Py

LUTEERE O e

Lecture

Prepared by
Dr. Sami INJROU

https://manara.edu.sy/



Val
Substitutions in Multiple Integrals ;

Substitutions in Double Integrals &)Uiall

DEFINITION The Jacobian determinant or Jacobian of the coordinate trans-
formation x = glw, v), y = h(u, v) s

o ax
du  dv axdy  0vax

Ju, v) = oy ay| = audw  dudw (1)
e v

THEOREM 3—Substitution for Double Integrals

Suppose that f{x, ¥) is continuous over the region R. Let G be the preimage of R
under the transformation x = g{u, v), vy = h(u, v), which is assumed to be one-
to-one on the interior of G. If the functions g and h have continuous first partial
derivatives within the interior of 7, then

j]ﬂr v)dedy = / fglee, v), Alu, U]) ﬂ{ '}]

dit d. (2)

https://manara.edu.sy/



[

Substitutions in Multiple Integrals  deota

Substitutions in Double Integrals O)liol
Y H
x=rcosf 2
! y= rsinf G
: —
8=0
X
0 | 0 1
Cartesian x y-plane Cartesian r#-plane
dx  ox
ar a0 —rind
X(r, ) = = (G080 Trsnbl _ 0520 + sin26) =
dy dy sind  rcos@
ar g
[[ flx, y) dvdy = [[ flrcos @, rsin @) rdrdd.
R G
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Substitutions in Double Integrals

EXAMPLE 2

by applying the transformation

= i

rv=72
2
n=10 =1
[
o] v=0 1
o ax
du  duv
S, =
(1, 1) &y o
du v

Evaluate

X=w+uwv

y=2u

¥

o

% (2v)

f/_

__LZv

v2

+ v)

% (u + v)

2 (2v)

deol o
-:':'l JLi_aJI
=02+
cx ey
2 : v = % and integrating over an appropriate region i the wv-plane.
xy-equations for Corresponding nv-equations Simplified
the boundary of R for the boundary of G uv-equations
x=y/2 u+tv=2uf2=v u=10
x=(y/2) +1 u+v=_>2u/)+1=v+1 =1
y=10 2v=20 v=2_0
=)+ | u=1
f / .:h ey —/ / w | I, v) | du dv
1 1‘ 0 JSx=y/2 =0~ u=0
=2
0 2
{u}[E} dudv =17
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6)lioJl
. . . w
Substitutions in Double Integrals 1 Tu
I pl—x
EXAMPLE 3 Evaluate Vx + y(y — 202 dy dx. .
0Jo of g |1
- - —_ \ _ iy . =1
The integrand suggests the transformation ¥ = x + yand v = y — 2. N g
v 2u v —2r
- ER = — = P m— e =
TT373 YT 373 w v
T3 3
xy-equations for Corresponding riv-equations Simplified y= % + %
the boundary of R for the boundary of G uv-equations
y
+y=1 L A =1
Y= 373 37 3)° “=
= $_ v =
x=10 373 0 v =u
=0 W Yoy v =—2u
) 33
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6)liall
Substitutions in Double Integrals I*”_ v=1
woal 1 _1 A
. wmoaw| |3 T3 "N _,
R T Bl PR -’
du o 3 3 -2+

I pl—x u=1 pv=u
f / Vx + y (v — 2x) dy dx =/ f w2 | J(u, v)| du du
0J0 w=I0 =—2u

1 pu
=j;_/_3”“]ﬁvz(%) dv du = %
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Substitutions in Triple Integrals 6)lioJl

AR A LN Y

W

»

»

x =g, v,w)
y = h(, v, w)
I z=klu,v,w)

u Cartesian uvw-space X Cartesian xyz-space
ﬂ] F(x,y,2)dxdydz = w- H(u, v, w) |J(u, v, w)| du dv dw.
D
de dx  ox
du dv  ow
P R B
v w) =150 3 awl| = i vw)
o o o
du dv  ow
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Substitutions in Triple Integrals
x={yf2)+1 .
EXAMPLE 5  Evaluate / / / ( 2 g) dx dy dz
x=yf2
by applying the transformation w=(2x —)/2, v=y/2, w=z/3
and integrating over an appropriate region in uyvw-space.
xXr=qu + v, y = 2v, z = 3w.
xyz-equations for Corresponding uvw-equations Simplified
the boundary of D for the boundary of G ivw-equations
x=y/2 ut+tv=2uf2=uv u=10
x=(y/2)+1 ut+tv=_>2u/)+1=v+1 n=1
y=10 2v=10 v=20
y=4 v =4 v=2
z=10 3w =10 w =
=3 w=3 w=1]

