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1. Introduction
» The ztransform (ZT) can be viewed as a generalization of the discrete time
Fourier transform.

» The ZT representation exists for some sequences that do not have a discrete
Fourier transform representation. So, we can handle some sequences with the
ZT that cannot be handled with the DTFT (afn] = nu[n]).

2. Z-Transform
» The z-transform of a discrete-time signal 2{n] is defined as:

o0

Z{z[n]} = X(2) = Z r[n]z"

n=—0

where z, the independent variable of the transform is a complex number.
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» The z-transform defined is sometimes referred to as the bilateral (two sided) z-
transform. A simplified variant of the transform termed the unilateral (one-
sided) z-transform is introduced as an alternative analysis tool.

Relationship Between ZT and Discrete-Time FT

o0

i = i x[n](re™*) ™" = Z z[n]r e " = F{r"z[n]}

n=—00 n=-%

o= S afn]e™ = Fiafnl)

n=—0o0

X(r,Q) = X(2)

» Example 1: A simple z-transform example
z[n] = {3T7’ 13, —1.5,3.4,5.2}

n=0
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X(2) = z 2[n]z " =3.7+1.327 —1.522 +3.427° + 5.2

n=—

The transform converges at all points in the complex z-plane except of z= 0.

» Example 2: z-transform of a non-causal signal
2[n]=1{3.7,13,—-1.5,3.4,5.2}

X(z) = Z r[n]z ™" =372 +1.32' —1.5+ 3427 +5.227°

n=—0a0

It converges at every point in the z-plane except, the origin and infinity.

N —>

n=0

» Example 3: z-Transform of the unit-impulse

X(2) = z{S[n]} = D, z[n]z™" =2[0]z" =1
n=—00 It converges at every point in the z-plane
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» Example 4: 2-Transform of a time shifted the unit-impulse

o0

X(2) = Z{o[n - k]}= Z 2[n]z™" = 27"

n=—0a0

1. If k> 0 then the transform does not converge at the origin z= 0.

2. If k< 0 then the transform does not converge at infinity.

Regions of Convergence

» For the z-transform X(z) of 2{n] to exist we need that:

<3 faln]r e | = 3 fafn]r " < oo

n=—00 n=—a0

o0

anz_

n=—00

X() =

Thus, the ROC depends only on rand not on Q.
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ROC of Finite-Support Signals
The region of convergence (ROC) of the z-transform of a signal afn] of finite
support [N,, V4], where —co < N, < n < N, < oo, is the whole z-plane, excluding the
origin z= 0 and/or z=*co depending on N, and N;.

Nl

X(2) = Z xz[n]z"

n=N,
ROC of Infinite-Support Signals
1. causal signal 2[n] has a region of convergence |z| > r; where r, is the largest
radius of the poles of X(2), i.e., the ROC is the outside of a circle of radius r,

2. anticausal signal 2{n] has as region of convergence the inside of the circle
defined by the smallest radius r, of the poles of X(z), or || < r,
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3. noncausal signal z[n] has as region of convergence r, < |2| < r,, or the inside
of a torus of inside radius r; and outside radius r, corresponding to the
maximum and minimum radii of the poles of X(z) and X, (2), or the
ztransforms of the causal and anticausal components of 2[n] = z [n] + z, [n].
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= Example 5: z-Transform of the unit-st'e'p signal

X(2) = Z{ulnl} = Y

converge if: |71 <1 = |7 > 1

_n 1 c
7=
=2z z—1
z}
Region of
1~~~ _convergence
g RS
N R
i / \\
¢ \
! _
Jﬂ: Re {z}
o] <1
i
f
s
s
|z} >1
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» Example 6: z-Transform of a causal exponential signal

an] = a” u[nj

0 0 o0
_ _ _ 1 2
X(z) = Z a"u[n]z™" = Za”z b= Z(az " = — =
n=—o0 =0 =0 1—az Z—a
converge if: |az | <1 = |2 > |4
z[n] = a™ u[n] z[n] = a™ u[n|
l —1<a<0 a<—1
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= Example 7: z~-Transform of an anti-causal exponential signal

n] =—a™ u[-n — 1]

Q0 —1 x >
X(z)= ), —a"u[-n-1]z" == a"s" ==) a"" == (a"2)"
— n i m=1 m=1
_1 ]. Z . _1
— _a Y — = converge if: |a7'2] <1 = |2] < |4
l-a 2 z-—a

z[n] = —a™ u[—n — 1] z[n] = —a™ u[—n — 1]

‘ —1<za<xl a< —1
Ll el

—5 —3
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z[n| = —a™ u[—n — 1] x[n] = —a™ u[—n — 1]
D<a<l a>1
-5 —4 -3 -2 -1 -5 —4 -3 -2 -1
\ [ 1 ) FTT "
L
Im{z}
ROC
Unit cirele /
:ff FIrjr.f \-_ '\.\II‘ \\lll
Re {z} : : : : Re{z}
VA 2] < |a ;o
B R PSP
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Z{a"u[n]} = © ,  ROC: |z| > |a|
zZ—a
Z{—a"u[—n—-1]} = © ,  ROC: |z| < |a,|
Z—a

= Note: It is possible for two different signals to have the same transform
expression for the z-transform X(z). In order for us to uniquely identify which
signal among the two led to a particular transform, the region of convergence
must be specified along with the transform.

