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[Zv Tangent Lines and the Derivative at a Point

deoln
ot y
Finding a Tangent Line to the Graph of a 1 y = fx)
Function Qxg + h, flxg + h)
I
flxo + ) — f(x)
I
P(xo, f(xg))
/ N el J
y = fla) + [(a)(z—a) R
| |
0 xlo X0 I+ h > X

FIGURE 3.1 The slope of the tangent

+ h) —
line at P is ;}in}) fxo 1: f(xo) :
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[Zv Rates of Change: Derivative at a Point

DEFINITIONS The slope of the curve y = f(x) at the point P(x,, f(xp)) is the
number

i fxo + h) — f(xp)
im
h—s0 h

(provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.

DEFINITION  The derivative of a function f at a point x,, denoted f'(x), is
Jxo + h) — f(xo)

f(xo) = lim i

provided this limit exists.
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[ZV Rates of Change: Derivative at a Point

Sl Example
find an equation for the tangent to the curve at the given point. Then
sketch the curve and tangent together

=4 — x?, (—1,3)

Solution

[4_(_1+m1]_(4_(_1}1} ~ lim —(1=2h+i?)+1

m =l J ]
h—}h{g i h—0 !
1(2—h
m — =2tat (=1,3): y =3+2(x—(-1))

= v = 2x + 5, tangent line
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Vertical Tangents

gusll  We say that a continuous curve y = f(x) has a vertical tangent at the

CUTEERE S 2o

point where x = x; if the limit of the difference quotient is 0 or —0<,

Example

For example, y = x'/? has a vertical tangent at x = 0 (see accompa-
nying figure):

. O+ h) — f(0) KB =0
Iim = lim——
h—0 h h—0 h

= ]imL = 0
h—0 }2/3

VERTICAL TANGENT AT ORIGIN

https://manara.edu.sy/


https://manara.edu.sy/

Vertical Tangents

ﬁJU—ﬁ-i! However, y = x?/3 has no vertical tangent at x = 0 (see next figure):

LR A, LR

. 80 + h) — g(0) . WP =0

Iim = lim ———

h—0 h h—() h
. 1
=Y

does not exist, because the limit is 00 from the right and —©© from the
left.

y = glx) = x?/3

0]
NO VERTICAL TANGENT AT ORIGIN
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The Derivative as a Function

&)Uial In the last section we defined the derivative of y = f(x) at the point x = x, to be the limit
. Jxg + h) — f(xp)
* = ] :
f(xo) hl_lfffllj I

We now investigate the derivative as a function derived from f by considering the limit at
each point x in the domain of f.

DEFINITION The derivative of the function f(x) with respect to the variable x is
the function " whose value at x is

@+ Ry — f)
f(-x)_;l_[}}] h s

provided the limit exists.
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The Derivative as a Function

ﬂJU—ﬂJ' If we write z=x+ h, then h =z - xand h approaches 0O if and only if
Z approaches x.

Alternative Formula for the Derivative

f(z) — f(x)

AR

f'(x) = lim

I—x

Notations

There are many ways to denote the derivative of a function y = f(x), where the indepen-
dent variable is x and the dependent variable is y. Some common alternative notations for

the derivative are

ly d
o=y =5 =9 =g = D = Do,

dx  dx

https://manara.edu.sy/
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ting Derivatives from the Definition

LiaJl
e EXAMPLE 1 Differentiate f(x) = —

x—1

Solution We use the definition of derivative, which requires us to calculate f(x + h)
and then subtract f(x) to obtain the numerator in the difference quotient. We have

- d foo+h=—>+h
f(x}__l'_l an .f(-l ]_(I_I_h‘:l_]:SD
oo Lt h) — fx)
f (x) = iﬂl}j h Definition
x+h x

o x+h-=-1 x-—1
= lim

h—0 h
_ lml.(_x+h){x—l)—1{x+h—l} a ¢ _ad—ch

h—0h (_I.' + h — l)(x - l} b d~ bl
1 —h N
= ii‘[}_jh G+h—-1Dx=-1 Simplify.

—1 —1

= lim

—o(x + h — D(x — 1) = x — 1) Cancel h # 0. H
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PA‘V Calculating Derivatives from the Definition

LIETUERE AN ot

EXAMPLE 2
(a) Find the derivative of f(x) = Vx for x > 0.

(b) Find the tangent line to the curve y = VI’ at x = 4.

