Third Week
Combinational Logic Design

Logic Synthesis
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Overview o)l_s

* Problem solution methodology
* Minimization techniques

* Algebraic Minimization

e Karnaugh Map Minimization

* Quine-McCluskey Minimization

Ktt P AAYG YA e edRitsy/


https://manara.edu.sy/

Va

Design Methodology &

* We start with some form of a problem statement
* Usually just text; ambiguous, poorly stated

* We must produce a design representation
* S.A. expressions, minimized

* The primary problem we have is first to concisely define the true
problem we are to solve

* Define the “system” requirements
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Design Methodology {€ont.)

e Step 1) - Break down the problem statement
* |dentify system inputs and outputs
e Extract the stated input-output relationship(s)
 State the above as system (black-box) level requirements. BE PRECISE!

 Step 2) - Perform initial system definition

e Define interface variables and representation
 If representation is not defined in problem statement, make preliminary assignment

* Restate I/O relationship as algorithm, equation, simulation, etc.
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Design Methodology {€ont.)

 Step 3) - Translate relationships to logic representation
* Construct truth table, generate S.A. expressions
* This is the formal statement of the |I/O relationship(s)

 Step 4) - Generate minimal set of logic expressions
e Rapid prototyping development tools
e Karnough maps, Quine-McCluskey, etc.
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Bgt@ I EQtMtE’ﬁ@sﬁE@l @rcm convert BCD to XS3.”

* 1) We need to restate and translate this to specific requirements
* R1: The circuit shall input one BCD digit
* R2: The circuit shall output one XS3 digit
* R3: The XS3 output shall be the equivalent decimal value as the BCD input value

BCD
digit

XS3
digit
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BCD to XS3 Example (d%nt.)

* 2) Now we need to define the intértfades in detail
* We know that the input is one decimal digit in BCD representation, i.e. 4 bits, b,, b,, b;, b,
* The output is one XS3 decimal digit, which is also 4 bits, x5, x,, X;, X,
* Since these are well known representations, we don’t need to explicitly define them
* 3) Now we use a truth table to define the logical input/output relationship
* Only 10 out of 16 possible input combinations are defined
 We'll assume last 6 won’t occur; are don’t cares
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Note: Don’t cares
can work to our

advantage during

minimization; we
can assign either

O or 1 as needed.

BCD to XS3 Example (&&Gnt.)
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BCR 10 X33 Example (gont

OW We can generat 'expres's)lons for the outputs; later we will
minimize them

X2 — b3b2 blbO + b3b2b1b0 + b_Sb_ZblbO + b_szb_lb_o + bSb_Zb_lbO
X, =b,b,b,b, +b,b,b,b, +b,b,b,b, + b,b,b,b, +b.b,b,b,
X, =b,b,b,b, +b,b,b,b, +b,b,b,b, + b,b,b,b, + b,b,b,b,
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*donl A

Logic Expression Minidfization

e Goal is to find an equivalent of an original logic expression that:
* a) has fewer variables per term
* b) has fewer terms
* ¢) needs less logic to implement

* There are three main manual methods
* Algebraic minimization
e Karnaugh Map minimization
* Quine-McCluskey (tabular) minimization
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Algebraic Minimizatiofis

* Process is to apply the switching algebra postulates, laws, and
theorems to transform the original expression
* Hard to recognize when a particular law can be applied
* Difficult to know if resulting expression is truly minimal

* Very easy to make a mistake
* Incorrect complementation
* Dropped variables
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Switching Algebra Law&iand Theorems

Involution:

X~ (%)
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Switching Algebra Law&iand Theorems
ldentity:

X+1=1 X-0=0
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Switching Algebra Law&iand Theorems

ldempotence:

X+ X=X X-X

||
X
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Switching Algebra Law&iand Theorems

Associativity:

