CECCS07: Signals and Systems

Lecture Notes 6: Fourier Analysis for Continuous Time Signals and Systems: Part b

Ramez Koudsieh, Ph.D.

Faculty of Engineering
Department of Mechatronics
Manara University

Fourier Analysis for Continuous Time Signals and Systems https://manara.edu.sy/ 2023-2024 1/25


https://manara.edu.sy/

v

6)liaJl

Chapter 4
Fourier Analysis for Continuous Time Signals and Systems

4  Energy and Power in the Frequency Domain
5 Transfer Function Concept
6 CTLTI Systems with Periodic Input Signals
7 CTLTI Systems with Non-Periodic Input Signals
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Properties of Fourier transform

Linearity of the Fourier transform: F{a,z(t) + a,y(t)} = a,F{z(t)} + a,F{y(t)}
Duality property: z(t) <f> X(0) = X(t)<«1o271( - )
Duality property (using /): z(t) <2 X(f) = X@)<Loz(-f)

» Example 1: Fourier transform of the sinc function
1 t .
T{%H(%)} = sinc(w) =

F{sinc(t)} = H(27[) H(%)
Fi{sinc(t)} = T1(f)
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» Example 2: Transform of a constant-amplitude signal
= 271 w),

Aoh=1,aleo =

= Example 3: Fourier transform of the unit-step function
X(w)= [ a(ye?™dt=["e

u(t) = 1/2_-|- V2 sgn(t)
F{u(t)} = F{2 + 72 sgn(t)}
= V2F{1} + 2F{ sgn(?)}

Flu(t)) = 77 5(w) + .L

Flu(t) = 5600 + 75

'CIJLI_O_”

F{1} = 27— w)

F1} = &)

—Jetq¢ could not be evaluated

. 1
I (f) 23

(duality)
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Symmetry of the Fourier transform
z(t): real, Im{z(¥)} = 0 = X (w) = X( - o)

Z(t): imag, Re{Z(t)} = 0 = X (v) = -X(— )

Transforms of even and odd signals

= [f the real-valued signal 2(?) is an even function of time, the resulting Fourier
transform X(w) is real-valued for all w.

r(—t) =x(t), forall t = Im{X(w)} =0, for all w

= |f the real-valued signal (t) has odd-symmetry, the resulting Fourier
transform X(w) is purely imaginary.
r(—1t) = —z(t), forall t = Re{X(w)} =0, for all w
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Time shifting z(f) <~ X(0) = 2(t — 1)« X(w)e "
Frequency shifting z(t)«2> X(0) = z(t)e’” <> X(0 - a,)
Modulation property (1) L5 X(0) =
z(t) cos(w,t) L)%[X(a) -y + X(o+ o]
z(t)sin(aot) <> 1| X(0 — o)e ™ + X (o + wy)e’™? |
= Example 4: Modulated pulse

_[cosQzfit), |t|<7
W=10" >+

Using p(?), the signal x(t) can be expressed as () = p(t)cos (2nf,t)
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where p(?) = (22-)

rit) = p(t) cos{27fiut)

P(f) = 2rsinc (27 f) I\
X(f) = L[P(f - f) + P(f + £)] MMMWMMM/ UL

= 7sinc(27(f + f,)) + 7sinc (27(f — f,))

$PU+ 1) $P(f=Jo)
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Time and frequency scaling

()L X(0) = z(at) i X(— 2y

Ial
The parameter a is any non-zero and real-valued constant.

Differentiation in the time domain

1 (o) X (@), S [a(]<Es (22f)" X (f)

dt" dt”
= Example 5: Triangular pulse revisited

z(t) = AA(t/7)

w(t) = d:z:(t) : [H(t +Tr/2j _H(t —Tr/zﬂ — .

(1) <L X (o)

w (t)
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W(f) = Asinc(fr)e”™*"® — Asinc(fr)e PR 27Asinc(f7)sin(z f7)

W(f) _ 2jAsinc(f7)sin(zf7)

W) = (27 ))X(f) = X(f) = 55 = ET = Arsine’(f7)
Differentiation in the frequency domain
() «—>X(0) = (- ) "z(t) <« dd — [ X ()]
)

Convolution property z,(t)«—— X,(@) and z,(t) <« X, (o)
= () * 3,(1) < X (0) X, ()

