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2.2.1 Coordinate Transformation SLSlasl gy 1.2.2
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2.2.1 Coordinate Transformation SLSlasl gy 1.2.2

7:0sdA — (0,dA cos @) cos @ — (TxydA coS (p) sin @ — (aydA sin (p) sin @ — (Tydi sin (p) cosp =0

N:iTgndA + (0,dA cos @) sin g — (TxydA COS cp) CoS @ — (aydA sin go) CosS ¢ + (Tydi sin go) sing =0
B alasll e sle¥) 5uSie e o pramtlls A (e @euatllis Ty = Ty, oLy ¢

O = Oy COS @ + 0y, sin % + 2T,,, Sin ¢ cos ¢
Ty = —(0x — 0y) SIn @ Cos @ + Ty, (cOS? @ — sin® @) >
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S AL\ 6% g O; = 0, COS % + 0y sin?@ + 21,,, sing cos ¢, 3 O-i;;Txy
b/ ﬁ'x Oy = Ox SIN?@Q + 0y, OS2 — 2Ty, COS @ Sin g, ﬁxax%. P Oy
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oy = %(ax + ay) — %(ax — O'y) COS2( — Ty, SIN2¢,
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2.2.1 Coordinate Transformation (Summary & Caution) (dtisg pazels) LS|y dij:ﬁ 1.2.2
A Jgmll lBe 359 Lnass Laiyig 5T J) alads (e slad

1 1 _
Os = E(O'x + ay) + E(O'x — ay) COS2¢ + Ty SIN2¢,

1 1
oy = E(O'x + ay) — E(Ux — ay) COS2¢p — Tyy SiN2¢,

1
Tep= —5 (ax — O'y) Sin 2¢ + Ty, COS 2¢ .
0
: Ty On oy
Take ¢ = 0:0; = 0y, 0, = 0y Tgy = Ty, buttake ¢ = /2:0; = 0y, 0y = Oy, Ty = —Tyy.
Take ¢ = m: 0y = 0y, 0y = 0y, Tz = Tyy, buttake ¢ = 3m/2:0; = 0y, 0y = 0y, Teyy = —Tyy

Take p = + /4 :0F = %(O’x + ay) + Ty, Oy = %(ax + ay) F Toy) Ten = ?%(ax — O'y).
Take p = +37m/4:0; = %(ax +0y,) F Tyy oy = %(ax +0y,) £ Ty, Tey = i%(ax —ay).

Sl e sl 850 JSAT (Syino of lie) B Bl 3l LS 0 Lpd a0 Agl3)l ooy abolia ams Ja s ¥ al ) Jlsdls
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Example 2.1
The state of plane stress in a metal sheet is given by: 0, = — 64 MPa, 0, = 32 MPaand T, = —20 MPa.

y
a) Display these stresses acting on an X — y system element. Then determine
b) The stresses in a section which is defined by ¢ = —30°,

c) Display these stresses acting on the two directions defined by ¢ = —30Y.

= 2oy + 0y) +3(0x — 0,) COS 20 + Ty, Sin 20,
0, = 5(0x + 0,) — 5(0x — 0,) COS 20 — T,y sin 29,
—(0x — 0y) sin2¢ + 1,y cos 2¢0..

~
I
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2.2 Plane Stress

We will now examine the state of stress in a disk. This plane structural element has a thickness rmuch

smaller than its inplane dimensions and it is loaded solely /nits plane by in-plane forces (Fig.e).

The upper and the lower face of the disk are load-free. Since no external e V /

—
forces in the z-direction exist, we can assume with sufficient accuracy that
also no stresses will appear in this direction: 7,, = 7, = 0, = 0. / F;

Because of the small thickness we furthermore can assume that the stresses

B
0y,0, and Tyy = Ty, areconstant across the thickness of the disk. Such /

a stress distribution is called a szare of plane stress.

In this case, the third row and the third column of the stress matrix vanish and we get
o — [Ux Txy]
lxy Oy
In general, the stresses depend on the location, i.e. on the coordinates xand y.