* |n the general case, a rational transform X(z) is expressed in the form
B(z) _ K (2 =2)(2 = %) (2 —2y)

A(2) (P =p)®=Dy) (0= py)

The larger of M and N is the order of the transform X(z).

X(z)=K
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= Example 8: zTransform of a discrete-time pulse signal .
N-1 1— N |
X(2) = Z(l)z_n = —, ROC: |z| > () 4

]
N "-,._]._H T

X(2) = Nz_l(_ ! 5 It seems as though X(z) might have a pole at z =1

2 Z —

Zeros: z, =™ k=1 .-, N-1

Poles: z=1and p, =0, &k£=1 -+, N-1

The factors (z — 1) in numerator and denominator polynomials cancel each
other, therefore there is neither a zero nor a pole at z=1.
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» Example 9: z-Transform of complex exponential signal

o . o .
X(2) = Zejgonz_” = Z @z )" =
n=0 n=0

X(2) =

Z

Z —€

7€
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z[n] = e’ u[n]
1
1 -z

ROC: ‘ejQOz_l‘ <l= |z| > ]

Im {z}

T

Re {z}
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Properties of zTransform

k=—o0

Property z[n] X(2) ROC
Linearity az,[n] + bz,[n] | aX,(2) + bX,(2) OD(R,NR,)
Time shifting z[n — k] X(2)zk R + {0 or oo}
Time reversal [ —n] X(z1) R
Multiply by exp. [n]an X(2/ a) lal R
Differentiate in 2 nan] —2dX(2)/dz R
Convolution z,[n] *z,[n] X,(2) X,(») D (R,NR,
Summation > alk] ) i - X(2) S (RN (z>1))
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» Example 10: z-Transform of a cosine signal
z[n] = cos(Q,n)u[n]

1 1 _;
COS(QOn)U[n] 2 ‘7 Onu[n] » —e JQOnu[n] Im {z}
1 | 1 | Unit cirele 27 ROC
Z{cos(QQyn)u[n]} = 5 Z{e’ " y[n]} + 5 Z{e " y[n]} \‘ X
1/2 1/2 — cos(£2, 2 ,
- jQ, -1 t —iQ, -1 ( 21 :'-. O“f‘.—‘;!? ,'i Re{s)
1—-e""z l—e 72 1 2COS(Q ICE

2[z — cos(Q2
= — [ (€3] ROC is || > 1 |9

—2c08(Q)z +1 =1
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= Example 11: z~Transform of a sine signal

z[n] = sm(Q,n)u[n]

. 1 . D

sin(Qn)u[n] = — M y[n] - i,e By ]
2] 2]
. 1 JQn 1 —71Q.n
Z{sin(QHu[n]} = — Z{e " uln]} — —Z{e " u[n]}
2] 2]
1/2; 125 sin(Q )z~
1=zt 1—e Pyt 1 2005(90)2_1 + 27

B sin(€2,)z
i 2¢08(Q2;)z +1

ROC is |7 > 1
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= Example 12: Multiplication by an exponential signal

z[n] = a"cos(Q,n)u[n]

2[1 - cos(€2,)]

:E[n] = a,nﬂf [’]’L] X (Z) = Im {z}
e : P 2c0s8(Q2;)z +1
Unit cirele ROC
2[z — acos(€2)] X
X,(2) = X,(z/a) = : A g
2" —2acos())z + a
LN & '
~—0——— Re {2}
The transform X(z) has two poles at: SO/
2 = ae™™ = ROC: |z| > |a| 57 27,
4% 2| = |al
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= Example 13: Using the differentiation 'property
an] = na™ u[n]
Z

Z{a"u[n]} = —— ROC: |z| > |a|

X(2) = (- 2) L2 . ROC: || >]q

dz2—a (z—a)
z-Transform of a unit-ramp signal 2{n] = nu[n]

az 7
(z — a)2 N 1)2 ’

Setting a=1= X(z) = ROC: |z] > 1
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= Example 14: Using the convolution property
T, n] =1 ATL , 3,2, 1}, x[n]={ % , 7,4}
n=0 n=0
Determine z{n] = z,[n] * z,[n] using z-transform techniques.
X, () =4+ 327 +2277 4270, Xy(2) =3+ T2 +477°
X(2) =X, ()X, (2) =12+ 372" +4327° +2927° + 152" + 427°
z[n] = { 1T2 , 37, 43,29,15, 4}

n=0

» Example 15: Finding the output signal of a DTLTI system using inverse

z-transform
h[n] = (0.9)" u[n], on]= u[n] — u[n—"7]
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H(z) = Z{h[n]} = ——, ROC: |z| > 0.9
2 —0.9
0 2" —1
X(z) = Zz‘” =1+ +27% +27 + 2 420+ 270 = - ,  ROC: |z| > 0
n=0 4 (Z - 1)