N\
é[u

i
X=ut+v
y=2v

s
~
)
8
=5
5
o

Front plane:

y
x=5+lLory=2x—2
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Substitutions in Triple Integrals

Ju, v, w) =

VIR

¥l |
Flr Tl T2

=
4]

X=u T u,

Il
=
=
b = =

Il

=

I 2 pl
-y
+ %) dx dy dz =/f/ (it + w) |J[u,_, v, W) | du duv dw
048040
I 2 pl
=/f[ (1 + w)(6) du dv dw = 12
04040

G
2
/ i~
u
X=u+v
y=2v
7 = 3w
‘ Rear plane
31 _¥ .
(:-,:_._.__ - X= 5 ory =
i e /
A
I“ |
/ “ | } —
x / .

Front plane:

y
x= 12-+ LLory=2x—2
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6)li_aJl
Integration in Cylindrical Coordinates -
DEFINITION Cylindrical coordinates represent a point P in space by ordered P(r. 8, 2)
triples (r, 8, z) in which r = 0,
1. rand # are polar coordinates for the vertical projection of P on the xy-plane 0 z

2. z 1s the rectangular vertical coordinate.

Equations Relating Rectangular (x, y, z) and Cylindrical (r, @, z) Coordinates

X = rcos@, y=rsing, I=3I,
rr= x4y, tan @ = y/x

https://manara.edu.sy/ e
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Integration in Cylindrical Coordinates S
r=4 Cylinder, radius 4, axis the z-axis @ = ;—T Plane containing the z-axis
=2 Plane perpendicular to the z-axis
Cube with sides
parallel to the
& coordinate axes z
1 Z = constant
x = rcosf
¥y = rsinf % /
I=1z -
C G
\ constant
0 # = constant y
r Cartesian réiz-space X Cartesian xyz-space

cos@ —rsinf@

0
3l = sinf rcosf 0 =r~ MF{I,y,z]ﬂdyﬂ=j]/H(r,H,z]|rIdrdEdz.
’ 1 D

0 0

Jr, 8, z)= a

&
& BT FE
\%.I
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Integration in Cylindrical Coordinates

6jliall

L =)
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Integration in Cylindrical Coordinates

EXAMPLE 2 Find the centroid (& = 1) of the solid enclosed by the cylinder
x* + y* = 4, bounded above by the paraboloid z = x* + y*, and bounded below by the

xy-plane.

I p2 ar
Mn'=/ /f zdardrdE=HTw
] 040
I B
M=f f/ dz rdrdf = 8
] 0«40

3 B7 3°

£

My 3271 4
M

(0,0,4 /3)
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Spherical Coordinates and Integration &)liaJl
Equations Relating Spherical Coordinates to Cartesian
and Cylindrical Coordinates
r= psindgd, x =rcosf = psingcosa,
z = pcosd, y=rsinf = psin¢siné, (1)
p=Va+y + 2=V~ + 2
¢=¢09
pand @ vary

£
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Spherical Coordinates and Integration

]

EXAMPLE 3 Find a spherical coordinate equation for the sphere 2+ }12 +
-1 =1 THyV+iz-1r=1
‘ p=2cosg

¥yt - 1D=1

p-sin’ ¢ cos’f + p’sin® dsin’f + (pcosh — 1> = 1

p = 2cosd.

https://manara.edu.sy/ =



Spherical Coordinates and Integration
x = psin ¢ cos @, v = psin ¢ sin G,

Ip, $.6) =

& gy g

P

Cube with sides
parallel to the
@  coordinate axes
‘ o

G

"'--.\
¢
Cartesian pdfd-space

= p” sin o. ‘ MF{I, v, z) dxdy dz = /]/H(p, ., 8) |p1 sin ¢h | dp dep dB.
D s

[

&jliall

Z

x=psind cos @
y=psing sin @
z=pcosd

&

f = constant - /

F v )

= pcosd
p = constant
' b

;_-.,.--_—'1

L
.=

¢ = constant

""'--..‘_____‘_H:r‘

x Cartesian xyz-space
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Spherical Coordinates and Integration

>

{fﬂpmtﬁiﬂ)w=

[

&jliall

AR A LN Y

>

p = £, 6)

0=B [ é=duse [p=g:(ch.0)
/ F(pr 6, 6) g2 sin  dp dip db.

b=

d':qE"_' F=EI{¢= ﬂ}
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Spherical Coordinates and Integration

EXAMPLE 5 Find the volume of the *ice cream cone™ D cut from the solid sphere
p = 1 by the cone ¢ = a /3.