In the special case when the stresses are independent of the location, the stress state is called homogeneous.

M
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2.2.1 Coordinate Transformation f

Up to now only stresses in sections paraIIeI to the coordinate axes have been
considered. Now we will show how from these stresses, the stresses in an

arbitrary section perpendicular to the disk can be determined.

For this purpose we consider an infinitesimal wedge—shaped element of

thickness zcut out from the disk (Fig. f).

The directions of the sections are characterized by the X , y - coordinate system and the angle ¢.

We introduce a & , 1) -system which is rotated with respect to the x, y-system by the angle ¢ and whose ¢ - axis is normal to

the inclined section. Here ¢ is counted positive counterclockwise.

According to the coordinate directions, the stresses in the inclined section are denoted as O¢ and Tep. The corresponding
cross section is given by dA = dn t. The other two cross sections perpendicular to the y- and x- axis, respectively, are
dA sin ¢ and dA cos @. The equilibrium conditions for the forces in - and in 7)-direction are

7:0¢dA — (0,dA cos @) cos @ — (TxydA COS <p) sin @ — (aydA sin (p) sin @ — (Tydi sin (p) cosp =0

N:TgndA + (0xdA cos @) sin @ — (TxydA COS go) CoS @ — (O'ydA sin (p) cos @ + (Tydi sin go) sing =0

0z = Oy COS g + 0y, sin %@ + 2T,,, sin ¢ cos ¢
Taking into account Tyx = Tyyowe

et Xy Ty = —(0x — 03) Sin @ €os @ + Ty, (COS* @ — sin® @)

i 4/22/2024 https://manara.edu.sy/ 11



Additionally, we will now determine the normal stress O'nwhich acts in a section with normal pointing in N-direction.

The cutting angle of this section is given by @@ + 7T/ 2. Therefore, Opis obtained by replacing in the equation of 0y,
the angle @@ by @ + T /2. Recalling that cos(@ + m/2) = — sin @ andsin(¢ + m/2) = cos ¢,
We obtain: 0p = 0y sin2@ + 0, cos 2 — 2T,,, cos @ sin ¢
Usually the last three equations are written in a different form. Using the standard trigonometric relations:
cos?p —sin?¢p = cos2¢, cos?p = %(1 + cos2¢), sin?@ = %(1 —cos2¢), 2sinpcos@ =sin2¢p  Weget

1 1 :
Os = E(Gx + ay) + E(O'x — ay) COS2¢ + Ty, Sin2¢,

1 1 |
oy = > (ax + ay) 3 (ax — ay) COS 20 — Ty, Sin 2¢0, ¢ Oy
1 .
T = -3 (0 — 0y)sin2¢ + 7, cos 2¢0 . o¢ . 4@ . Txy
Tgn n O-y
Take ¢ = 0:0; = 0y, 0, = 0, Tgp = Ty, buttake ¢ = /2:0; = 0y, 0 = Oy, Teyg = —Tyy.
Take ¢ = m: 0y = 0y, 0y = 0y, Tgy = Ty, buttake ¢ = 31m/2:0; = 0y, 0y = 0y, Teyy = —Tyy,

These are called transformation relations for components of stress from the system X, ) to the system &, 7).

It is important to emphasize that either groups of the stress components represent the same state of stress at the studied point.

12
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Additionally, we will now determine the normal stress O'nwhich acts in a section with normal pointing in N-direction.

The cutting angle of this section is given by ¢ + 7'[/2. Therefore, O'nis obtained by replacing in the equation of O'n,
the angle @@ by @ + T /2. Recalling that cos(@ + m/2) = — sin @ andsin(¢ + m/2) = cos ¢,

We obtain:

_ (2 2 -
gy = Oy SIN“Q + 0, COS “@ — 2Ty, COS ¢ Sin ¢

Usually the last three equations are written in a different form. Using the standard trigonometric relations:

cos?p —sin?p = cos2¢, cos?p = %(1 + cos2¢), sin?@ = %(1 —cos2@), 2singcos¢ =sin2¢

1 1 :
Or = E(O'x + ay) + E(ax — ay) COS 2 + Ty, Sin 2¢,

1 1

oy = > (O‘x + ay) — E(O'x — ay) COS2( — Ty, SiN2¢,
1

Tep= 5 (ax — ay) Sin 2¢ + Ty, COS 2¢.

