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3.1 The Determinant of a Matrix

The determinant 1s a function det: M (K) > K; Ar>det (4) = |A|
K:afield (Ror O)

= The determinant of a 2 X 2 matrix:

G
A= { } = det(A) = |A| = Q) ,ay, — G0,

Ay Ay

= Ex. 1: (The determinant of a matrix of order 2)

1 2

=2Q2)-1(-3)=4+3=7 |g i|=0(4)—2(3)=0—6=—6

= Note: The determinant of a matrix can be positive, zero, or negative
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« Minor of the entry a;:

The determinant of the matrix determined by deleting the i-th row and j-th column of A

4 Ay oo i gy ..o Qy,
M = Ayt Y2 oo QG- -Gy oo Kicn
Y0 Qe e Qangen Qi) eee Qs
Qpy Qpy oo gy Ggey o Gy,

« Cofactor of a,;:
C.=(-D)"M,
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« EX. 2: Find all the minors and cofactors of A

0 2 1
A=13 -1 2
. 4 0 1
Sol: (1) All the minors of A - -
-1 2 3 2 3 —1
M =19 1‘:‘1’ M, =4 1‘:‘5’ My =4 0‘24
2 1 01 0 2
M =1g 1‘:2’ Mz =14 1‘:‘4’ Mo =y 1‘:‘8
2 1 0 1 0 2
My =15 2‘ =2 My =g 2‘ =% My S ‘3 —1‘ ==
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(2) All the cofactors of A
C,=(-1)"M,

-1 2 3 2 3 —1
011_+O 1‘:—1, 012:—‘4 1‘:5, (713—+4 0‘24
2 1 01 0 2

Ca =0 1‘:_2’ U =+ 1‘:_4’ O =~y 1‘:8
2 1 01 0 2
031=+_1 2‘:5, 032:—32‘:3, 033=+3_1‘——6

Determinants https://manara.edu.sy/ 2023-2024 6/41


https://manara.edu.sy/

v

6)liaJl

= Theorem 3.1: (Expansion by cofactors)

Let A is a square matrix of order n. Then the determinant of A is given by

m m

(a) det(4) = |4] = ZaszZj =a,C;, +a,C, +-+a,C,
=1
(Cofactor expansion along the i-th row, 1=1, 2,..., n)

or

nj -~ ng

(b) det(A) =|A] = > a,C, = a,.C,. +0a,Cy. +--+a,C
=1

(Cofactor expansion along the j-th column, j=1,2,..., n)
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= EX. 3: The determinant of a matrix of order 3

_O 2 1 011 = —1, 012 =9, 013 =4
A=|3 -1 2 From Ex. 2: 021 = _29 C22 — _49 623 =38

4 0 1

i ] C, =5 C,=3 C,=-6

Sol:
= det(4) = a,,0};, + 0,0, + 0,05 = (0)(=1) + (2)(O)+(1)(4) = 14
= 0,y,Cy; + 0y Coy + 00300 =B =2)+(-1D(-4)+(2)8) =14
= a,,C,, + a,,C,, + a,,C., = (4)(5) + (0)(3) + (1)(-6) =14
= 0,0}, + 0,0y +a5,C5 =(O0)(-D+B)(-2)+(4)(B) =14
= 0,0}, +0,,Chy + 03,05, = (2)(0) + (- D(—4) + (0)(3) =14
= q,,05 +0y,C,0 + a0, = (1)(4)+2)&)+(1)(-6) =14

Determinants https://manara.edu.sy/ 2023-2024

8/41


https://manara.edu.sy/

>y

ojligJi

= EX. 4: The determinant of a matrix of order 3

0 2 1]
A=3 -1 2| = det(4) =?
_4 —4 1_
Sol:
+ _1 2 + 3 2
011:(_1)11_4 1‘:7 012:(_1)124 1‘:(_1)(_5):5
w313 —1
013:(_1)134 _4‘:_8

= det(4) = a,,C}; +a,,C,, + 0,0,
= (0)(7) +(2)(5) + (1)(— 8) =2
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= Note:

The row (or column) containing the most zeros 1s the best choice for expansion by
cofactors.

« EX. 5: The determinant of a matrix of order 4

1 =213 1|0
-1 1[0 |2
= — 9
A 0o 21ols ™ det(A) = ¢
'3 410 |2
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Sol:
det(A4) = (3)(C;) + (0)(Cy) + (0)(Cyy) + (0)(Cy5) = 3C 4
-1 1 2
=3(-D"™0 2 3
3 1 -2
sl -l 2s @] _22‘ B -5 1H

=3[0+ @M -4 + G~ 1)(~T)
=(3)(13)
- 39
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= The determinant of a matrix of order 3 (Sarrus Rule)

Add these three products.