X+(Y+2)=(X+Y)+Z
X(Y-Z2)=(X-Y)-Z

Ktt P AAYG YA e edRitsy/


https://manara.edu.sy/

Va

Switching Algebra Law&iand Theorems

DeMorgan’s Theorem:

X+Y=X-Y
X-Y=X+Y

General form:

F(-, —+, Xl’ Xn) — G(+1 "y Xl’ Xn)
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Switching Algebra Law&iand Theorems

Adjacency:

X-Y+X-Y¥Y=X

(X+VY) (X+Y)=x
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Switching Algebra Law&iand Theorems
Absorption:

X +(X-Y)=X
X - (X+Y)=X
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Switching Algebra Law&iand Theorems

Simplification:

X+(X-Y)=X+Y
X (X+Y)=X-Y
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Switching Algebra Law&iand Theorems

Consensus:

X-Y4+X-Z+Y-Z=X-Y+X-Z
(X+Y)(X+2)(Y+2)=(X+Y) - (X+2)
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DeMorgan’s Theoremsis

Very useful for complementing function expressions:
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Minimization via Adjat&ncy

* Adjacency is easy to use; very powerful

* Look for two terms that are identical except for one variable
eg A-B-C-D + A-B-C-D
* Application removes one term and one variable from the remaining term

A-B-C-D + A-B-C-D = A-B-C
(A-B-C)-D + (A-B-C)-D = A-B-C
(A-B-C)-(D+D) = (A-B-C)1 = A-B-C
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Example of AdjacencyiMinimization

Adjacencies

r P \/ P ‘ gy

X, = b,b,b,b, + b,b,b, b, + bb,b,b, + b,b,b,b, + b,b,b,b,

Duplicate m7 and rearrange

X, = b,b,b,b, + b,b,b,b, + b,b,b, b, + b,b,b,b, +b,b,b,b, + b,b,b,b,

Apply adjacency on term pairs

X3 = b_sbzbo + b_3b2b1 + bSb_Zb_l
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Karnaugh Map MinimiZation

e Karnaugh Map (or K-map) minimization is a visual minimization
technique
* Is an application of adjacency
* Procedure guarantees a minimal expression
e Easy to use; fast

* Problems include:

* Applicable to limited number of variables (4 ~ 8)
* Errorsin translation from TT to K-map
* Errorsin reading final expression
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K-map Minimization (§&nt.)

e Basic K-map is a 2-D rectangular array of cells
* Each K-map represents one bit column of output
* Each cell contains one bit of output function

* Arrangement of cells in array facilitates recognition of adjacent terms

* Adjacent terms differ in one variable value; equivalent to difference of one bit
of input row values

 e.2.m6(110) and m7 (111)
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Truth Table Rows and;; .

Standard TT ordering
doesn’t show adjacency

o

@]

minterr

N
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mO
ml
m2
m3
m4
m5
mo6
m7
m8
m9
m10
m1l
ml2
ml13
m14
ml5

jacency

Key is to use gray

code for row order
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minterr
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mO
ml
m3
m2
mo6
m7
m5
m4
ml2
ml13
ml5
m14
m10
m1l
m9
m8
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«0lding of Gray Code ffduth Table into K-map

0000
0001
0011
0010

0110 N
0111
0101
0100

1100
1101 AB

1111 cD 0001 11 10

1110 00

1010 01

1011 11

1001 10

1000
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K-map Minimization (&bnt.)

* For any cell in 2-D array, there are four direct neighbors (top, bottom,
left, right)

e 2-D array can therefore show adjacencies of up to four variables.

