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Numerical analysis

Lecture 1

What is numerical analysis?
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1- Steven C. Chapra Dr., David Clough (2022). Applied Numerical Methods with
Python for Engineers and Scientists. McGraw Hill.
2- Kiusalaas, J. (2013). Numerical methods in engineering with

Python 3. Cambridge university press
3- Gautschi, W. (2011). Numerical analysis. Springer Science & Business Media.
4- Burden, R. L., Faires, J. D., & Burden, A. M. (2015). Numerical analysis. Cengage
learning
5- Cheney, E. W., & Kincaid, D. R. (2012). Numerical mathematics and computing.
Cengage Learning.
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Limit-continuity

Definition: Limit — A function f defined on a set X of real
numbers X C R has the limit L at xp, written

lim f(x)=L

T—Tp

if given any real number € > () (Ve > (), there exists a real number
0 >0 (34 > 0) such that |f(x) — L| < ¢ whenever z € X and
()< |I—Iﬂ| < 0.
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Limit-continuity

Definition: Continuity (at a point) —
Let f be a function defined on a set X of real numbers, and
rg € X. Then f i1s continuous at zp if

lim f(z) = f(zo).

£L—+TI()
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Limit-continuity
eExample
The function
f(x) = X+ %sm(}nx) x <05
| x+3sin(2mx)+1 x> 05

discontinuity at xp = 0.5
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Limit-continuity
The function The limit exists, but ]
_J1 x=05 lim f(x)=0#1 ‘.
f={o *Zos o, ] |
has a discontinuity at xp = 0.5. 1 |

Definition: Continuity {in an interval) —
The function f is continuous on the set X (denocted f (X))
if it is continucus at each point = in X.
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Differentiability

Definition: Differentiability (at a point) — Let [ be a function de-
fined on an open interval containing z (a < zy < b). [ 1sdifferentiable

at xp If

exists.

f'(z0) = lim M

r=sxg I — I

f the limit exists, ['(xq) is the derivative at ;.
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Differentiability

The derivative of f at x, is the slope of the tangent line to the graph of f at (x,, f (x;)), as shown
in Figure

The tangent line has slope £ (x)

flxg) +
0 (xg fxg)) v = flx)

I |

I
xl}
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Differentiability

Definition: Differentiability (in an interval) — If ['(xy) exists Vi, €
X, then [ is differentiable on X

Theorem: Differentiability = Continuity —
It f is differentiable at x, then f Is continuous at xy.
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Intermediate Value Theorem

Theorem
(Intermediate Value Theorem)

If f € Cla,b] and K 1s any number between f(a) and f(b), then there exists a number ¢

In (a, b) for which f(c) = K.

et
i

| @ty

fb) +

(B, 11B))

b

X
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Intermediate Value Theorem

Example

Show that x> — 2x° 4 3x* = 1 = 0 has a solution in the interval [0, 1].

Solution Consider the function defined by f(x) = x> — 2x* + 3x> — 1. The function f is
continuous on [0, 1]. In addition,

f0O)=—1<0 and 0<1=f(l).

The Intermediate Value Theorem implies that a number x exists, with 0 < x < 1, for which
r=204+3r=-1=0. |
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Integration
Definition

The Riemann integral of the function f on the interval [a,b] 15 the followmg limit, B .

provided 1t exiss:

b n /
dr="1 i) Ax;, = = =
jﬂ flo mﬂmﬂgﬂn : 3
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Taylor Polynomials and Series

Suppose f € C"[a, b], that £V exists on [a,b], and x; € [a,b]. For every x € [a,b)

OO OO (m) a
f@) =Y e @—a)" =37 ) (7 qym
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Here P, (x) is called the nth Taylor polynomial for f about x,, and R (x) is called the
remainder term
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Taylor Polynomials and Series

' + . . -
Example : Approximate sin(z) with z near %

We know sin (%) = %? so what about sin (% + [}.l)

Since f(z) € C*(—00,00), we can use Taylor’s theorem:

fla) = flao)+ ' (@)(a = z0) + 5 1" (@) z = z0)" + .

1 o)z = z0)"

Il
S
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Thank you for your attention
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