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5.1 Exponential functions

Definition: The number e , sometimes called the natural number, or Euler's
number is defined by e = lim (1+4)"" ~ 2.718281828

h—0

Definition: The exponential function e* is defined

2 5]
for all x € R by f(x):e$=l+x+$ 2
2! 3
Note: 2 3
() —O+1+2x ] T R Wl Ly

21 3 21 3

Theorem: The derivative of the function f given
by ) = e*isitself f'(z)=f(x) or (e") =e¢"

Note: e —e—1+1+1+1+
21 3

2)=7.30
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i(3«9%) = f’)ie‘f’j =3¢”
dz

dzx

di(xzex) = 2ze” +ze” = ze" (z +2)
T

di(ea:z—&l;) _ 6:62—555 (5132 _533)! _ 6x2—5x (2:13 _5)
i

-3

die“‘”z_:'; =e ‘”2_3(\/:132 -3 ’:e“‘”z_s%(x2 ~3) M. 2z = xez
2 x°—3
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5.2 Logarithmic functions
Definition: The Natural Logarithmic function Inz, is defined as follows

Inz=y<e’=2, x>0

Note: each function of ¢* and In z is the inverse
of the other
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Ine* = 2, for all ze R

énz= g forall x>0
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Theorem:

Inz exists only for positive numbers z. The domain is (0, «)
Inz<0forO0<zx<1
Inz=0when z=1

> Inz> 0 for z> 1
§ The function given by f(z) = Inz is always increasing. The range is the entire
§ real line, (—oo, ), or the set of real numbers, R.
S TR
SN Theorem: For any positive number z, —Inz =—
= dx x
>
O i(x2|r1x+5x) = i(:zﬁzlnx) +i(5x) =2z -Inz +2° i+5 =2z-Inx+2+5
dx dx dx x
1
Theorem: iInu =—d—u
dx u dx
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d

L n(? —5g) = 2522

dx 1% —5g

IN(AB)=InA+InB A, B>0

In%:InA—InB A B>0

d z°-5 d : d : d 2z 1
In = IN(z° -5)—Inz |=—In(z“-5)——Inz =
dz T dx[ ( ) ] dz ( ) dx i
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5.3 Inverse Trigonometric Functions
Definitions: The Inverse Trigonometric Functions
The inverse sine function:
y = arcsinz = asinz =sin "'z <z =siny, —1<z <1 and —% <y< %
The inverse cosine function:

y = arccosz = acosz =C0S ¢ < z=Cosy, —1<z<land 0<y<nx

The inverse tangent function:
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y:arctana;:atan:c:tan‘lx<:>:z;:tany, —o < <o and —%syg%

costE_Z cos‘l(—ljzziZ e, o1 1 7
2 3 2 6 2

1
3 V3 6
sin~0.3~ 0.305 [2020-2021°
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y = arccotz = acotz = cot 'z < z =coty, —o<z<cwand0<y< 7w

> T
Yy = arcseCx = aseCx = seC 1£B<:>£E=SeCy, z|>2land 0<y <, y;éz

— T T
y = arccscz = acscz = CSC 'z <> x =CsCy, |z|>1and — o Sysn y #0

= 2
S
s Properties of Inverse Trigonometric Functions
Q
§ If —1<z<1and ) == T then sin(arcsing) =2 and arcsin(siny) =y
3 T
S I 2 <y< > then tan(arctanz) =2 and arctan(tany) =1y
s
if |z{>1and 0<y< % % <y<r, then sec(arcsecz)=x and arcsec(secy)=y

arctan(2z —3) = % < tan[arctan(2x - 3)] = tan% S 2r-3=1=>x=2
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} y = arcsin x } k Y = arccos .1'J E l}' = arctan x
___________ L
2
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T |
z -2 -1
Domain: [—1, 1] Domain: [—1. 1] Domain: (—20, o0)
Range: [—m/2. m/2] Range: [0, 7] Range: (—m/2, m/2)
¥ ¥ ¥
A | ¥V = arccsc _1'J A h. — arcsec 'TJ A [T — arcoot x|
___________ ﬂ'______________

N

T
e TN

| .
-1 | 2 2
-2 -1 1 2

Domain: (—o0, —1]JU[I, c0)
Range: [—m/2.0) U (0, /2] Range: [0, m/2) U (/2. n]

Domain: (—oo, —1]JU[1, o) in: .
Range: (0, ) | 2020-2021
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Derivatives of Inverse Trigonometric Functions
Let u be a differentiable function of z

