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Structural Mechanics (2)

Analysis of Indeterminate Structures - Force Method

* Indeterminate Structures vs. Determinate Structures

* Analysis of Indeterminate Structures.

® Structures with single Degree of Indeterminacy (Beams & Frames)

® Structures with single Degree of Indeterminacy (Trusses: Int. & Ext.)
* Structures with multiple Degrees of Indeterminacy

® Support Settlements

* Three-Moment Equation for Continuous Beams
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Derivation of three-Moment Equatlon

W

S A continuous beam under: ex. loads & sup. settlements.
N
@ kL] : . . ds0
g _— keLe 1 Prerr Supports: /, ¢, r. Spans: L,, L. Mo. of In.: /,, /, 8)Lall
naerorme . PANARS LR T
° position - oo an. Loads: P at kL, from /& P.at kL, from r.
| H HHHHH!HH 1 Dis. Loads: w,over L,and w,over L,
LT 0 1 X Ar
) %&ngcmat Sup Settlements: Ajat /, A atc, A, atr.
— ] O Redundants are internal moments at supports:
Deformed ithili i
N i fi’ Ie | I, . M, /\//9., /l/l, Compatibility Equations are
2 (elastic curve) Le . &r slope continuities at the supports.
== = constant
o (a) Continous Beam
_ Undeformed o
Pe = P, position 7
Wpe T
_ feay HH,,/rmlHu | L LT T E o, B =
"7 & __ SR o T <8 Y e L e o8 g
¢ g € r Deformed/ ‘—i—. ’
Tangent just Tangent just position ' L L \
to left of ¢ to right of ¢ | ‘ ' ' " |
% () Priimasy Stenenuies Stbjezted to Bxterndl Loading (c) Primary Structure Subjected to Support Settlements
£ From ex. Loads: 6,=0,+6,,
=
g From sup. settlements: 6,=60,+0,
E From sup. bending moments: 6;=0,+0,4
g Comp. Equation at support c is: 6,+6,+6,=0 o U Tangeit just
) . . to right of ¢
Or In detall: 9/1+ 6/‘]_+ 6/2+92 + 6/3+g3:0 (d) Primary Structure Loaded with Redundant Bending Moments
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Derivation of three-Moment Equation

0. = PILIZkI(l_kIZ) WILf A|_Ac
1= 2 6EI 24 27T
| | |
2 L2 3 A —A
erl:ZPrerr(l k) w,L] g, A=A
6EI 24El L,
IVIII—I IVICLI. Mch |\/Irl—r
13~ + 1 05 = T
6EI,  3EI, 3EI,  6EI,

Substituting in to the comp. equation at support c:

O,+0,.,+0,+0, + 0,+0,=0 we get

ZP.Lfkl(l—k|2)+W.L.3 £y PLKk @-k) w L
6EI, 24EI, 6EI, 24E1
A=A, A -A, ML ML ML,
- + - -
L, L 6El, 3EI, 3EI. 6El,

r

+

Keeping the unknowns in LS and simplifying we
get the three-moment equation

MI L +2M (ll— ll—r j_‘_ MIrLr :_Z PI lekll(l_klz)
| | |

r

r

+MrLr =0

_Z PrLfkr(l_krz) _WII—I3 _WrLf —_B6E (AI _Ac +Ar —A

| 41, 4 L, L.

I I

-

koL — rk i
Undeformed Py
position
N 1 i HHHHHHH
LT O I o A e
= A r
o fe %\Tangent EC
A T = .1_1,4
Def.o.rmed {‘7 fi I
position | | |
(elastic curve) Le L,

E = constant

(a) Continous Beam

Pop = P,
| 2 P
_ iHH T F T yw vy vy
i v on \Mg 2y
¢ c r
Tangent just Tangent just
to left of ¢ to right of ¢
(b) Primarv Structure Subiected to External Loading
Undeformed o
position
€ c r
Lo o T~ PR T B PR S Ty =
- Af f _ _— l 93’_/r2 Ar =
Deformed .i. ’ |
position { Lg i L ‘

(c) Primary Structure Subjected to Support Settlements

Tangent just
to left of ¢

Tangent just
to right of ¢
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(d) Primary Structure Loaded with Redundant Bending Moments
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r—r-r

Ivlll—l +2MC(IL_I+£]+ MIrLr :_Z I:)I LIZkII(l_kIZ)_Z
| | |

r r

r

2 2 3 3 _ .
P.L2k, (1-k?) w,L; _WrLr_GE(A, A A=A

41,

41

r

L, L

r

|

If the continuous beam has a constant section (/,=/.= /) the three-moment equation simplifies to

r

I\/IILI +2MC(L| +Lr)+M rLr Z_ZP| I—|2k| (1_k|2)_ZPrL§kr(1_kr2)_%(vv|l—|3 +WrL3)—6E| (AI _AC +Ar _AC]

L

| r

If in addition the two spans are equal (£,=L,= L) the three-moment equation becomes

2
M, +4M_ +M =-> P LKk, (1—k,2)—ZPrLkr(1—kr2)—L—(W| +wr)—6|_i2I

2 (A, —2A, +Ar)

B. Haidar

Structural Mechanics (2)

The forgoing forms of the three-moment equation are applicable to any three consecutive supports / ¢ &
r of a continuous beam, provided that there are no discontinuities, such as internal hinges, in the beam

between the left support /and the right support r.

