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3.1 The Determinant of a Matrix
The determinant 1s a function det: M (K) >K; At>det(4)= }A ‘
K: a field (Ror O)
» The determinant of a 2 X 2 matrix:
A= {a“ alz} = det(4) = |A‘ =0y, — Ay,
dy dy

« EX. 1: (The determinant of a matrix of order 2)

=202)-1(=3)=4+3=7 j=0(4)—2(3)=0—6=—6

1 2

« Note: The determinant of a matrix can be positive, zero, or negative
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« Minor of the entry a;;:

The determinant of the matrix determined by deleting the i-th row and j-th column of 4

ap, a, alU—l} alUH} dy,

M _Ba-mn Y-z ... Qaopgony Gaonpgen e G-
;=

Pat Qarz ooo apg-ny apgey  ooo Fasnm

a,, a,, anu'—l} anU’+l} a..

« Cofactor of a;:

Cij = ( - 1)’ jﬂ'{i}'
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« Ex 2;

=C,, =(-1D)*'M, =-M,,

IHB\Z

[

&jliall
IE:"'[13
a23
a3 |
a a
_ 11 13
M, =" "
31 33

Cp =(- I)ZHA/Izz =M,,
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Sol: (1) All the minors of 4

-1 2
M, = 0 1‘=—1,

21
Mﬂ:O 1‘=2,

2 1
M31=_1 2‘=5=

[
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« Ex 3: Find all the minors and cofactors of 4

A4 =

3

M, = A
0
M22=4
}Maz:g

—_— D

e

-

+~
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(2) All the cofactors of 4

_ 1+]
C, =(-)"M,

C,=+
Cy ==
Cy =+

-1 2
0 1“‘1’ Cro
2 1
01~ 7% Cr
2 1
1 2|:59 Cs,

dsola

fuie)
3 2
4 1|=
0 1
41~
0 1
32|~

Cpi=+
Cp =—
Cy =+
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« Theorem 3.1: (Expansion by cofactors)

Let A 1s a square matrix of order n. Then the determinant of A4 1s given by
11711 12712 m - in

(a)det(A)zwziaU.cg =a.C. +a C. +--+a C
j=l1

(Cofactor expansion along the i-throw,i=1, 2,...,n)
or
nj— nj

(b) det(4) =|4|= D a,C, =a,C, +a,C, + +a,C
1=1

(Cofactor expansion along the j-th column, j=1,2,...,n)

https://manara.edu.sy/



Py

LUTEERE O e

a,, a;, d;
A= a, a,, dy
a, d; dsi

= det(4) =a,C,, +a,C, +a C;
=a,C, +ayC,y +a,C,;
= a3y +a,,Cy) +a,,0,
=a,C,, +a,C, +a,(;
=a,Cpy +ayCy +a(Cy,

& a13C13 + a23C23 + a33C33
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« Ex 5: The determinant of a matrix of order 3
0 2 1 C, . =-1,C, =5 C, =4
A=|3 -12 FromEx3: C, =-2,C,,=-4,C,, =8
_4 0 1_ C, =5 C,=3, C,=-6

Sol:
= det(4) =a,C,, +a,C, +a, C,=0)-1+2)5+1)4) =14

117 11

=a,C,, +a,.C., +a,,C., = 3)(=2)+ (= 1)(—4) + (2)(8) = 14
=a,C, +a,C,, +a,C,, = @5+ 0)3)+ (1) -6)=14
—a C, +a,C, +a.C. =) —=1)+3)=2)+@)5) =14

117 11 217 21 31 31

—a C.,+a,C,, +a..C.=Q2)5) +(=1)(-4)+(0)3) =14

12— 12 227 22 327 32

—a.C. +a.C,. +a.C.. =)@+ ()8)+ (1)(-6) =14

137 13 237 23 337 33
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« Ex 6: The determinant of a matrix of order 3
Fo2 1]
A=[3 -1 2|= det(4) =2
4 -4 1
Sol:
al-1 2 213 2
011:(_1)11_4 1‘:7 C12=(_1)124 1‘=(_1)(_5)=5
+ 3 _1

= det(4) =a,C,, +a C, 6 +a,C

117 11 127 12 137 13

= (0)(7) +(2)(5) + (1)(-8) =2
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= Note:

The row (or column) containing the most zeros is the best choice for expansion by

cofactors.
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« Ex 7: The determinant of a matrix of order 4

S O O W

w o O

— det(4) = ?

https://manara.edu.sy/
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Sol:
det(4) = (3)(C 13) + (0)(C ;) + (0)(C ;) + (0)(C ) = 3C
-1 1 2
=3(-D"||0 2 3
3 4 -2
=310, 2l @05 - ﬂ
=3[0+ @QM(-4+B)(-1(-7)]
= (3)(13)
=39
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« The determinant of a matrix of order 3 (Sarrus Rule)
= . Subtract these three products.