These are called transformation relations for components

of stress from the system X, Y to the system &, 7.

It is important to emphasize that either groups of the
stress components represent the same state of stress at

the studied point of the disk.

4/22/2024

We get:

A quantity whose components have two subscripts and which
are transformed from one coordinate system to a rotated
coordinate system, by similar rules to the here seen, is called a
second rank tensor.

Adding the first two equations of these equations, we obtain
O + 0y = 0y + 0y,

Thus the sum of the normal stresses has the same value in each
coordinate system. For this reason this sum is called an invariant
of the stress tensor.

It can also be verified that the determinant 0,0, — T,%y of the
matrix of the stress tensor is further invariant, that is

N © S
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We finally consider the special case of equal normal stresses (O‘x = O'y) and vanishing shear stress (Txy = 0)

in the X, Y system. The equations

1 1 _
Os = E(Ux + ay) + E(Ux — ay) COS 20 + Ty, Sin 2¢,

1 1 :
oy = E(O'x + ay) — E(O'x — ay) COS2¢ — Tyy Sin2¢,
1
Tep= 5 (ax — ay) sin 2¢ + Ty, COS 2¢ .
Show that:

Oz = Op= Ox= Oy, and Ty = 0

Accordingly, the normal stress for all directions of the sections are the same (independent of () whereas the shear stresses

always vanish. Such a state is called Hydrostatic because it corresponds to the pressure in a fluid at rest where the normal

stress is the same in all directions.

M
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We finally consider the special case of equal normal stresses (O‘x = O'y) and vanishing shear stress (Txy = 0)

in the X, Y system. The equations

—_

1 1 :
Of = E(Ux + ay) + E(O'x — ay) COS2¢ + Ty Sin2¢,

1 1 . — SOy _ .
oy =5 (ox +0y,) — > (0x — 0,) COS 29 — T,y sin2¢, |~ Show that: g = 0= 0x=0y, and 7 = 0

1
Tep= 5 (O'x — O'y) sin 2¢ + Tyy, cOS2¢. |

Accordingly, the normal stress for all directions of the sections are the same (independent of () whereas the shear stresses

always vanish. Such a state is called Hydrostatic because it corresponds to the pressure in a fluid at rest.

A quantity whose components have two subscripts and which are transformed from one coordinate [ Oyx Txy]
g —

system to a rotated coordinate system, by similar rules to the here seen, is called a second rank tensor. Ixy Oy

Adding the first two equations of these equations, we obtain o + 0y = 0y + 0y,

Thus the sum of the normal stresses has the same value in each coordinate system. For this reason this sum is called an
invariant of the stress tensor.
It can also be verified that the determinant 0,0, — T,%y of the stress tensor is further invariant, that is

2 2
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2.2.2 Prmapal Dlrectlons and Principal Stresses 4wyl lsba¥ls olales¥] 2.2.2
(ax +0y,) + = (ax 0y) €OS 29 + Ty, sin2¢, | & Oe 0y &g sl wlSie ool sda Jigmddl SEMe (ns
.Mj)..xl\ aasdl L,? &Ia.n_” N ES{ RS (._.9.” @ 4733}” bs\j_a
{ Sble § coda sla¥l GlS e Jazs sl &gl sia @ud (e (¥ il
Tén= ) (Ux - 03’) SIN2¢ + Tyy cOS2¢. UL sda olusd audly Grie 9l a8 Lus

o :E(ax+ay)—E(Jx—ay)cos&p—rxysinZ(p, _

: ‘ do d

ol a2l Jo¥1 cnxddlall slacals .—; =0& di(; = 0:casll e 3any Lodie La> Blg 05 & Oy bl slay) 11850 415 .1
Ten= = 03155 el oz 2] 28Mall ao Lsylaass . (ax — O'y) Sin 2 + 2Ty, €0S 290 = 0:L13 8,Ladl ) (s landy cndsLad! cnbs 211