Solution
(a) We use the alternative formula to calculate f':

£1(x) = limf(z; - _{(I}

_ limﬁ_ VX
—x & &
e Vz — Vax
= lhim
= (Vz — Va)(Vz + Vi)
= lhim 1 l

= VZ + Vx 2Vx
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[Z\y Calculating Derivatives from the Definition

oLal
(b) The slope of the curve at x = 4 18 1 1
vy = —-x+ 1
fidy=—"-=1 )
yAVZ/IEE <
: , , . . (42 y=Vx
The tangent is the line through the point (4, 2) with slope 1/4 (Figure 3. n
l | 1 | | |
y=2+ Z{I — 4) 0 4 X
y = }lx + 1. FIGURE 3.5 Thecurve y = Vx and
its tangent at (4, 2). The tangent’s slope

is found by evaluating the derivative at
x = 4 (Example 2).
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PA‘V Calculating Derivatives from the Definition

LIETUERE AN ot

o dyl_dff  _ d
fia) de| _  dx = B ﬂ'xﬂx} .y
For instance, in Example 2
d | | 1
f'(4) = =Vx = = —_ ==
dx =4 Zﬁ =4 2N 4 4
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[Zv Differentiable on an Interval; One-Sided Derivatives

- A function v = f(x) is differentiable on an open interval (finite or infinite) if it has a

derivative at each point of the interval. It is differentiable on a closed interval [ a, b | if it
1s differentiable on the interior (a, b) and 1f the limits

fla + h) — f(a)

hlin{}+ p Right-hand derivative at a
b+ h) — f(b
hlin[‘}l_ I ;: 1) Left-hand derivative at b

exist at the endpoints

https://manara.edu.sy/
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[Z\y Differentiable on an Interval; One-Sided Derivatives

LIETUERE AN ot

EXAMPLE 4 Show that the function y = |x| is differentiable on (~00, 0) and (0, o)
but has no derivative at x = 0.

Solution From Section 3.1, the derivative of y = mx + b is the slope m. Thus, to the
right of the origin,

i”l“ — i{l) = i_il:l “x) = 1. ii_lu.l.i + b)) =m, |x| = x

https://manara.edu.sy/
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Differentiable on an Interval; One-Sided Derivatives

- A— = To the left,
diiey=L—py=9 1.0 =— S
dx(|l|) - ffx{ -I) - .‘.’b['( ]- I} - ] |'I.| = X
(Figure 3.8). There 1s no derivative at the origin because the one-sided derivatives differ
there:
_ o o+ nal—Jo] _ A
Right-hand derivative of |x| at zero = lim = lim ——
h—0* h h—0T h
= ]im’l—1 |h| = hwhenh = 0
- 1| = hwhen ft =
h—0*h
= lim1 =1
h—0"
0 + A — 0] A
Left-hand derivative of |x| at zero = lim = lim ——
h—0" h h—0- h
= lim =2 4| = —hwhenh < 0
- I 1| = —hwhenn <
h—0 h
= lim—1 = —1. []

h—(0

https://manara.edu.sy/
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Differentiable on an Interval; One-Sided Derivatives

EXAMPLE 5 In Example 2 we found that for x > 0,
L
de ©7 2Vx'
We apply the definition to examine if the derivative exists at x = 0:
o MO+ - Vo _ po L
h—0* h =0t Vi
Since the (right-hand) limit 1s not finite, there 1s no derivative at x = (. Since the slopes of

the secant lines joining the origin to the points (h, \/E) on a graph of y = Vx approach
o0, the graph has a vertical tangent at the origin. (See Figure 1.17 on page 9.) ]

= 00
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DA‘V Differentiable Functions Are Continuous

LIETUERE AN ot

THEOREM 1—Differentiability Implies Continuity If f has a derivative at
x = ¢, then f 1s continuous at x = c.

Caution The converse of Theorem 1 1s false. A function need not have a derivative at a
point where it 1s continuous, as we saw with the absolute value function in Example 4.

https://manara.edu.sy/
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vl Dif ferentiation Rules

ot Powers, Multiples, Sums, and Differences

Derivative of a Constant Function

If f has the constant value f(x) = ¢, then

af _d . _
T I{L]—ﬂ.

Derivative of a Positive Integer Power

If n 1s a positive integer, then

=" = I’LII“_].

https://manara.edu.sy/
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Differentiation Rules

Power Rule (General Version)
If n 1s any real number, then

i T J— =1
d_l:l nx"t,

for all x where the powers x" and x"~! are defined.

EXAMPLE 1 Differentiate the following powers of x.