4 a,, 4 4dg
= |49y Gy Ay
| A3 Q3 dj3 |

Add these three products.

= det(4) = |A‘ =a,a,a;; +a,a,,a; +a;a,d;,
T3y 3 T 53U T Ay A,

« EX 8:

= det(4) =|4|=0+16-12
—(-4+0+6)=2

0 16 —12
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« Upper triangular matnx:

All the entries below the main diagonal are zeros.
« Lower triangular matrix:

All the entries above the main diagonal are zeros.
« Diagonal matrix:

All the entries above and below the main diagonal are zeros.
= Note:

A matrix that 1s both upper and lower triangular 1s called diagonal.

https://manara.edu.sy/
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.EX 9:
a, d, d; a,, 0 0 a, 0 0
0 a, a, @ ndy 0 0 a, O
_O 0 ds; (83, Q3 Q33 _O 0 as;
upper triangular lower triangular diagonal

« Theorem 3.2: (Determinant of a Triangular Matrix)
If 4 1s an nxn triangular matrix (upper triangular, lower triangular, or diagonal),

then its determinant 1s the product of the entries on the main diagonal. That 1s

det(4) = |A| =Q,A, 05 A

nn
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« Ex 10:;

) ) -1 000 O
i 0288 0300 0
(a) =15 ¢ 1 o ) B=|/0020 0
1 5 3 3 O 004 O
- - 000 0 =2
Sol: B -

(@) 4] =@)E2)(DA) =-12
(3) IB|=(DEH2N4)(-2) =48
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3.2 Evaluation of a determinant using elementary operations

« Theorem 3.3: (Elementary row operations and determinants)

Let A and B be square matrices.

(@)B =r,(4) = det(B)=—det(4) (ie. r,.j(A)|=—|A|)

(b)B =r"(4) = det(B) =kdet(4) (i.e. ri‘k’(A)‘=k|A|)
(c)B =r"(4) = det(B)=det(4) (ie. \@"’(A)[ =4|)

https://manara.edu.sy/ &
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« Ex 1:
1 2 3
A=|0 1 4|, detd)=-2
12 1)
4 8 12| 0 1 4] (1 2 3
A, =101 4|, 4,=[12 3|, 4,=|-2 -3 =2
1 2 1| 1 21 1 2 1
A4, “”(A) = det(A)—det(r”(A)) 4det(4) = (4)(—-2) = —
A, =r,4) = det(4d,) =det(r,(4)) =—-det(4d) =—-(-2) =
A, =r57(A) = det(4,) =det(r;”(4)) = det(4) = -2

https://manara.edu.sy/
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« Notes:
det(r, (4)) = —det(4) = det(4) = —det(r;,(4))

det(r™)(4)) =k det(4) = det(4) = %det(r}m(A ))

det(r,"’(4)) =det(d) = det(d) =det(r,"(4))
« Note:

A row-echelon form of a square matrix 1s always upper triangular.

https://manara.edu.sy/
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« BEx 2:
A =
Sol: i
2
det(4) = |1
0

1
(—;]

= (7)(- DA = -7

[
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2 -3 10|

1 2 =2|, det(4d)=2

0 1 -3

-3 10| r, |1 2 2|21 2 -2

2 2| =—-2 =3 10| =—-|0 -7 14

1 -3 0 -3 0 1 -3
” Lot 2 2 1 2 -2 ,&D
=(-D(—=) |01 2 =)0 1 =2/ =(7)( -1

2710 1 -3 0 0 -1

https://manara.edu.sy/
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Determinants and elementary column operations

« Theorem 3.4: (Elementary columns operations and determinants)