AB
CD 00

01

11

10

00

01

11

10

29 March 2022

Four AB . A .
variable C 00 01 11 10
K-map 0
Three ! } ¢
variable : - |
K-map
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Note different ways K-map is labeled

>5:03Rtt 58I PG IRAY E EXRIT3YPesien

A B D F
0 0 0 0 X AB | A

0 0 0 1 X

0 0 1 0 " CD 00 01 11 10
0 0 1 1 X 0 —»m0 m12

0 1 0 0 X 4

0 1 0 1 X

0 1 1 0 X 01 m5 4__m13I —1 »m9
0 1 1 1 X - 7

1 0 O O X 11 —5m7 m15

1 0 0 1 X C [T~

1 0 1 0 X 10 R

1 0 1 1 X m2

1 1 0 0 X B |

1 1 0 1 X B

1 1 1 0 X

1 1 1 1 X
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K-map Minimization g¥X,

Entry of TT data into K- map

b3 b2 bl bo X3

o 0 0 o0 0 AB

o 0 o0 1 0

o o 1 o 0 CD 00 01 11 10
0 0 1 1 0 000 0 - 1
o 1 0 0 0

o 1 o0 1 1 o1

o 1 1 0 1 0 1 - 1
o 1 1 1 1 -

1 0 0 0 1 Tt 0 >1 - -
1 0 o0 1 1 I N

1 0 1 0 - 10 \‘0 1 ) )
1 0 1 1 -

1 1 0 0 - -

1 1 0 1 -

1 1 1 0 -

1 1 1 1 -

29 March 2022

Watch out for ordering of 10

and 11 rows and columns!
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G rO U pl n g - Ap p |y| n g Aﬂh@@ﬁﬁye the same value and are next to

AB

CD
00

01

11

10

29 March 2022

~—

D ABCD

10 ABCD
O -
@

0

0 01 1 '
0 0 0
o [[1]] o

(1 [[1])]| o

L1 1 )| o 0

each other, the terms are adjacent.
This adjacency is shown by enclosing them.
Groups can have common cells.

Group size is a power of 2 and groups are
rectangular.

You can group Os or 1s.
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Re a d I n g th e G rO U pS %ﬁrouped, the expression is a product term, Os - sum

term.

Within group, note when variable values change as you go

AB | A | cell to cell. This determines how the term expression is
CD 00 01 11 10 formed by the following table
)
0 | o 0 0 | Y o
01 0 1 0 1
_ —— D
=
11 1 1 0 0
10 1 1 ) 0 0
: - ' Grouping 1s Grouping 0s

\/ariahlprhangpc Exclude Exclude

Variable constant O Inc. comp. Inc. true

Variable constant 1 Inc. true Inc. comp.
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| M p | |Ca ntS an d P rl me Sﬁﬂm Q\L‘ecﬁsmgéups that could be part of a larger

AB
CD

00

01

11

10

29 March 2022

A\

A
0 o1 1 10
0 0 0 @
0 1 0 @
minjxun)
\! 1b\%< 0

Prime Implicants

group are know as implicants
A group that is as large as possible is a prime

implicant

Single cells can be prime implicants is they cannot

be grouped with any other cell
Implicants
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Implicants and MinimabExpressions

* Any set of implicants that encloses (covers) all values is “sufficient”;
i.e. the associated logical expression represents the desired function.
* All minterms or maxterms are sufficient.

* The smallest set of prime implicants that covers all values forms a
minimal expression for the desired function.

* There may be more than one minimal set.
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Essential and Secondsdty Prime Implicants

* If a prime implicant has any cell that is not covered by any other
prime implicant, it is an “essential prime implicant”

 If a prime implicant is not essential is is a “secondary prime implicant”

* A minimal set MUST include all essential prime implicants and the
minimum number of secondary Pls as needed to cover all values.
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Krdnaiu M iidniZadio is Mgthod

A) Find all prime implicants (largest groups of 1s or Os in order of
largest to smallest)

B) Identify minimal set of Pls
1) Find all essential Pls
2) Find smallest set of secondary Pls

The resulting expression is minimal.
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K-map I\/Iinimization OFX5 (CONT.)

