05
0 1] [-1 2] | 0-1 1+2] [-1 3

1] [=1] [1=11 Jo
-3 |+| 3|=|-3+3|=|0
9 2| |-2+2| |0

= Scalar multiplication:

If A= [azj]mxn , c: scalar (e K) Then cA = [ca@]

mxn

= Matrix subtraction:
A-B=A+(-1)B
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= Ex 4: (Scalar multiplication and matrix subtraction)

12 4 2 0 0]
A=|-30 -1|, B=| 1 -4 3 Find (a) 34, (b)-B, (¢)3A - B
21 2 -1 32
Sol:
(a) 12 4] [ 31) 32 3] [ 3 6 127
34=3|-3 0 -1|=[3(-3) 3(00) 3(-1)|=|-9 0 -3
2 1 2| | 3(2) 31) 32| | 6 3 6]
2 2 00| [2 0 O
-B=(-1)) 1 -4 3|=|-1 4 -3
-1 3 2| | 1 -3 -2
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3 6 12 2 0 0 1 6 12
34-B=|-9 0 -3|-| 1 -4 3 ~-10 4 -6
6 3 6| |-1 32| | 70 4

= Matrix multiplication:

It A= [az‘j]mxn , B = [sz]nxp P A5 = [%}mxn [b”]nxp - [C@]mxp

[ —
Size of AB

= ayb; +a,b,, +--+a,b

mong

n
where ¢;; :Z a0,
k=1

10/33
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a’ll a’12 1n
QG a,
a’ml a’m2 s mn _|

= Notes: (1) A+ B= B+ A,

« Ex 5: (Find AB)

AB =

@)
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= Matrix form of a system of linear equations

I

-

L ml

a’ll a’12
a’21 a’22
_a'ml a’m2
|
A

QT4 +CL12$2 +--+a
Qo4 +a,22:z:2 +---+a

J

a

1n

a’2n

In"“n

2nn

a T, +a ,T,++a 1z =b

=D,
=0,

m

m linear equation

v
single matrix equation

Ax=0>

mxnnxl mxl
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2.2 Properties of Matrix Operations
= Three basic matrix operators:
(1) matrix addition
(2) scalar multiplication
(3) matrix multiplication
« Zero matrix: O = Identity matrix of order n: I

= Properties of matrix addition and scalar multiplication:
IfA, B, CeM_ (K) then

(1) A+ B=B+ A 4) 1A=A
2) A+(B+(C)=(A+B)+C (5) c(A+B)= cA+cB
(3) (cd) A= c(dA) (6) (ctd)A=cA+ dA
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= Properties of zero matrices:

If Ae M (K), c:scalarthen
(H)A+0, =4
(2) A+(=A)=0,,,
3)cA=0,, =c=0o0rA=0_

=« Notes:

(1) O,,,: the additive identity for the set of all mxn matrices

(2) —A: the additive inverse of A
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= Properties of matrix multiplication:
() A(BO)=(AB)C
2) A(B+ O)=AB+ AC
3)(A+B)(C=AC+ BC
(4) c(AB)=(cA)B= A(cB)

= Properties of 1dentity matrix:

If Ae M_ (K), then

(1) AL = A
Q)1 A=A
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= Transpose of a matrix:
_an P aln—
o I e T | R VY o
| G Qo o—
"au o5 a1
Then A7 =||“2| |2 “m2lle M (K)
[ G| [D2n -
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. Ex 1: (Find the transpose of the following matrix)

[? 1 2 3] 0 1
(a) A=|¢ (b)) A=|4 5 6 (¢c) A=|2 4
7 8 9 1

Sol: (@ A=| 3| =47 =[2 &

(1 2 3 1 4 7
(b)) A=|4 5 6|=>A"=|2 5 8
7 8 9 3 6 9]
S
(&) A=|2 4|=>a7=|Y 2 1
Yy 1 4 -1
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= Properties of transposes:
) (A" =4
2) (A+B)' =A" + B*
(3) (cA)" =c(A")
(4) (AB)' =B"A"

« Symmetric matrix:

A square matrix A is symmetric if AT = A

« Skew-symmetric matrix:

A square matrix A is skew-symmetric if AT =-A
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« Ex 2:
1 2 3
If A=|a 4 5| 1ssymmetric, find a, b, c?
b ¢ 6
Sol:
1 2 3] 1 a b
A=|a 4 5|,A"=|2 4 ¢ A=A"=a=2 b=3, ¢c=5
b ¢ 6 3 95 6
« Ex 3:
0 1 2]
If A=|a 0 3| isaskew-symmetric, find a, b, c¢?
b ¢ 0
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Sol:
01 2] 0 -a -b|
A=la 0 3|, —-A"=|-1 0 —c
_b C O_ _—2 -3 O_
A=-A"=a=-1, b=-2, ¢ =-3
= Notes:

(1) AAT is symmetric

(2) Every square matrix A € M (R) can be expressed as the sum of a symmetric
matrix B and a skew-symmetric matrix C

B=1(A+AT), C=1(A-A")
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» Real (Complex) number:

ab=ba (Commutative law for multiplication)

« Matrix:
AB# BA

mxmn nxp

Three situations:

(1) If m # p, then A B is defined, BA is undefined

(2) If m= p, m# n, then ABeM_ (K),BAe M _(K)
(Sizes are not the same)
(3) If m=p =n, then ABeM_ _(K) BAeM_ (K)

(Sizes are the same, but matrices are not equal)
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« Ex 4:

Show that AB and BA are not equal for the matrices.