2T ; .
- xyg oo e el L) S yall (6 paiall of G ASI Bpued) Bagdll s (@1 @ = @ Lol () i Gew Los

x — Oy " N

Legle 45 cuaalaie cralesl oladles c @F & @F + /2 (licd azssclldd ctan 29" =tan(2¢" + m) s "tan” mldl jes ga T oK Wy
Loaie ails Joall pudazad «coli O 4 O gaazell 0 Loz L Lasg . gwlall sla¥ 4850 Leadtie auaisy $piim of 68 Alg bl sl 1S
Sxie il @ 631 0655 S Ll sl (Sl (g alis

dt
:;77 = O:Mum%»@w Tep TIPS Y 21.,5).4’&\.,3.2

7 fov s <ALl 48 1l (6 piuntl of (GAST Ayl daglll suxs S @ = @ Lol ol guiiad Leag
Xy

P =@ /420" =207 £ /2 i minui 4w fan2" = —1/tan2¢" i tan 2™ wtan 297 w)la,
(B lg Atlie Aud e 3Loxe¥l (aslsl) ol sumeally lass AN Auass 11 Slslea¥ o (o Slalas¥| st piLadl Ciglud 1 i,

tan2¢" =

—(O‘x — ay) COS2Q — 2Ty, SIN2¢0 = 0 )1 s 5,51 A8Matl Blanils .
Oy — Oy

tan 2¢p™"
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_ — . 1 1 :
fila) = acccl)sa + b51lr)1a = ccos(a £ f) s —E(O'x +0y) = ( E(O'x — 0y) COS 29 + T,y SiN 2¢0 >,
Where:cos,B=Z,sin,8=2,c=\/a2+b2 . )
f>(a) = asina + b cosa = csin(a + B) ] Un_5(0x+ay) :_(E(Ux_ay)coszﬁo+Txy5m2‘P>'
: _2 op=L o212 1 :
Where:cos g = —,sinf =—,c =va? +b —Tgp= E(ax—ay)stga—Txyc052<p.
1 Oy — Oy _ Ox — Oz Gx;Gyc052<p+rxysin2<p Or— N2 *
Os — E(O'x + ay) = COS 2¢0 + Ty SiN 2¢ = ( > ) + Txy = = ( 5 ) + Tyy cos(2¢ — 2¢7)
I
2 oy
Ox — Oy | Oy — 02 Gx;UysinZgo—rxycosZ(p Ox — O\, )
Tep= —( > sm2<p—'rxyc052<p)=— ( > ) + Tyy > = — ( 5 ) + 72, sin(2¢ — 2¢")
JE7)
2 xy
Ox — 0y)/2 Ox — 0y)/2 T T —g\ 2
cos 29" = (=02 _(0x=))/ & sin2¢* = =2 =—2 Where: Trpqy = (Gx Gy) + 12
T, — Oy 2 Tmax O, — O\ 2 Tmax max 2 Xy
b y 2 X Y 2
( 2 ) + Txy ( 2 ) + Ty
ox + 0y, .
O0¢ — 2 = Tmax COS(2<P —2¢ ):
Ox t 0y _ i
Un _ 2 = “Tmax COS(ZQD y 2(.0 );
—Ten= Tmax SIN(2Q — 2¢7)
i 4/22/2024 https://manara.edu.sy/ 17
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2.2.2 Principal Directions and Principal Stresses

1 1 _ -
Os = E(Ux + ay) +§(0x — ay) COS2¢ + Ty, Sin2¢,

1 1
oy = E(O'x + ay) — E(O'x = ay) COS2¢ — Tyy SIN2¢,

1
Tep= —5 (ax — ay) sin 2¢ + Ty, COS2¢ .

Then the stresses O, 0, & T¢, depend on @

(direction of the section).
We now determine the angle for which these stresses
have maximum and minimum values and we

calculate these extreme values.