ACD

BCD

AB
CD 00

|
_ o1 'n 10
o |{[o |

01 0 1 o [] 1
_ D
1 [{o)|| 1 |[o 0 )
C —
10 0 1 0 0 AC
v/ \_ ) J
B |
B
BC
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Assume output is active-0. We need output
of comp. function; circle Os

* Pls are essential; what’s left is set of
secondary Pls.

There are four minimal solutions. These are:

F=AB+AB+BC+ ACD
F=AB+AB+ AC+ ACD
F=AB+ AB+ BC+ BCD

F=AB+AB+AC+ BCD
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Gate Logic: Tvvo-Le\%SimpHﬂcation

5-Variable K-maps ool

BC BC
00 01 11 10
A =0 00/ O/ 4/12 / 8/ A=0 OO/
o/ s/ 13/ o/ oo/ /1
15 / 11 /

BN 1 15/
0/ 2/ le/ 14/ 10/ worys /

00/16/20/28/21/‘)/ o w) T T

/ 5
]1/19/23/31/2.7/ = 1/1/1/ /
/16 /22 / 30/ 26]/ w/ J /[ /S

f(A,B,C,D,E) = £m(2,5,7,8,10,
13,15,17,19,21,23,24,29 31)
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Gate Logic: Tvvo-Le\%SimpHﬂcation

deogl o
6)lioJl {C
S DE 00 01 11 10
5-Variable K-maps A=0 00
a VAV, /Y

DE 00 01 11 10 01 / // . / 1 /

o AL L L g a7 1// /
01 |/ 5/ 13 9 0 /1 / A1/
1011//3// }/15//11// { /

2 6 / 14 / 10 — DEOO , / / /71 /

DE 00 01 1 01 /1 /ﬂ // [ // /
A=l 00/16/20/28/24/ 11/1 /1//1/ /
Ol/17/21/29/// / a2
' 17

A,B,C,D,E) =>Xm(2,5,7,8,10,
Vs /22 /30 /26 )/ {§,15,17,19,)21,2£?2(4,29 31)
=CE + AB'E+BC'DFE
+ A'C'DFE'

N
S
>
8
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Gate Logic: Two Le\@Simp\iﬂcation

pB =t 00 /g /2}/ 28//24

1 /19 / 31 / 47
10/15 /b / 30/ 26
EFQDOO o1 11 10

=t 9 /s /52 / 6d /56 /]
01 /ao/ 53/ 61 A 51/
'1/51/55/63/ o/
10/50 / sh / 62/ 58

EF N\Joo 01 1} 10

AB =10 00/32/36/4z /a0 /

01 4

39 43

/34/38/46/42/

(=

1

29 March 2022

9] Lt_o_ll
6- Var/ab/e K=Maps

f(A,B,C,D,E,F) =
>m(2,8,10,18,24,
26,34,37,42,45,50,
53,58,61)

55:03R e |54rpAvsiRdY iR SRR, Pesien

EF \_00 01

ms=10 0/ / / / /
o/ Sr/Sr /) )
w/, [/ /S S/

w/r/ [ S/
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Gate Logic: Two Le\@Simp\iﬂcation

AB =00

w0/ ,/

CD

E
00/

00 01 11 10
0/ 4/12/ 8/

01

3/ 7

11

15
6/ 14/ 10

AB =(1

/1o A
/%/ 30/ 2

10/

CD
EF \J0o

/

oo/

01 1]
16 /20/ 28

o1 /19 /

1/ 20 f o5/

23/31/

18 2

AB =11

1/ A
/sh/ 62/ 58

10/,

CD
EF \00

00/

01 11
A8 /52/ 64

01 /4ol / 53/

/
61 /

o/

AB =fo 00 32/36/4z

39

50 / 5
EF \
01
11
10

35 47
/34/38/46/42
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6- Var/ab/e K-Maps

f(A,B,C,D,E,F) =
>m(2,8,10,18,24,
26,34,37,42,45,50,
53,58,61)
-D'EF + ADE'F
+ ACDF
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CD
EF "\ 00 01 10
oo ) 7 TR
w/ 7771
w/ / /S /
10 /1 /
o
EF| N 00 01 1p|
AB =01 C0/ y /1
) v %
VA7 7 L7
wfily 7 A
o
EF[ N 00 01 10
=119/ /) /
nyf /I /
WA 7 WAL
/il Y/
o)