= det(A) = |A| = Gy Q99Q33 T GoQy3Qgy T Gy309,0 3
T 031095013 = U39l 93 A1) — U330y, 04y
=« EX. 6:
4 0 6

= det(A) =|4| = 0+16 —12
—(—4+0+6)=2

0 16 —12

Subtract these three products.
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= Upper triangular matrix:

All the entries below the main diagonal are zeros.

« Lower triangular matrix:

All the entries above the main diagonal are zeros.

= Diagonal matrix:

All the entries above and below the main diagonal are zeros.

=« Note:

A matrix that 1s both upper and lower triangular 1s called diagonal.
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« EX. 7:
Ay Gy Qg a; 0 0 a; 0 0
0 ay ay Gy Gyy 0 0 ay 0
00 ay | | Qg A3y Qg3 | 0 0 ay
upper triangular lower triangular diagonal

= Theorem 3.2: (Determinant of a Triangular Matrix)
If A is an nxn triangular matrix (upper triangular, lower triangular, or diagonal),

then its determinant 1s the product of the entries on the main diagonal. That 1s

det(A4) = |A| = 0y, Qyylas "+ O

nn
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=« EX. &:

) ) (-1 000 O]
2 0 0 0 0300 0
(@) A=l % 2 00 () B=| 0020 0
‘15 g é g 0004 0
: . 0000 -2
Sol: _ i

(@) A]=@2)(=2)(1)(3)=-12
(0) [B]=(-DB)2)(4)(-2) =48
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3.2 Evaluation of a determinant using elemeﬁfary operations

« Theorem 3.3: (Elementary row operations and determinants)

Let A and B be square matrices.

(a) B=r,(4) = det(B)=—det(A) (i.e. [r,(A)] = —]4)

(b)) B=r"(A) = det(B) = kdet(A) (i.e. r;’“)(A)\ = k|A|)
(c) B=r"(A) = det(B) =det(A) (e [l ()] =4])
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« Ex. 1:
1 2 3]
A=|0 1 4], det(A)=-2
121
4 8 12 0 1 4 1 2 3
12 1 12 1 12 1

=7r'Y(4) = det(4) = det(r}V(A)) = 4det(4) = (4)(-2) = -8
Az =7ry(4A) = det(4) = det(r;,(A)) = ~det(4) = ~(~2) =2
A =r57(A) = det(4,) =det(r;”(A)) = det(A) = -2
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« Notes:
det(nj(A)) = —det(4A) = det(A) = —det('l;.j(A))

det(r™(4)) = kdet(4d) = det(A) = %det(n(’“)(A))
det(rP(4)) =det(d) =  det(A) =det(r"(4))

= Note:

A row-echelon form of a square matrix 1s always upper triangular.
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« Ex. 2:
2 -3 10
A=|1 2 =2|, det(4)=2?
0 1 -3
Sol:
2 =3 10| r, I 2 -2[p21 2 -2
det(4)=[1 2 -2 =-|2 -3 10| =-|0 -7 14
0 1 -3 0 1 -3 0 1 -3
7 1 2 =2/ ,0 |1 2 =260 1 2 -2
TS | T3 T3
=(-D(=)[0 1 =2/ =70 L -2 =(@)(-D0 L -2
= o1 -3 0 0 -1 0 0 1

= (M(=-DHDHDA) = -7
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Determinants and elementary column operations

= Theorem 3.4: (Elementary columns operations and determinants)

Let A and B be square matrices.

(a) B=c,(4) = det(B)=—det(A) (i.e.

c;(A)] = —|A])
(b)) B=cP(4) = det(B) = kdet(A) (e [ (A)] = k]A])

() B=c'(A) = det(B) =det(A) (i.e.

c.(."”)(A)‘ = |A|)

Y
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« EX. 3:
2 1 -3
A=14 0 1], det(4)=-8
00 2
(1 1 -3 1 2 -3 2 1 0]
A=120 1|, A=|04 1|, A=[|401
00 2 00 2 00 2
1 1

A =c?(4) = det(4) = det(c,? (A)) = %det(A) _ (%)( _8) =4

A =c,(4) = det(4) = det(c,(A)) = —det(A) = —(-8) = 8
A =cP(A) = det(4) =det(c) (A)) = det(4) = -8
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= Theorem 3.5: (Conditions that yield a zero determinant)

If A 1s a square matrix and any of the following conditions is true, then det(A) =0

(a) An entire row (or an entire column) consists of zeros.

(b) One row (or column) is a multiple of another row (or column).