1. Normal stresses reach extreme values when do¢ /d¢@ = 0 ordon/d¢ = 0, respectively. Both conditions lead to:

—(O'x = O'y) sin 2¢ + 27,y cos 2¢p = 0. Hence, the angle (¢ = QD* that leads to a maximum or a minimum is given by

tan 29" =

2Ty

Ox — Oy

The tangent function is TT-periodic: tan 2¢ ™ = tan(2¢™ + 7). Therefore, there exist two directions of the sections,

* * . . . . e
@* & @* + 1/ 2, perpendicular to each other, for which the normal stresses are maximum or minimum.

These directions of the sections are called prinapa/directions, and the two normal stresses corresponding to these

directions acting on theses sections are called prina;na/ stresses.

To distinguish normal principal stresses corresponding to principal directions @ & @~ + /2, they are labeled: 01 & 05.

Using this notation and the above equations they can be determined as follows:

M

4/22/2024
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2.2.2 Principal Directions and Principal Stresses (Cont.) tanZot = 2Txy

1 1 . = Ox — Oy
Vg = 2 (GX + O-y) + 2 (Gx - ay) Cos 2¢ + gy D 29, Using the following trigonometric relations
1 1 _ 1 i
oy =75 (o, + ay) 3 (O'x — ay) COS2(p — Tyy SIN2¢, - cos2¢* = YeTTET S
1 ¢ \/(ax—ay)2+4r,zcy
Tep= —5 (ax — ay) sin 2¢ + Ty, COS2¢ . _ . 2 tan 2¢* 212,
o SmZe = J1+tan *2¢* N 2, 4.2
1 , , \/(ax—ay) +47%,,
2 (Jx - 0-3/) 2Tyy

1
012 =35 (ox + O-y) + RiE
2 \/(ax — ay)z + 415, \/(ax — O'y)z + 415,

Ox T+ 0y Ox — Oy
£

2 2

If the angles @™ & @* + 1T/ 2, respectively, are introduced into the third equation of Tgp wefind Tgy =0.

Simplifying the two fractions to get:

2
012 = ) =y 01> 02

Thus, the shear stresses vanish in sections where the normal stresses take on their extreme (principal) values.
Inversely, when the shear stress in a section is zero, the normal stress in this section is a principal stress.

A coordinate system with its axes pointing in the principal directions is called principal coordinate system.

Its two axes are denoted by 1* & 2*, they are corresponding respectively to 07 & 0> (first & second principal stress: 01> 07).

pA

M
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. . 9 o, Ty

In next figures the stresses at an elementin the x, y - system \ \ _

. . . . —i
and in the principal coordinate system 1 & 2 are displayed. P .
After determining the extreme values of the normal stresses & the P 1 q—i T—n&-
associate{i directions, the extreme values of the shear stresses: \ y -
T= —5 (0x — 0y) sin 29 + 74, c0s 290, wiill be investigated 4 L}, ‘

b - a
2. Shear stresses reach extreme values when  dtg,/dgp = 0= —(O‘x — O'y) COS 2¢p — 2T,y Sin2¢ = 0
— /n** . , - Ox—0y

Hence the angle @ = "~ for an extreme value of the shear stresses, is obtained: tan 2™ = — o

Again this defines two perpendicular angles 0" & ™" + 1T /2 where the shear stress reaches maximum or minimum.
By comparing: tan 2¢* with tan 2¢™, we find that: tan2¢"™" = —1/tan2¢". = 2¢* = 2¢0* + 1/2 = ¢** = ¢* + /4
SO, the direction of the extreme shear stress is rotated by 45° with respect to the direction of the extreme normal stress.