EF[N_ 00 | 01 10
=19l 9L N /
nlf Vi /1 /
W77 W7
wisy /Ay
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Quine-McCluskey (Tabitidar) Minimization

* Two step process utilizing tabular listings to
* Identify prime implicants (implicant tables)
* |dentify minimal cover (cover tables)

e All work is done in tabular form
e Number of variables is not a limitation
* Basis for many computer implementations

* Proper organization and term identification are key factors for correct
results
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QuineMesiuskey.Midithizatign (cont.)

e Each group contains terms with the same number of true and complemented
variables

* Terms are listed in numerical order within group

* Terms and implicants are identified using one of three common
notations
 full variable form
e cellular form
e 10- form
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°|>Iuﬂ¥/§;?z!18enfo|:rr9rl\’/grlsables and?'él(_)ﬁrﬁplements in algebraic form

* hard to identify when adjacency applies
* very easy to make mistakes

* Cellular form - terms are identified by their decimal index value
e Easy to tell when adjacency applies; indexes must differ by power of two (one
bit)
* Implicants identified by term nos. separated by comma; differing bit pos. in ()
following terms

Ktt P AAYG YA e edRitsy/


https://manara.edu.sy/

Y

Notation Forms (contajs

* 10- form - terms are identified by their binary index value
e Easier to translate to/from full variable form
* Easy to identify when adjacency applies, one bit is different
* - shows variable(s) dropped when adjacency is used

* Different forms may be mixed during the minimization
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Example of Different KGtations

F(A, B, > m(4,5,6,8,10,13)
Full variable Cellular 10-
1 ABCD — — — 4 0100
ABCBD——— 8 — 1000
2 ABCD 5 0101
ABCD 6 0110
ABCD — — 10 1010
3 ABCD 11 1011
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Quine-McCluskey Method &)liaJl
Tabular method to systematically find all
prime implicants Implication Table
A,B,C,.D) =Zm(4,5,6,8,9,10,13) + Xd(0,7,15
I ) ( ) +2d( ) Column |
Stage 1: Find all prime implicants 0000
Step 1: Fill Column 1 with active-set and
DC-set minterm indices. Group 0100
by number of true variables. 1000
0101
0110
1001
1010
0111
1101
1111
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I\/Iinimizatior[p‘dFirst Pass

Quine-McCluskey Method 0)tioJl
Tabular method to systematically find all

prime implicants

Implication Table

f(A,B,C,D) = =m(4,5,6,8,9,10,13) + 2d(0,7,15)

Stage 1: Find all prime implicants

Step 2: Apply Adjacency - Compare elements of group w/N
1's against those with N+1 1's. Differ by one bit implies
adjacent. Eliminate variable and place in next column.

E.g., 0000 vs. 0100 yields 0-00
0000 vs. 1000 yields -000

When used in a combination, mark with a check. If cannot
be combined, mark with a star. These are the prime
implicants.

Repeat until nothing left.

Column | Column Il
0000 O 0-00
-000
0100 0O
1000 O 010-
01-0
0101 0O 100-
0110 0O 1010
1001 O
10100 01:1
-101
0111 0 011-
1101 O 1-01
1111 0 -111
11-1
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Minimization - Secon@:Bass

Step 2: Apply Adjacency Theorem—
Compare elements of group w/
N 1's against those with N+1 1's.
Differ by one bit implies adjacent.
Eliminate variable and place in
next column. - must be align

E.g., 000- vs. 011- yields 01--
01-0 vs. 01-1 yields 01--

When used in a combination,

mark with a check. If cannot be
combined, mark with a star. These
are the prime implicants.