Multiplication of two signals z,(t)«— X,(®) and z,(t) <« X,(®)
= 5,(D)z,(1) > 3 X, (0) * Xy(0),  z,(D)z,() > X () * X, (f)
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Integration x(t)(——)X(a)) = j a:(r)dr(——)X](;)) + 7X(0)o(w)
Applying Fourier transform to periodic signals
= Example 6: Fourier transform of complex exponential signal Aw)
2(t) = &/ r:
F{1} =275(0w) = F()=275(w— w,) L,
» Example 7: Fourier transform of sinusoidal signal X (w)
z(1) = cos(w,t) ™ ‘ P
F{l} =27m0(w) = F{cos(wyt)} = mo(w — w,) + mo(w + w,) ‘ T y

—Wn

* The idea can be generalized to apply to any periodic continuous-time signal
that has an EFS representation:
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ii(t) — Z Ckejka)ot — X(C()) _ J. f(t) 6—ja)tdt — j |: Z Ckejka)ot:|6—ja)tdt
k=—c0 - L k=0

o0 :}:f ] 2::";

= Y o [276(0 — kay)] |
k=—o0

—_ T a5 s ':}_.'\"" 3 '};";".1

EFS coefficients for a signal Fourier_transform _obtained

= Example 8: Fourier transform of periodic pulse train
Determine the FT of the peogiodic pulse train with duty cycle d= 71,
¢, = dsinc(kd) X(w)= Y 2zdsinc(kd)S(w - kay) i

1

k=—o0

w, = 1/T, is the fundamental radian frequency. 1 L
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4. Energy and Power in the Frequency Domain
Parseval's theorem

= For a periodic power signal Z(t) with period TO and EFS coefficients {c}:
T j E)| dt = Z el

= For a non-periodic energy signal z(t) with a Fourier transform X(/):
[ e@fdt =[x df

Energy and power spectral density

S (f) = Z e, [[S(f - kf,) power spectral density of the signal z(t)
k=—00
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I (f)df—%j S(a))da)—2|ck|

P,in (fo )= [ S.()df
G (f) =|X(f) energy spectral density of the signal a(t)

[ ofd=[" i =] G(o)do

» Example 9: Power spectral density of a periodic pulse train

Determine the power spectral density for z(t). Also find the total power, the
dc power, the power in the first three harmonics, and the power above 1 Hz.

¢, = % sinc(k/3) S.(f) = i |§ sinc(k/3)|25(f — k/3)
f=—oo
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7 (t) o Sz (f)
1 0.111
0.076 0.076
. . t
—-1.5 —05 0.5 1.5
! ! 0.019 0.019
Ty £ (Hz
-4 -3 -2 -1 0 1 2 3 ! )

. . ] l tO+T0 - 2 _ l 0.5 9 _ l
The total power in the signal z(?): T LO Z(t)|" dt = 3.“—0‘5 (1)" dt = 3

B o=l f+]ef =2~ 01520, B, =|c,f +|of =5 ~0.0380, P, =0
27T 87

The third harmonic is at frequency f= 1 Hz. Thus, the power above 1 Hz:
Py=F —-F,-P —-F-PFP=0.3333-0.1111-0.1520 — 0.0380 — 0 = 0.0322

X
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= Example 10: Energy spectral density of the sinc function

Determine the energy spectral density of (t) = sinc(10¢). Afterwards, compute
the total energy, and the energy in the sinc pulse at frequencies up to 3 Hz.

Gz (f)
X(f) = =0(E), 6 D=0 - ssine() _
- 0.01
El’ = J‘—oo Gx(f)df T Js 100 df 0 1 i
. 3 3 1 - ’
E,in (-3,3Hz) = | G,(Hdf = j_gmdf = 0.06
Gz (f) Gz (f) .
Area = Area = E, in (—3,3 Hz)
0.01 yd e 001
= L) ——— —
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Autocorrelation
* For an energy signal (t) the autocorrelation function is defined as

r (1) = f; 2(t)z(t + 7)dt

For a periodic power signal z(t) with period T}, the corresponding definition of
the autocorrelation function is:

N 1 2 p
7 = 7 j—m F(F(t + ) dt

* The energy spectral density is the FT of the autocorrelation function:
F{r,(0)} = G,(f)
The power spectral density is the FT of the autocorrelation function:

Fi7.(0); = 5,(f)
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= Example 11: Power spectral density of a sinusoidal signal revisited
2(t) = 5c0s(200m¢)
25

~ 1 £0.005
u(?) = o j_o‘o% 25 ¢0s(2007t) cos(200[ ¢ + 7])dt = Z-cos(20077)

S,.() = Fi7, ()} = 22 8(/ +100) + =2 5(f - 100)

Properties of the autocorrelation function
* 7,(0)=|r, (7 forall z

= r.(-7)=r,(7) forall 7, that is, the autocorrelation function has even symmetry.