Fixed Supports

The above three-moment equations where
derived to satisfy comp. equ. at any interior
support. For a comp. equ. of zero slope at a fixed
end support, the beam can be imaginary
modified by adjoining end spans of zero length
simply supported as shown

1

Phyyyiryyd 1

1

Al s A i ?
: B C :
i Actual Beam with Fixed Supports i
i | Hasarannasi | n—

[

B C

Equivalent Beam for Analysis
by Three-Moment Equation

D D

0
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Three-Moment Equation - Examples %Y/

150 kN 100 kN

Ex-01. Determine the reactions and draw the shear S0 kN/m
f & bendi di for the b A IRERRRRNER Sl
orce ending moment diagrams for the beam [E O 5 0)L—an
shown in the figure by using the three-moment
equation ’—Zm 2m 2m S5m

: | 21 I
Solution:

E = constant

The continuous beam ABC has one degree of indeterminacy. It has two different spans of different
rigidity. There is no support settlement. So we use the following three-moment equation.

3 3
MLy, [II_ |I_] ML, _ ZF>|_,k,(1 k 2) ZPrLk (1-k?) W4IL W4r|Lr
I I

| r r I r r

Considering the support Bas the central one with two null moments at 4 & B, we write

0+2M. ( 6.5 j+ 0 _{(150)(6)2(2/6)[1—(2/6)2]2+I (L00)(6)*(4/ 6)[1—(4/6)°]} (5oil(5)3

Canceling | in both sides and simplifying we get

16M, =-3029.17 = M, =-189.32kNm
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Three-Moment Equation - Examples PA

150 kN 100 kN
1 l 189.32 189.32 50 KN/m ) 150 kN 100 kN 50 KN/m iool A
A ) EENERENE! | | e deols
B 189.35 18932 | © ¢ Ac=0 JTL b E %B = )0t
AB
BC |
AV B y B C;/ Ay=101.8 kN B,=311.06 kN C =87T_14 KN
. By y : ¥
(b) Span End Moments and Shears 162.86
101.8
+ TE M= 0=—A, (6)+150(4)+100(2)-189.32= 0 1.75m
D E C
= A=101.8 kN ; T—
-48.2
~87.14
150 kN 100 kN 1482 162.86 1482
189.32 189.32 50 kN/m :
A l 1 /) @ IEEEREEER Shear diagram (k)
B B C
] T 189.37 189.32 203.6
A, =101.8 BP= 1482 BI“=16286 C,=87.14
B, =311.06 N 76.25
. /\
A D E F C
189.2

Bending moment diagram (kN-m)
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Three-Moment Equation - Examples

v

§ Ex. 02. Determine the reaction for the continuous beam ABCD shown in the figure. oo
g 6)LiaJl
© 375 kN 30 kN/m
S o I u t l o n : . A O\ e .?:'5:"}:5-35:.“: S ‘ * { ‘ ; ‘ D
The continuous beam ABCD has one degree of B C =Q_
indeterminacy. It has two spans of different rigidity. =~ e
There is no support settlement. So we use the 5m +5 m ~+——I10m——
5 following three-moment equation.
£ | 31 I
3 3
M'L'+2MC L,+L _ ZPLk(l k) ZPLk(l k) w,Ly w, L
l L 41, 4,
_ M. =—-457 KNCm
g 2750 577
g ‘l( =y #51 30 kN/m
S A ’D 6\ y Y ¥ ¥ T
T | 85 C C AD
Z 141.5 23‘3 7 @547 04,3
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Three-Moment Equation - Examples PA

Ex. 03. Determine the reactions for the continuous kN 6)lioll
beam ABCD shown in the figure, due to theAAll AT T T T T
uniformly distributed load and due to support . ‘= ==
settlement of 10 mm at A, 50 mm atB,20 mmatC - 1om— 10m— om——
and 40 mm at D. Using the three-moment EI = constant
equation E =200 GPa 1=700 (106) mm*
Solution: 2
L El
M,+4MC+Mr=—ZP,Lk,(1—k,2)—ZPrLkr(1—kr2)—Z(w,+Wr)—6L2 (A, —2A, +A,)
Mg=—1152 kN—m
Mg = —451.2 kN—m
30 kKN/m
.'4._1- - {} _-4_ . d L L 3 L 3 Y T k '"l U
L B C L O
1 |
A,=138.5kN B,=2779KkN C,=378.7kN D,=104.9kN
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Ex. 04. Determine the reaction for
the continuous beam ABCD shown
in the figure,

Fixed Support & Extended Cantilever

ML +2M, (L, +L,)+M L ==> P Lk, A1-k’)-> PLk (1—kf)—%(w,|_,3 +w L) —6El (

225 KN | ;
1 30 kN/m A

BEEEEREEEEEEREEN “
L2 p C 2 D éﬁ

3m 3m 9m BmJ

ET = constant

A A A A,
L, L

r-r-r
r
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g Homework
S Pr-02: Determine the reactions and draw shear force & bending moment diagrams for the 8LiaJl
° continuous beam shown in the figure, due to the concentrated loads Using three moment equation
method.
g
5]
I
o
S
3 E = constant
£
o
s
[
2
S
)
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Homework Pﬂ

deol o
Pr-03: Determine the reactions for the continuous beam shown in the figure, due to the concentrated yli_all
loads and due to support settlement of 10 mm at A, 65 mm at C, 40 mm at E and 25 mm at G. Using the ="

three-moment equation method.

120 kN 120 kN 150 kN

4 1 C 1 E l

LT PR > 0 ;5 2°

-<—6mAL—4 m—»<—6m4‘—4 m—+—4 mAL—4 m—

I 21  f

E = 200 GPa
[ =500 (10%) mm*
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