2o paf3 pl
v=\[/fﬂzﬁiﬂ¢ffﬁff¢dﬁ' =/ / fplsindudpddm'&: %
D 0 0 0

EXAMPLE 6 A solid of constant density § = 1 ocenpies the region D in Example 5.
Find the solid’s moment of inertia about the z-axis.

I = [/ (2% + v*) dV. x2 + y* = (psin ¢ cos B)° + (psin ¢ sin §)* = p*sin’ .
D

I, = /f (psin* ) p* sin ¢ dp d¢p df = f/] p*sin®¢ dp dep db.
2 f
2w paf3 pl
I =[ / / pisin* @ dp dep df = =
o Jo Jo 12

https://manara.edu.sy/
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Substitutions in Multiple Integrals

[

6jliall
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' 6)lUoJl
Exercises

@® Athin plate of constant density covers the region bounded by the ellipse x*/a*> + y*/b* = 1,a = 0,b > 0
in the xy~plane. Find the moment of inertia the plate about the origin. ab;?(a2+h2}

® Use the transformation x = u + (1/2)v, v = v to evaluate the integral

2 alr+d)2 . 26 1
f f Y2 = y)eH T dx dy
0 /2

@ Let I be the region in xyz-space defined by the inequalities 1 = x =2, 0=y =2 0=:z=1

Evaluate -{f[ (x%y + 3xyz) dx dy dz
b

by applying the transformation 4 =% v=xy, w=3:

2+In8

https://manara.edu.sy/ AL
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Exercises deola
6)ligJl

VISR
@ Convert the integral [ [ (x> + y*) dzdx dy to an equivalent integral in cylindrical coordinates and evaluate the result
- 0

(L™ wae

@® Find the volumes of the solids

Br
3
= I.’_t. + ¥y }' —1
@ Find the volume of the region bounded above by the paraboloid z = 5 — x* — y* and below by
the paraboloid z = 4x~ + 4y~ ar
2

@® Find the volume of the solid enclosed by the cone z = V2 + y* between the planes z = 1 and z = 2.

1=
3

l..nIN
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e Line Integrals of Scalar Functions

* Vector Fields and Line Integrals: Work, Circulation, and Flux

* Path Independence, Conservative Fields, and Potential Functions
* Green’s Theorem in the Plane

e Surfaces and Area

e Surface Integrals

* Stokes’” Theorem

* The Divergence Theorem and a Unified Theory
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Line Integrals of Scalar Functions  &ial

£

DEFINITION If f is defined on a curve C given parametrically by r(f) =
glOl + hinj + KOk, a = t = b, then the line integral of f over C is

fﬂ-’n v, 2)ds = lim E.ﬂ:—xkafh o) As, (1)
c n—s00 j=

provided this limit exists.

How to Evaluate a Line Integral
To integrate a continuous function f(x, v, z) over a curve C:

1. Find a smooth parametrization of C,
r{f) = g(Hi + h(Nj + k(Dk, a=1t=h

2. Evaluate the integral as

b
/ flx,y.2)ds = f Fle(), h(n), k() |v(D)| de.
C i

https://manara.edu.sy/ 22
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Line Integrals of Scalar Functions ™
EXAMPLE 1 Integrate f(x,y,z) = x — 3y + z over the line segment C joining the
origin to the point (1, 1, 1) (Figure 16.2).

(1. 1. I}

rif) = i + tj + tk, 0=1t=1.

Vol =li+ji+kl=vEZtL 2+ E=V3

| |
f_ﬂ.t.,},-‘, z) ds =/ ft, £, HV3 dt =f (r — 362 4+ )3 dt = 0.
. 0 0

Additivity

/fds= _fds+/ fds+--~+/fds.
C C, G | Ca

https://manara.edu.sy/ 2
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Line Integrals of Scalar Functions 2=
EXAMPLE 2

Figure 16.3 shows another path from the origin to (1, 1, 1), formed
from two line segments C, and C,. Integrate f(x,y,z) = x — 33> + z over C; U C,.

C: r(p=ti+4, 0=t=1; |v/=VE+E=V2

Oyt

ri)=i+j+tk 0=t=1 |v|=V0P+0+E=1

| |
/ flx.,y.o)ds = | flx,y.2)ds + | flx,y,z)ds =/ £, £, 0)V2 dt +/ F(1, 1, (1) dt
C UGS O Cs 0 0

l 1
—/ [r—3r1+n}v’§m+/ (1 =3+ 0(l)dr __V2
0 0

2

e

b |1

change the path between them.