Ixr

= |f the signal z(?) is periodic with period T, then its autocorrelation function 7, (7)
Is also periodic with the same period.
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5. Transfer Function Concept

* [n time-domain analysis of systems we have relied on two distinct
description forms for CTLTI systems:

1. A linear constant-coefficient differential equation that describes the
relationship between the input and the output signals.

2. An impulse response which can be used with the convolution operation
for determining the response of the system to an arbitrary input signal.

» The concept of Transfer function will be introduced as the third method for
describing the characteristics of a system.

H(w) = F{h(t)} = [ h(t)e'dt
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» The transfer function concept is valid for LTI systems only.

* In general, H(w) is a complex function of w, H(w) = |H(co)|e’®(“’?

» Example 12: Transfer function for the simple R(C circuit

(1) = = ¢ () AL .
» 1 yrC —jot 1 1 = (t) JON v (t)
H - - J dt = = -
@@=} ree ¢ 1+ joRC ~ 1+ j(wlm) - -
W, = 5 —=
c RC
H(o)| = —— | () = —tan (/@)
J1+ (0/o,)?
| 1
H@) =1, H@)=—+
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= @, represents the frequency at which the magnitude
of the transfer function is 3 decibels below its peak

|15[(Ooc)| 1 :3(113

value at v =0,
20 log,, |H(())| = 201log,, \/_

= The frequency w, is often referred to as the 3-dB
cutoff frequency of the system. T

Obtaining the TF from the differential equation
_ Y(o)

y(t) = h(t) * () <> Y (@) = H(0)X(0) = H(o) = 3 e

g k
ddt(t) T 5 (o) Y(), ddxt(t)(_>(]w) X(@), k=01 -
https://manara.edu.sy/ 2023-2024
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= Example 13: Transfer function from the differential equation

dd%f(t) + 2280 4961 = a()

(jw)’ Y (o) + 2(jo) Y (o) + 26Y (o) = X(®)
1
(26 — ®°) + 2w

[(26 — %) + 20]Y (@) = X(0) = H(o) =

6. CTLTI Systems with Periodic Input Signals
#(t) = a, + Zakcos(ka)ot) + Zb sin(ka,t) = Z c, e
k=1 k=

Response of a CTLTI system to complex exponential signal

F(t) = ™
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y(t) = h(t) * &(t) = [ W)t - )dr = [ h(r)e’"dr

— 6j0)0tjj:o h(T) 6—]600de ]a)otH(a)O) . |H(a)0)| Jlot+0O(w,)]

» Thatis, e’ is an eigenfunction of a LTI system and H(w) is the corresponding
eigenvalue. We refer to H as the frequency response of the system.

Response of a CTLTI system to sinusoidal signal
Z(t) = cos(wyt)
T(t) = cos(a)ot) = e 4+ 1e It
y(t) = L’ H(w,) + ‘”’“H (— )
= %em) |H(a)0)|e‘7®(”°) + L H( - o,)|e 7
If the impulse response h(t) is real-valued:
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|H( - a)o)| = |H(a)0)|, O - v,) = -O(w,)

1 10 0) -1l )
y(t) = 5 [H(a,)| "% + §|H(a)0)| e 1) = | H(a,)| cos(wyt + O(ay))

Response of a CTLTI system to periodic input signal

T(t) = Z c,e”

T{j(t)} — T{ i Ckejka)ot} Z T{Cke]ka)o} Z c, { jka)ot} _ i CkH(kC()O)ejk%t
= k=—o0

7. CTLTI Systems with Non-Periodic Input Signals
y(t) = W) * 2(t) = Y(w) = H(w)X(w)
Y(o)| = |H(o)||X(0), £LY(0)=LX(0)+06(0)
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= Example 14: Pulse response of RCJCII’CUI'[ o e
Consider again the RC circuit. Let f, =
1/RC'= 80 Hz. Determine the FT of the .
response of the system to the unit- — s
pulse input signal z(¢) = (7). AEIN

(et}

'HU):1+;GM)’ X(f) = sinc(f), wwwq/\wwvw i

YO = s
1 . *

Y ()| = [sine(f)), 1 '
J1+ (/80)° #f/\mﬂ HLJ FL_”“
ALY (f) = ~tan”'(f/80) + £[sinc(f)] RSN R\ SN S B ﬁ |
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