Let 4 and B be square matrices.
(@)B =c,(4) = det(B)=—det(4) (e [, ()|=—-l4]
(b) B =c(4) = det(B) =k det(4) (i.e. |c;’”(A )‘ =kld|)

(¢)B =c’(4) = det(B) =det(4) (i.e. |ch’”(A)\ =4])

)

https://manara.edu.sy/
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« EX 3:
(2 1 -3
A=4 0 1|, det(4d)=-8
00 2
1 1 -3 (1 2 -3 (2 1 0]
A =20 1|, 4,=|04 1|, A,=|4 0 1
00 2| 0 0 2 00 2

1 1

4, = (4) = det(d,) = det(c,” (1)) = %det(A) =(%)(—8) - 4

4, =c,(4) = det(4,) =det(c,,(4)) = —det(4d) = —(—8) = 8
4, =cPA) = det(d,) =det(c?(4)) = det(4) = -8

23
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« Theorem 3.5: (Conditions that yield a zerordeterminant)

If 4 1s a square matrix and any of the following conditions is true, then det(4) =0
(a) An entire row (or an entire column) consists of zeros.
(b) Two rows (or two columns) are equal.

(¢) One row (or column) 1s a multiple of another row (or column).

https://manara.edu.sy/
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« Ex 4:
1 2 3
0 0 O[=0
4 5 6
1|1 4 |2
1|5 [2]=0
1| 6 |2

[
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W
S
Il

-

1

2 3

4

S 61=0

—2

—4 -6

1 1 1

2 2 2|=0
4 5 6

1 |18(|4

2 [10([5]|=0
3 |12]]6

https://manara.edu.sy/
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« Ex 5: (Evaluating a determinant) 3 5 2|
SO].: A: 2 -4 -]
-3 0 6
-3 5 2|03 5 4 5 _
detd)=|2 -4 -1 =2 -4 3 :(-3)(—1)3“_4 3‘_(—3)(—1)_3
-3 0 6 -3 0 0
4
3 5 2|r5| -3 [5] 2
det(4)=|2 —4 -1 = [-2/5|0]3/5
-3 0 6 -3 |0| 6
R 2/5 3/5
=) -D"| ” ‘—( 5)(——)—3
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« Ex 6: (Evaluating a determinant)
Sol:

27
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2l-8 —1 2

13 5 6

8§ 1 3 =2

—4

3

= ()(-D*

0O 0 O

|

—8

_ & 1343
=5(-1) 13

= (O)(=27)
=-135

-1
5

[

deola
8 1 3.
-8 -1 2| =
13 5 6

0O 0 5

-8 —1 2

13 5 6

https://manara.edu.sy/
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3.3 Properties of Determinants
« Theorem 3.6: (Determinant of a matrix product)

det (4B) = det (4) det (B)
« Notes:

(1) det (EA) = det (E) det (4)
(2) det (4 + B) # det (4) + det (B)

3| ay a, a; a,, d,, dp
s +b21 as, +b22 sy, +b23 =y Ay Ay
as, as, d 53 Ay dz, Ay

https://manara.edu.sy/
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N
0
1

=2

— N DN

3
0

Find |4|, |B|, and |4B|

Sol:

4=

L I

o W

—_— N I

-7,

2

=

B =

2 0 1
-1 -2
1 -2

0
3

0
3

Py

B LT T

[2 10 ]

=i
1 22

11

https://manara.edu.sy/
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1 2212 0 1] [8 4 1
AB =0 3 21||0 -1 —2|=|6 -1 -10
1 0 1][3 1 2] |5 1 -l
8 4 1
=[4B|=|6 -1 -10|=-77
5 1 -1
Check:
|4B| = |A| |B|
=77T=-7x11

https://manara.edu.sy/
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« Theorem 3.7: (Determinant of a scalar mﬁltip]e of a matrix)
If 4 1s an nxn matrix and c 1s a scalar, then

det (c4) = c" det (4)

« EX 2;

10 —20 40| |1 —2 4
A=130 0 50,3 0 5=5 Find |A|
20 =30 10| |-2 =3 1

Sol: ) )
1 -2 4 1 -2 4
4=10] 3 0 5|=]4|=10°|3 0 5|=(1000)(5)=5000
-2 -3 1] -2 -3 1

https://manara.edu.sy/
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A square matrix A4 is invertible (nonsingular) if and only if det (4) # 0

« Ex 3: (Classifying square matrices as singular or nonsingular)

(0 2 1] (0 20=]
3 2 -1 BN2NT

Sol:

|A| = 0 = 4 has no inverse (it 1s singular).

|B| =—12 # 0 = B has an inverse (it 1s nonsingular).

https://manara.edu.sy/
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« Theorem 3.9: (Determinant of an inverse matrix)

If A is invertible, thendet(4 ™) =

det(4)

« Theorem 3.10: (Determinant of a transpose)
If 4 is a square matrix, then det(4 ') =det(4).