=« EX. 4:

1 2 3 1 410 1 1 1
0 0 OO0 2 5 10{=0 2 9 92ll=0
4 5 0 3 6|0 4 5 6
114 |2 1 2 3 1 |84
115 |2|]=0 4 5 6]=0 2 [10]115]=0
16 |2 -2 -4 -6 3 |12]|6
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= Note:
Cofactor Expansion Row Reduction
Order n Additions Multiplications Additions  Multiplications
3 5 9 5 10
5 119 205 30 45
10 3,628,799 6,235,300 285 339

The maximum number of additions alone for the cofactor expansion of an n X n matrix
is n! —1. 30! is approximately equal to 2.65 x 1032,

For a 30 x 30 matrix, If a computer could do one trillion operations per second, more

than 22 trillion years to compute the determinant.
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« Ex. 5: (Evaluating a determinant) 3 5 92
Sol: A=12 -4 -1
-3 0 6
3 5 2[3 5 —4 »
det(A) =2 -4 -1 =2 -4 3|=(-3)(-1*" 4 3‘_( 3)(-1) =3
-3 0 6 -3 0 O
)
-3 5 2|p3| -3 |5] 2
det(A)=|2 -4 -1 = |-2/5|0]| 3/5
-3 0 ©6 -3 10| 6
N 2/5 3/5
=(B)(-D7 T ‘—( 5)(——)—
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= Ex. 6: (Evaluating a determinant)

Sol:
2 0 1 3 2
-2 1 3 2 -1
det(4)=|1 0 -1 2 3
3 -1 2 4 -3
1 1 3 2 0
2 1
. 242 1. “1
= (D(-D*?];
3 0

OO DN W

1) |_
T54

(=1)
55

||
O = =N DO

>y

ojligJi

OO OO
I
OO = W =

%)

 —

OO DN DO W

—_ 0 = DN DD

—_—_O = O
|
WO — W~

DO =~ Do DN W

OW W= DN
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1 —2
c(—3)8 : 8 1 3. .0|/l0 0 5
41 _8 _]. 2 3 4+4 /,,)21
=113 5 ¢ 4= DCD"-8 -1 2/'= -8 —12
0 0 0 1 13 5 6 13 5 6
_ _1\+3 -8 -1
=D 5‘
= (d)(—27)
=—-135

Determinants https://manara.edu.sy/ 2023-2024 26/41


https://manara.edu.sy/

>y

ojligJi

3.3 Properties of Determinants
= Theorem 3.6: (Determinant of a matrix product)

det (AB) =det (A) det (B)
= Note:
(1) det (A + B) #det (A) + det (B)

« Ex. 1: (Determinant of a matrix product)

1 -2 2 2 0 1|
A=|0 3 2|, B=|0 -1 =2
1 0 1] 3 1 -2

Find |A|, |B|, and |AB]
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Sol:
1 -2 2 2 0 1
|Al=|0 3 2|=-7, |BI=|0 -1 -2|=11
1 0 1 3 1 =2
1 2212 0 1] [8 4 1
AB=|0 3 2|0 =1 -2|=|6 -1 =10
1 0 1}[3 1 -2| |5 1 -1
8 4 1
=|AB|=|6 -1 -10|=-T77
5 1 -1
Check: |AB|=|A||B] =77=-7x11
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= Theorem 3.7: (Determinant of a scalar multiple of a matrix)
If A 1s an nxn matrix and c 1s a scalar, then

det (cA) = c"det (A)

« BEX. 2:

10 —20 40| |1 -2 4
A=130 0 50/[,|]3 0 5/=5 Find | A
-20 -30 10| |-2 -3 1

Sol: ) .
1 -2 4 1 -2 4
A=101 3 0 5|=|A4=10°|3 0 5|=(1000)(5)=5000
-2 -3 1 -2 -3 1
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= Theorem 3.8: (Determinant of an invertible a matrix)

A square matrix A is invertible (nonsingular) if and only if det (4) # 0

= Ex. 3: (Classifying square matrices as singular or nonsingular)

Sol:

0 2 -1 0 2 -1
3 -2 11|, B=|3 -2 1
3 2 -1 3 2 1]

|A| =0 = A has no inverse (it is singular).

| B| =—12 # 0 = B has an inverse (it 1s nonsingular).
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« Theorem 3.9: (Determinant of an inverse matrix)

If A is invertible, thendet(A™) =

1

det(A)

= Theorem 3.10: (Determinant of a transpose)
If A is a square matrix, then det(A") = det(A).