The value of the line integral along a path joining two points can change if yon

(0.0,0)

eil, 1.1

Cs

(1, 1.0)

https://manara.edu.sy/
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Mass and Moment Calculations f!.':‘:‘.:.'.'?.'

TABLE 16.1 Mass and moment formulas for coil springs, wires, and thin rods lying
along a smooth curve C in space

Mass: M =f & ds & = 8(x, v. 7) is the density at (x, v, 7)
c
First moments about the coordinate planes:

M‘,‘,=/x3d5, M,_ =fy3d$, Mn=f3§ds
) C C ) C

Coordinates of the center of mass:

f=ﬂff:ﬁfM, :F= A‘E:’JM! E=M.G'I’M
Moments of inertia about axes and other lines:

I, =/(3,-~2 + 2)8ds, I, =/[f"- + %)dds, L =f (x2 + y?)8 ds,
C C C

I =/ & ds rix, v, ) = distance from the point (x, ¥, 2) to line L
C

https://manara.edu.sy/
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Mass and Moment Calculations 6)liaJl

EXAMPLE 4 A slender metal arch, denser at the bottom than top, lies along the
semicircle ;-,-'2 + 2 =1,z = 0, in the vz-plane (Figure 16.5). Find the center of the arch’s
mass if the density at the point (x, y, z) on the arch is 8(x, v, 2) = 2 — z.

r(f) = (cos f)j + (sin Hk. 0=1=m.

|v(n)| = \/ (g) (d}) + (da) V(0¥ + (—sin )2 + (cos 1)? = 1,
M = /Erfs—[{z—?}ds—/ (2 —sinfHdt =27 — 2

M., f?ﬁu's —/?(E— ]ds—[ (sin (2 — sin t) dt

- My 8 — 7 1 _ & —m
T M T T2 am—2"az—a > U7

(0, 0, 0.57)

[l

https://manara.edu.sy/
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Exercises ]

@® Integrate f(x.y, =x+ Vy — 22 over the path from (0, 0, 0y to (1, 1, 1) (see accompanying figure) given by

Cp: rin=1tk, 0=r=1]
G rin=1j+k, 0=r=1
Cy rin=n+j+k 0=r=1]

(0,0.0) Co: rin=rn+rj 0=r=1

Cy: rin=i+j+1tk, 0=r=1]

3 3
. c, 6 V213
(1.1,

Evaluate f C(x + V;) ds where C 1s given in the accompanying figure.

54547421

6

® (Center of mass of wire with variable density Find the center

of mass of a thin wire lying along the curve r(f) = i + 2rj + T
(2/3)3°k, 0 = t = 2, if the density is § = 3V5 + 1. f

(19/18,19/9,4\/5/7)
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Vector Fields and Line Integrals: 5
deol o

Work, Circulation, and Flux 8)Lial
Vector Fields R
Generally, a vector field is a function that assigns a vector to each point in its domain.

Flx,y,z) = M(x,y, 2)i + N(x,y, 2)j + Plx, v, 2)k.
Fix,y) = M(x, )i + N(x, y)j.

The vector field is continuous if the component functions M, N, and P are continuous; it
Is differentiable if each of the component functions is differentiable.

y y
-~ R '\
\ |/ 7N
\ / /*—K\ s
'\\ \"‘/ /"ﬁ ,.,/ T T I.
S AN TR
«j’/‘” v\i\* N
N
/ \ _“ FIGURE 16.14 The flow of fluid e
in a long cylindrical pipe. The vectors

FIGURE 16.13 A “spin” field of rotat-

-
&

v = [a* — r?)k inside the cylinder that

FIGURE 16.12 The radial field ing unit vectors

F = xi + yj formed by the position vectors F = (—yi + xj) fr(_l.z + Fz:]];z have their bases in the _1'_}'—p]ﬂm=: have their ¢
of points in the plane. Notice the convention | tips on the paraboloid z = —— ~—_
that an arrow 1s drawn with its tail, not its in the plane. The field is not defined at the

head. at the point where F is evaluated. origin.

https://manara.edu.sy/ 22



Vector Fields and Line Integrals: Work, Circulation, and Flux
Gradient Fields

EXAMPLE 1

W

deol o
6jliall

Suppose that a material is heated, that the resulting temperature T at

each point (x, v, z) in a region of space is given by

T=100 —x —y* — 2%,

and that F(x, y, z) 1s defined to be the gradient of T. Find the vector field F.

The gradient field Fisthe field F = VT = —2xi — 2yj — 2zk

s
;::.f;ﬁﬂ ' ﬂ“"‘&,ﬁ:ﬁrﬁx
AN

https://manara.edu.sy/
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