The extreme shear stresses are obtained by introducing tan 2¢™*, into Tgy and using the same trigonometric relations:

Ox — Oy
Tmax — T (

B 2

Since they differ only in the sign (i.e. in the sense of direction) both stresses are commonly called maximum shear stresses.

)2+T§y

22
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Summarizing the results giving the principal directions and principal values and of

27T, Ox + 0y Ox — Oy\ »
normal stresses:  tan 2¢* = ——— Oy = + ( ) 4+ 72
Ox — Oy s 2 B 2 a4
Shear stresses: tan 2™ = — > Tmax = T > TTxy =X P (01 — 02)
Txy

Introducing @™ into the equations giving g & 0y, , leads to a normal stress in the sections where the shear stress is

maximum. We denote this stress as 0, itis given by

1 1
o =—(0 +a)=— o1 t+o0
v =2(0c +0,) =2(0, + ;)
Therefore, the normal stresses generally do not vanish in the sections with extreme shear stresses. Next figure shows stresses

in the x, y - system, 1,2 system and principal shear directions.

Oy 2 7> T / M
? Ty x \ \
- a\/

1

. ‘ f;.ygx B = /\

y \ 7;"[18..){
9 T b 7: c ‘:.‘. x - ‘F: I %
i 4/22/2024 https://manara.edu.sy/ 23




Example 2.1

The state of plane stress in a metal sheet is given by: 0, = — 64 MPa, O'y = 32 MPaand Txy = —20 MPa.
a) Display these stresses acting on an x-y system element. Then determine 1 1 _

i 5 > 0 asc=—(0x+ay)+—(0x—ay)c052g0+rxysm2g0,
b) The stresses in a section which is defined by @ = —30%, 2 2

&)

1 1
oy = E(O'x + ay) — E(ax — ay) COS2¢ — Tyy SIN2¢,

) The principal stresses and principal directions,

d) The maximum shear stress and the associated directions. i 1 in 2 2
Ten= 5 (O'x — ay) SIN 2 + Ty, COS 20 ..
Display the stresses at an element for each case.
i 4/22/2024 https://manara.edu.sy/ 24




Example 2.1

The state of plane stress in a metal sheet is given by: 0, = — 64 MPa, 0, = 32 MPaand 7., = —20 MPa.

a) Display these stresses acting on an x-y system element. Then determine

b) The stresses in a section which is defined by ¢ = —309, of = %(O-x +0,) + % (0 — 0y) cOS 200 + Ty, sin 20,

c) The principal stresses and principal directions, 1 1 _

d) The maximum shear stress and the associated directions. =32 (0 + ) _15 (0 — 6, ) cfs 20 — Erpeinde;
Display the stresses at an element for each case. Tep= =5 (0x — 0y) sin2¢ + 7, cos 2¢ .

oy = %(O'x + ay) — % (ax — ay) COS 2 — Tyy Sin2¢ = —9.32 Mpa

Solution: ‘)/ b) Y
) = | e 1(—64 +32) + - (—64 — 32) cos(—60°) + (—20) sin(—60°) ‘ TAX 9.32
§77 2 ¢ 22§/ X
51.6
51.6 /<
MPa

= —22.7 MPa
22.7

Tep = — % (ax — ay) sin2¢ + 74, cos2¢ = —51.6 MPa

9.32

7
Y
2T 2(—=20)
c) % Xy L : : 1y -1 0 0
tan 2¢* = =P | direct te" =5t —— | =11.3"&101.3
an 2@ P rincipal directions at ¢ > tan (—64 — 32) 247\{_'

36‘\
* 68
o, + O o, — O
with gy, = = yi\/(u)2+r,%y=—16152:01=36MPa& o, = —68 MPa 68—

2 2
16
>¢>'

52 16 \
@™ = @* +45° with 7,4, =52 MPa & oy = —16 MPa 2& X V>I—’X

1 52 16

d) maximum shear at

i 4/22/2024 https://manara.edu.sy/
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