« EX. 4:

Sol:

| A=

A=

o O

o O

-

p—

O N W

0 3
-1 2 (a)
10
=4 :‘A‘l‘:

A7 =2 (D) A"|=?
|—z|=i, AT|=]4]=4
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= Equivalent conditions for a nonsingular matrix:

If A is an nxn matrix, then the following statements are equivalent.
(1) A is invertible.
(2) Ax = b has a unique solution for every n x 1 matrix b.
(3) Ax= 0 has only the trivial solution.
(4) A isrow-equivalentto [,

(5) A can be written as the product of elementary matrices.

(6) det (A) %0
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= Ex. 5: Which of the following system has a unique solution?

(a) 27, N | () 2z, — x, = —1
v, — 2z, + z, = 4 v, — 2z, + z, = 4
3v, + 2z, — z, = —4 3r, + 2z, + z, = —4
Sol:

(a) Ax= b= | A| =0. This system does not have a unique solution.

(b) Be= b= |B|=-12# 0. This system has a unique solution.
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3.4 Applications of Determinants
011 021 y Cnl
« The Adjoint of a Matrix adj(4) = 0}2 0.22 ' 072
_C;ln C2n nn
= The Inverse of a Matrix Using its Adjoint
If A is an nx n invertible matrix, then A~ = q 1 adj(A)
e
= Ex. 1: Find the inverse of a matrix using its adjoint
-1 3 2
Use the adjoint of A to find A1, where A=| 0 -2 1
1 0 -2
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Sol:
C, C, C,] 46 7]
adj(A)=|C, C, Cyp|=1 0 1
_013 C123 033_ _2 3 2_
-1 3 2
[4=10 -2 1|=3
1 0 -2
. 1'4 6 7| [4/3 2 7/3]
A = adj(4)==|1 0 1|=(1/3 0 1/3
det A 312 3 2| [2/3 1 23
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A Ty + Oy Ty ++ -+ ay, T, =b

Aoy Ty + Ago Ty + -+ 0y, T, = b,

a, Ty +0, 0Ty +-+a, T =Db

Az =0, Az[azj}

det(A) =

a1y

(o1

a’nl

A9
(o9

a’n2

a,
Ay

n

n

nn

n

# ()

2y

ojligJi

:[A(l),A@),---,A(n)], T

(this system has a unique solution)

Determinants

https://manara.edu.sy/

2023-2024

36/41


https://manara.edu.sy/

>y

ojligJi

A, =[A(”,A@),.--,A(f‘”,b,A(f”),---,A“”]

Ay ot Qo b, Gy =7 Oy

R Y b, ycjvry 70 oy

a’nl a’n(j—l) bn a’n(j+1) a’nn

(16 det(Aj) = b1C1j + bQCQj +--+0 Onj)

n

det(A,)
> . = ,
7 det(A)

7=1,2,---,n
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= Ex. 2: Use Cramer’s rule to solve the system of linear equations

—r + 2y — 3z =|1
21 + z =10
3r — 4y + 4z =|2
Sol: 1 2 -3 1 ]2 -3
det(t4)=|2 0 1|=10 det(4,)=|0 |0 1|=8
3 -4 4 2 +H4 4
1|1 (-3 -1 2|1
det(A4,)=]2 |0 |1 |=-15, det(4,)=]2 0 |0|+-16
31214 3 4|2
_det(4,) é _det(4,) -3 A det(4;) -8
det(d) 5 7 ded) 27 det(d) 5
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= Determinants as Area or Volume
If A 1s a 2x2 matrix, the area of the parallelogram determined by the columns of A is
Area = |det(A)|
If A is a 3x3 matrix, the volume of the parallelepiped determined by the columns of
A is Volume = |det(A)

« Ex. 3:
Find area of parallelogram formed by u = [ﬂ , V= {3}
Sol:

Area = |det(A)|=

2 3
det[l 5}‘=|10—3|:7
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= Ex. 4: " ER B
Find volume of parallelepiped formed by w=|1|,v=1|,w=|3
|1 4 1
Sol:

Volume = |det(A)| = |det =[2+3+4-(1+1+24)|=17

— = N
IS Y
— Y =
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= The Vandermonde matrix
Let z,, @, . . ., &, be real numbers. The Vandermonde matrix, which arises in signal

processing and coding theory, is given by

2 n—1"] 2 n—1
1 z z - =z Lo ag T,
2 n—1 2 n—1
1 z, =, -+ x 1 z, =, -+ x
_ 9 4y 9 9 o 2 | _
V= ; P . . .AEe H (z; -2,
. . . . . 1<ZS]<n
2 n—1 2 n—1
Loz, oz oz, Lz, z, -z, For any n> 1
2
1 2
_ 2
Forn=3, |1 Ty Ty | = (T3 — Ty Ty — ) Ty — )
9
1 Ty Tg
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