1 3 2 -1
A—{z _J and B—[O 2}

N R
e I E

« Note: AB# BA

Sol:

Matrices https://manara.edu.sy/

22/33


https://manara.edu.sy/

>y

4ol
ol
» Real (Complex) number:
ac=bec, c£0=>a=0 (Cancellation law)
= Matrix:
AC=BC, C=#0
(1) If C'is invertible, then A = B
(2) If C'is not invertible, then A # B (Cancellation 1s not valid)

= Ex 5: (An example in which cancellation 1s not valid)
Show that AC'= BC

I S R S
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Sol:
1 3| 1 =2 2 4 2 411 =2 2 4
AC_[O 1}[—1 2}_[—1 2} BO‘[z 3}[—1 2}_[—1 2}
So AC=BCbut A+ B

2.3 The Inverse of a Matrix

= Inverse matrix:
Consider Ae M (K)

nxn

If there exists amatrix B e M, (K)suchthat AB=BA=1,

Then (1) A is invertible (or nonsingular)
(2) Bis the inverse of A
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= Note:

A matrix that does not have an inverse 1s called noninvertible (or singular).

« Theorem 2.1 (The inverse of a matrix is unique):
If B and C are both inverses of the matrix A, then B= C.

Consequently, the inverse of a matrix is unique.

= Notes:
(1) The inverse of A is denoted by A™

(2) AA' =ATA=1
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= Find the inverse of a matrix by Gauss-J ordan Elimination:

[A | 1 ]—)[I | A‘} Gauss-Jordan Elimination

« Ex 1: (Find the inverse of the matrix)

1 4
A= 5]
Sol:

{ Sl ]-lo ]

{ T, +4z,, x12+4x22}_[1 O}
—,, — 3%, —T, =31, 0 1
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Ly T 33722 -
14 1] 72708 =3
D=1 3:0] 72 ]o1: 1|7 =3m=]
. (1) (~4) .
1 4 : 0| Ny, Ty 1 0 : -4
(2):{—1 -3 1} —’{o 1 1}:”12‘_4’”’22‘1

g | Ty Ty | |8 A4 e
e o 5] 2] areroans
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= Note:
. (1) ,.(-4) .
1 4 : 10 Ta's Ty 1 0 : -3 -4
-1 -3 :0 1 01: 1 1
A I I A

If A can’t be row reduced to [, then A is singular.

= Ex 2: (Find the inverse of the following matrix)

1 -1 0
A=] 1 0 -1
-6 2 3

1 -1 0:100

Sol: [AiT]=1 0-1:010

-6 2 3:001
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"1(2‘”_1‘1 0: 100 r® (1 -1 01 100
0 1 -1:-110 0 1 -1:-110
-6 2 3 00 1 0 -4 3! 60 1)
r® 1 -1 0% 100] i 1 -1 0! 1 0 0]
—~ 510 1 -1:-110 — 510 1 -1:-1 1 0
0 0 -1 2 4 1 0 0 1:-2-4 -1
o [1-10: 1 0 0] A0 [100: =2 =3 -1
32 : 21 : . : -1
— 2 510 10 -3 -3 -1 —>010:—3—3—1_[1. ]
0 01:-2-4 -1 00 1% -2 -4 -1
9 -3 -1
So the matrix A is invertible, and its inverseis A~ =|-3 -3 -1
92 4 -1

« Check: AAT=A"'A=1
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« Power of a square matrix:

(1) A" =1
@A =AA4 (k> 0)
k fagtors

(3) A" - A° = A" r, s integers
(4) (A’I“)S — A’I“S

d, 0 - 0 ¥ 0
o o o k O
=" 2 Vlop=| 0 4
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= Theorem 2.2 (Properties of inverse matrlces)

If A is an invertible matrix, k is a positive integer, and c is a scalar not equal to zero,
then

(1) A7t is invertible and (4™ )™ = 4

(2) A" is invertible and (A*) " = A7"A" . AT = (AT = A
k factors
15

(3) cA is invertible and (cA) ' =—A", c# 0
c

(4) A" is invertible and (A" )" = (A7)’
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= Theorem 2.3 (The inverse of a product):
If A and B are invertible matrices of size n, then A B 1s invertible and
(AB)"' =B"'A™"
« Note:
(AAA - A) = A AT A A
1 3 n n 3 1
= Theorem 2.4 (Cancellation properties)
If C'1s an invertible matrix, then the following properties hold:
(1) If AC'= BC, then A = B (Right cancellation property)
(2)If CA = CB, then A = B (Left cancellation property)

« Note: If C'is not invertible, then cancellation is not valid.
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= Theorem 2.5 (Systems of equations with unique solutions):
If A 1s an invertible matrix, then the system of linear equations Ax = b has a

unique solution given by z= A""'b

= Note:

For square systems (those having the same number of equations as variables),
Theorem 2.5 can be used to determine whether the system has a unique solution.

« Note: Az = b (A is an invertible matrix)

(A | ]2 ata | A =[1 | 47D]
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= Ex 3: Use an inverse matrix to solve each system
(a) 22 + 3y + z = -1 (b) 2z + 3y + 2z =0
3r + 3y + z = 1 3r + 3y + z =0
20 + 4y + 2z = =2 2¢ + 4y + z =0
(2 3 1] ) ST 1 1 0]
Sol A-|3 31 Gauss-Jordan Ehmlnatlon> Aol 1 o0 1
2 4 1 6 -2 -3
-1 1 oll-1] [ 2] x| | 2
(o) z=A"b=|-1 0 1| 1|=|-1| =|y|=]|-1
6 -2 3|2 |2 z| |2
-1 1 of[o] [o] z| [0
(b)) z=A"b=|-1 0 1|/0|=|0] =|y|=]|0
6 -2 -3]|0] |0 z| |0
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