@ © b (0 (d) ]% () x4

{f} 4 .—“II+11-

https://manara.edu.sy/
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vl Dif ferentiation Rules

Solution

(a) j_i{f} = 3771 = 3y°

(b) i{xﬂﬂ} — %_rqzﬁ}-] — %I-”’j

dx
© L(x3) = Varvi-
(d) j—l (ﬁ) = i(f“) — 4yl = g5 = _%
(e) j—l (x43) = —%_;.;'Hﬁ}-] — _%I-Tﬁ
(f) i(m) = i[;lﬂrm) = (1 + %)Ilﬂﬂﬂ}-] _ %{2 + DVar -

https://manara.edu.sy/
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PA‘V Differentiation Rules
Derivative Constant Multiple Rule
If u is a differentiable function of x, and ¢ is a constant, then

d = du
v Cli) de.

EXAMPLE 2

(a) The dernvative formula

d a2 —
dxﬂx} 3-2x = 6x

d _d, .. _ _,.d . _ _du
a(_”}_dx( Iru) = =1 d_l:(“}_ dx’

https://manara.edu.sy/
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vl Dif ferentiation Rules

LIETUERE AN ot

Derivative Sum Rule

If u and v are differentiable functions of x, then their sum u + v is differentiable
at every point where u and v are both differentiable. At such points,

d _du , dv
dx{“ )= dx + dx’

For example, if y = x* + 12x, then y is the sum of u(x) = x* and v(x) = 12x. We
then have

dy _ d d _
dx—dx(_ﬁ) +dx[12r}—4x3 + 12.

https://manara.edu.sy/
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vl Dif ferentiation Rules

ool EXAMPLE 3  Find the derivative of the polynomial y = x* + %_::E — 5x + L.
Solution d—} = —x3 + 4 i:l:E _4a (5x) + i{l] Sum and Difference Rules
dx  dx de \ 3 dx dx ‘ |
=3_1:1+%-2x—5+{]=3_r1+%_r—5 [ ]

Derivative Product Rule

If 1 and v are differentiable at x, then so is their product uv, and

i[uu] = u@ + Ud—”

dx dx dx’

https://manara.edu.sy/
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Differentiation Rules

92 EXAMPLE 7  Find the derivative of y = (x> + D)(x> + 3).

Solution
(a) From the Product Rule with u = x> + 1 and v = x* + 3, we find

LR+ 1)EF+3)] =@+ DEA) + (P +3) Q) Luw =@

elx elx E elx
= 3x* + 32 + 2t + 6x
= 5x* + 3122 + 6.

(b) This particular product can be differentiated as well (perhaps better) by multiplying
out the original expression for y and differentiating the resulting polynomial:

y=2+ 1P +3)=x+2+37+3

dy
D 5t + 322 + 6o
dx

This 1s in agreement with our first calculation. []
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vl Dif ferentiation Rules

LIETUERE AN ot

Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u /v is dif-
ferentiable at x, and

du duv

d (u) _ dx "dx
de\v /) — v '

In function notation,

d [ﬂx)] _ 8Wf'(x) — fx)g'()
dx | g(x) g (x) ‘

https://manara.edu.sy/
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vl Dif ferentiation Rules

R EXAMPLE 8 Find the derivative of (a) y = 5

Solution
(a) We apply the Quotient Rule with u = t* — l and v = £ + I:
dy (+ 1)-2t— (7 = 1)-3¢ d () _ vidu/dr) = u(dv/d)
dr £ + 1) di\v) ~
_ 2t 4 2t — 3¢ + 3£
(£ + 1)
_—t+ 32 + 2
(#F+ 17

-
Lr
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Differentiation Rules

EXAMPLE 9 Find the derivative of

(x = D(x* = )
¥y = A .

Solution Using the Quotient Rule here will result in a complicated expression with
many terms. Instead, use some algebra to simplify the expression. First expand the numer-
ator and divide by x*:

_ {I - 1](-:':_ - EI} _ I3 - 3I2 + 1]: _ _1:-1 _ 3-]:_2 + 2_1:-3.

4 o o
Then use the Sum and Power Rules:
dy -3 —4
it (=2 + 2(=3)x
1 6 6
=-a3t3- = -

X X X

https://manara.edu.sy/
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Example

The symbol D? means the operation of differentiation is performed twice.
If y = x° then y' = 6x° and we have

B

YT ax

_d 5 _ 20,4
—dx(ﬁ;}—:”rﬂ,x.