Y(2) = X(2)H(2)
=H)+2 " HR)+ 2 HR) + 2 H(Z) + 2 'H(2) + 2 "H(2) + 2 °H(2)

y[n] = h[n]+ h[n —1]+ h[n — 2]+ A[n — 3]+ h[n — 4]+ h[n — 5] + h[n — 6]

y[n] = (0.9)"u[n]+ (0.9)"  u[n — 1] + (0.9)" *u[n — 2] + (0.9)" *u[n — 3]
+(0.9)" *u[n — 4]+ (0.9)"u[n — 5] + (0.9)" °h[n — 6]
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Initial and final value Theorems

Initial and final value properties of the z-transform applies to causal signals only.

Initial value: z[0] = lim X (2)

Z—>0

Final value: lim z[n] =lm(z —1)X(2)

n—>0 z—1

» Example 16: Using the initial value property

32° +22+5
22° — 72" +2—4
Determine the initial value 2{0] of the signal.

3
2[0] = lim ?Z)Sz +22+5 :§
20925 — T2 +2—4 2

X(2) =
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3. Inverse Z-Transform

» Recall that the inverse z-transform z of X is given by:
z[n X(2)2"dz
[n) 27”95 (2)

where I' is a counterclockwise closed circular contour centered at the origin
and with radius r such that I" is in the ROC of X.

= Unfortunately, the above contour integration can often be quite tedious to
compute. Consequently, we do not usually compute the inverse z-transform
directly using the above equation.

= For rational functions, the inverse ztransform can be more easily computed
using partial fraction expansions.
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» Example 17: Finding the inverse ztransform using partial fractions
X(Z) _ (Z o 1)(Z + 2) Unit circle Im {z}
(z —1/2)(z - 2) \
X(z) (r-D(z+2) -2 2 4
= = + + o X—6—X— Re{z}
2(z=12)2-2) 2z (2-%) (2-2) = 72,1 2

Z

X(2) = -2 + 3%, 57 = X (2)+ X, (2) + X.(2)
T ey T

X, (%), is a constant, and its ROC is the entire z-plane. z,[n] = Z'{ -2} = —26[n]
The ROC of X(2) will be determined based on the individual ROCs of the

terms X,(z) and X;(z). Three possibilities:
2023-2024 27/30
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Possibility 1: ROC: |2] < 72 i {2}

ROC for X, (z)

Im {z}

Unit cirele

ROC for X5(z)

Unit circle 2l e 2| <2
X,(2) and X,(z) must correspond 1\ i \\ 2
to anti-causal signals. We need: L
=: :: 5 ::-( :: Re {z} f '. i :X Re {z}
ROC for X;(2): |2 <2 ~ Overlap ‘
_ _5(1}\" L
xQ[n] T _§(§) U[_n_].] Im {z}
A ROC for X (2)
ry[n] =-2(2)" u[ —n —1] - %\ <3
— 95 5(1)" & 4(9)" 1 /
2[n] = -26[n] - | §(3) +5(2)" |ul-n-1] O 1 A N
zn]=1{---,—953.375, —26.75, —13.5, - 7, — 4, —TZ }
n=0
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Possibility 2: ROC: |z| > 2 tm {2} i {2}

ROC for X5 (=) Unit ¢ircle ROC for X5(2)

X,(2) and X3(2) must correspond L\l >4 \ >
to causal signals. We need: e

¢ # = A ] " 4 !

il \ 1 | 1 1 ¥
2 H Re {z} : ; & .’ % Re {z}

4 # i

ROC for Xa(2): 14 > 72 o~
ROC for X;5(2): |2 > 2 }Uu \

z,[n]=4(3) uln] e

4 Unit circle | _"PtU(.' for X (2)

zy[n] = 5(2)" uln] e

o{n]={1,3.55.75,8.208,13.385, ---}
i

U

™% ! ]
X—o—%— Re {2}
# i I

n
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Possibility 3: ROC: 2 < 2] < 2
X5(2) and Xj5(z) must correspond
to noncausal signhals. We need:
ROC for X5(2): |2 > 72

ROC for X5(2): |7 <2

Ly
ool
Im {=}

A ROC for Xs (=)
Unit circle

\ 72
o = ~

# -

2 rd “

i A, 1

; Wt Re {

1 r 1]

i <y
/, x\%‘b\b

Im {2}

T
L
-
.
LY
%,
4
bt
L

ROC for X3 (2)

iz| < 2

_ 5(1)"
562[7?/] — 3 (2) u[n] Im {z}
n ROC for X5 (2)
. 4 Unit cirele | L o izf <9
Ta[n] = —5(2) ul —n —1] \ % |
2[n] = -26[n]+ 2 (L) u[n] - 4(2)” ul —n —1] )
L 312 3 T X% Re{]
aln] = {+, 0333, - 0.667,-0.333, 0.833, 0.417, -} .~~~
n=0
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