« EX 4:

Sol:

1
0
2

B
A=|0
2

0
-1
|

= IR

0

1

-4 s

3
-1 2 @ [47=2 @ K'|=?
0

~ e Wikl

https://manara.edu.sy/
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« Equivalent conditions for a nonsingular matrix:

If A 1s an nxn matrix, then the following statements are equivalent.
(1) A 1s invertible.
(2) Ax = b has a unique solution for every n x 1 matrix b.
(3) Ax = 0 has only the trivial solution.
(4) A4 1s row-equivalent to 7,
(5) A can be written as the product of elementary matrices.

(6) det(4)#0

https://manara.edu.sy/
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« Ex 5: Which of the following system has a unique solution?

(a)

3x, —

3x, +

2

2

P yy

2

Sol:

_I_

X
X
X

3

3

3

—1
4
—4

(b) 2x, — x;, = —1
3x, — 2x, + x, = 4
x, + 2x, + x;, = -4

(a) Ax = b = |A4| =0. This system does not have a unique solution.

(b) Bx = b = |B| =—12 # 0. This system has a unique solution.

https://manara.edu.sy/ =
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3.4 Applications of Determinants

.. i : c, C
» The Adjoint of a Matrix adj4)=| * 7

]
-

| 1n

« The Inverse of a Matrix Using 1ts Adjoint

_Cll C21 T C

c. C, ..C

nn _

nl

n2

adj(4)

_ 1
If A is an nxn invertible matrix, then 4~ =
det A4
« Ex 1: Find the inverse of a matrix using its adjoint
-1 3
Use the adjoint of 4 to find 47!, where 4 =| 0 -2
1 0

2
1
=2

https://manara.edu.sy/
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Sol:

C. C
adj4)=|C,, C
Cc, C

-1 3 2

Il
-

I
(N
[S—
Il
(']

4]

Q0O 0

o —
W O N
PO = =]

31

32

33 _

W

deogl o
0)liaJl

bR = A
w < O
PN — ]

=(1/3 0 1/3

4/3 2 7/3]

2/3 1 2/3

https://manara.edu.sy/
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« Cramer’s Rule
a; X, +a;x, +-+a,x, =b,
Ay X| +apX, +o0-ta,,x, =b,
anlxl+an2x2+'“+annxﬂ =bn _xl_
X
Ax =b, A:I:ayil =|:A(1)5A(2)5...5A(”)i|’ X = :2 :
I =n .
[
a;, ap ... dapy
a a ... a - - -
det(4) =21 22 2| £ () (this system has a unique solution)
Iar.'l anz ann

https://manara.edu.sy/
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lZv

clJLt_u_Ii
A_z[A[l)A[Z] _“A_,rl bAUH} “A(”}i|
] ? 2 ? ?

-1 bl a1+ a

b,

|Gyttt Gyl Dy Aoy Tt Ay

1n

_anl anU—l} bﬂ anUH} ann_
(1.e. det(4) bC”anC + - +bC”j)
det(A .
:>xj= ( j)? .]-=1,2,"',H
det(4)

https://manara.edu.sy/
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« Ex 2: Use Cramer’s rule to solve the system of linear equations

-x + 2y - 3z =|1
2x + z =|0
3x — 4y + 4z =|2
Sol: o
-1 2 3 1 12 =3
det4)=|2 0 1|=10 det(4,)=[0 |0 1|=8
3 4 4 2 -4 4
-1 1 [-3 -1 2|1
det(4,)=|2 |0 | 1 |=-15, det(4;)=|2 0 [O[+-16
312 |4 3 4|2
det(4,) 4 det(4,) -3 det(4;) -8
X = = — — — - 2 = —
det(4) 5 Y det(4) 2 det(A4) 5

https://manara.edu.sy/ =
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