Repeat until no further combinations can
be made.

Ktt P AAYG YA e edRitsy/

Implication Table

Column |l Column Il Column Il
0000 O 0-Q0 * 01--*
-000 *

0100 0O -1-1*
1000 O 010- O
01-0 O
0101 0O 100- *
01100 1040 *
1001 O
10100 01:1 0
-101 0
0111 0O 011- O
1101 0 1-01 *
1111 0 -110 0
11+1 0
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Prime Impl

CD
00

29 March 2022

cants

00 01 11 10

X 1 0 1
0 1 1 1
0 X X 0
0 1 0 1

| :: ™
|IJ.-"
'

6jliall

Prime Implicants:

0-00=A"C'D’

100-=AB'C
D

1-01=AC'D

-1-1=BD

55:03R 1t YT HraY e EXRita| P esien

-000=B'C' D’
10-0=AB'D'
01--=A'B
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Prime Implicants (cont

| | Prime Implicants:

cD 00 01 11 10
0 |[K 1 0 | 1 | 0-00=A'C' D'
01 [0 1 1 1 5 100-=AB'C
Lo ||X X 0 1-01=AC'D
C
10 1o 1 0 1 _
| B | -1-1=BD

Stage 2: find smallest set of prime implicants that cover the

recall that essential prime implicants must be in final

29 March 2022 553O3Httb‘§ffﬁﬁcéf?é‘r5?@dﬁjt.§g/?e5ign

-000=B'C' D’
10-0=AB'D
01--=A'B

active-set

expression
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Coyerage Table oo

0,4(0-00) X

0,8(1000) X
8,9(100-) X X

8,10(10-0) X X Note: Don’t include DCs in coverage chart; they

9,13(1-01) X X X don’t have covered by the final logic expression

4,5,6,7(01--) X X

5,7,13,15(-1-1) X

rows = prime implicants

columns = ON-set elements

place an "X" if ON-set element is
covered by the prime implicant
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0,4(0-00)
0,8(\000)
8,9(100-)
8,10(10-0)
9,13(1-01)
4,5,6,7(01--)

5,7,13,15(-1-1)

Coverage T%le (cont.)

Coverage Chart
4 5 6 8 9 10 13
X
X
X X
X X
X X
X X X
X
X

rows = prime implicants

columns = ON-set elements

place an " X" if ON-set element is
covered by the prime implicant

29 March 2022

6)liadl

4 5 6 8 9

10 13

0,4(0-00) X

0,8(\000)

X X

8,9(100-)

8,10(10-0)

&\

N

X

9,13(1-01) X

4,5,6,7(01--) X—X—0)

5,7,13,15(-1-1) X

If column has a single X, than the
implicant associated with the row
IS essential. It must appear in
minimum cover

55:038tt B/ P varER SXRitayPesign
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Coverage T%ke (cont.)

4 5

6

8

9

1p 13 8)tall

0,4(0-00) X
0,8(\000)

8,9(100-)

X X

8,10(10-0)

9,13(1-01)

p. 4

)
\/

4,5,6,7(01--) N—NA

5,7,13,15(-1-1) X

)
NI

Eliminate all columns covered by

essential primes

29 March 2022
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Coverage T%le (cont.)

d 5 6 g 9 1p 138U 4 5 6 8 9 1b 13
0,4(0-00) X 0,4(0-00) X
0,8(\000) X 0,8(1000) X
8,9(100-) X X 8,9(100-) X X
8,10(10-0) ) 8,10(10-0) X
9,13(1-01) X X 9,13(1-01) X X
4,5,6,7(01--) H—H—5 4,5,6,7(01--) A x O
5,7,13,15(-1-1) X s 5,7,13,15(-1-1) X 4

Eliminate all columns covered by
essential primes

29 March 2022

Find minimum set of rows that
cover the remaining columns

f=AB'D'+ AC'D + A'B
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