/ /

d . U —U
—arcsinu = —arccosu =
o dx V1—u? d V1-u?
= d u' d —u'
~ —arctanu = > —arccoty = >
N dx 1+u dx 1+u
% Y g W Y ey —u
Eﬁ dz |u|\/u2 -1 dz |u|\/u2 -1
g
\> d . 2 d 2 233
O —arcsin2z = —arctanz” = ]
dx 1— 422 dx 1+
2e°" 2

d
—_arcsece®” =

dx 6233 /6456 1 N /64:5 1

| 2020-2021



Calculus 1 (CEVC201): Some Special Functions

N
S
&~
Q
Q
S
N
<
SN
=
=
QO

5.4 Hyperbolic Functions

Definitions: Hyperbolic Functions

T —T
i € —€
shz =sinhz =
T S
e +eée
chx = coshz =
sinhz
thz =tanhx =
coshz
cosh’z —sinhz =1
. 5133 5(35 5137
sinhz=x+—+—+—+--
31 5 7
2 4 6
T T €T
coshr =1+—+—+—+--
21 41 6l

1

cschz = — . x>0
sinhzx
sechz =
coshz
cothz = x>0
tanhz
cos’z +sinz =1
. $3 5(35 5137
SINgE=0——+———+---
3 5 7
2 4 6
i T i
cosr=1-—+———+---
21 41 @6l
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[ ]

et
x) =% . .

f® =511 T ./ |y=sinhx
ey - . _I - X

F ——=f=
-2 -1 Slssr 2

14 —x

.f —_— F
/ ‘g{.r}— -5
[ F4

Ny I

7

Domain: (—oe, o0)
Range: (—oo, o0)
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y=cschx = 1

sinh x

Civil Eng

Domain: (—oo, 0) U (0, o0)
Range: (—o0,0) U (0, o)

-‘.‘.'
A
k/ﬁ
- ] ) -

I I
-2 -1

-1+

21

Domain: (—oe, o)
Range: [1, o©)

v=sechx = I
: cosh x

Domain: (—o0, o)
Range: (0, 1]

-“

r,

3
7

| y=tanh x

| i | =X
-2 -1 | 2
_—_ _ _'I__ _________
-2+
Domain: (—oe, o)
Range: (—1,1)
\
y=cothx = —1_]1;"
: tanh x [
________ 1________
! I I =X
-2 -1 1 2

Domain: (—oo, 0) U (0, c0)

Range: (—o0, —1) U (1, 90)| 2020-2021
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Differentiation of Hyperbolic Functions
Let u be a differentiable function of z

isinhu=coshu-u’ icothu:—cschzu-u’
dx dx
d . . d ,
—coshu =sinhwu - u —sechwu = —sechwu -tanhwu - u
dx dx
d 2 ' d !
—tanhu =sech“u - u —cschu =—-cschw -cothw - w
dx dx
2 sinh(z? —3) = 2zcosh(z? —3) Dn(coshz) = ™2 _ tanhg
dz dz coshz

di[:z;sinha; — cosh:z:] = gz coshzx +sinhx —sinhx = zcoshzx
i
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5.5 Inverse Hyperbolic Functions
sinh ™'z = In(z +Vz° +1) (—o0, )
cosh™z = In(z +vz* -1) [1, )

=
= 1 1. 1+x
= tanh "z =—In—— -11
é 2 1-=zx ( )
§ 1 +1
= coth 2z == In 2= (=0, 1) U (L, )
Eﬁ 2 x-1
- [ 2
= sech™g = In Y17 (0,1]
(_j T
/ 2
cschllen[1+ 1|+|:1: ] (—0,0) (0, )
xr xr
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y ¥ v
[ A L
3T [.‘*' =sinh~!x 3T [_‘t' = C:}sh“x] i 31
2+ N\ 2+ N\ 2+
: | N 1
1+ 1+ RE
| |
—+— —t+—+—>% —+— —t—x ——] ——F—x
-3 -2 | 23 -3 -2 -1 | 23 -3 -2 -1 1 2 3
T 1T [T
= 3+ 3+ -3+
\2 |
Q Domain: (—00Q, 00) Domain: [1, 00) Domain: (—1, 1)
§ Range: (—0o0, 00) Range: [0, o0) Range: (—020, 00)
=
m y y ¥
: ! | A
Q 3- 3+
< 2 _ : 24+
\ y— /e : |
~ 1+ BE
‘ﬂ ] | | | | I
w ] ] | | —= X j | | |
. 1 2 3 | !
-1+ :_1 1 :
24 2t
3+ N
Domain: (—22, 0) U (0, 00) Domain: (0, 1] Domain: (—%2, —1) U (1, 09)

Range: (—00,0) U (0, ) Range: [0, 00) Range: (—00,0)U (0,00) 2020-2021
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Derivatives of Inverse Hyperbolic Functions
Let u be a differentiable function of z

!/ /

isinh‘lu AN icoth‘lu e
= dz u® +1 dz u® -1
S iCOSh_lu ™ isech‘lu el
§ dz | dz uN1—u’
S d ' d —u'
= — tanh 'y = — csch™u =
= d 2
K= —sinh ™2z =
> dx Jaz?+1
2
itanh_lx3 = = >
dx 1-z
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