Thus D*(x%) = 30x°

https://manara.edu.sy/
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Second- and Higher-Order Derivative

6)liall If y" is differentiable, its derivative, y" = dy"/dx = d’y/dx?, is the third derivative
of y with respect to x. The names continue as you imagine, with
! .
Jl[”} = ip“"” = d 4 = D'y
dx- dx" g

denoting the nth derivative of y with respect to x for any positive integer n.

EXAMPLE 10 The first four derivatives of y = x* — 3x? + 2 are

First derivative: y' = 3x* — 6x
Second derivative: " = 6x — 6
Third derivative: y'=6
Fourth derivative:  y* = 0.

i,

All polynomial functions have derivatives of all orders. In this example, the fifth and later
derivatives are all zero. ]
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DA‘V Derivatives of Trigonometric Functions

siad  Derivative of the Sine Function

LIETUERE AN ot

To calculate the derivative of f(x) = sin x, for x measured in radians, we combine the limits
in Example 5a and Theorem 7 in Section 2.4 with the angle sum identity for the sine function:

sin{x + &) = sin xcos i + cos x sin h.

If f(x) = sin x, then
o flx+ h) — f(x) . sin(x + h) — sinx
Im =

r 2 "
f (x) = li 1m Denvative defimtion
h—0 h h—{) h
. (sinxcosh + cosxsinh) — sinx
= lim
h—0 h
~ sinx(cosh — 1) + cos xsin h
= lim
h—0 h
. . cosh — 1 . sin h
= lim|sinx*——— | + lim| cos x-
h—0 h h—0 h
. . cosh — 1 . sinh .
=sinx*lim——— + cosx- lim =sginx+0 + cosx+1 = cos x.
h—() h w—0 h

e, Example 5a and
P I

larmat 0 lirmat 1 Theorem 7, Section 2.4

https://manara.edu.sy/
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PA‘V Derivatives of Trigonometric Functions

LIETUERE AN ot

The derivative of the sine function is the cosine function:

d

sin x) = COS X.
dx{ )

EXAMPLE 1 We find derivatives of the sine function involving differences, products,
and guotients.

(a) v = xf — sina: & = 2x — i{sin X) Difference Rule
dx dx
= 2x — CosX
. . x*—(sinx) — sinx-1
© v sin X dy d_r{‘ Quotient Rul
_—— — uotient Kule
) X dx ¥ 1 ;

XCOSX — sInx

5
X~

https://manara.edu.sy/
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PA‘V Derivatives of Trigonometric Functions

Derivative of the Cosine Function

With the help of the angle sum formula for the cosine function,
cos(x + h) = cosxcos h — sinxsin h,

we can compute the limit of the difference quotient:

d -1 cos(x + h) — cosx
dx (CUS X) = ;,l—rﬂ] h

(cosxcosh — sinxsinh) — cosx

lim

h—0 h
- cosx(cosh — 1) — sinxsinh
= lim
h—0 h
. cosh — 1 ) . sin h
= limcos x*———— — limsin x*———
h—0 h fr—+0) h
. cosh — 1 . . sinh
=cosx*lim——— — sinx* lim
h—() h p—o h

=cosx () —sinx-1

—sin Xx.

Dernvative definition

Cosime angle sum

1dentity

Example 5a and
Theorem 7, Section 2.4

https://manara.edu.sy/
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DA‘V Derivatives of Trigonometric Functions

LIETUERE AN ot

The derivative of the cosine function is the negative of the sine function:

i{cn%x = —sin x
dy - ) S

EXAMPLE 2 We find derivatives

(b) v = sin xcos x:

d
T = sin X (COs xX) + cos X (sin x) Product Rule

= sinx(—sin x) + cos x(cos x)

cos? x — sin x

https://manara.edu.sy/
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DA‘V Derivatives of Trigonometric Functions

I A— . COs X
E 'l||_:' —] . :
{ ) - Il — sinx

o d d |
dy (1= sin) J(cosx) — cosx 7-(1 = sinx)

dx ~ (1 — sin x)?

3 (1 — sin x)(—sin x) — cos x((0 — cos x)

(1 — sin x)*
_ ]l — sinx
(1 — sin x)’

_ 1
Il — sinx

Quotient Rule

SIn-x + cosTx =

https://manara.edu.sy/
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PA‘V Derivatives of Trigonometric Functions

LIETUERE AN ot

EXAMPLE Find d(tan x)/dx.

Solution We use the Derivative Quotient Rule to calculate the derivative:

3 Quotient Rule

COS ri[iin X) — sin xifcm Y)
d d (sinx) S dx S Tdx T
COS™ X

COS X CO8 X — sin x(—sin x)

3
CO5™ X

costx + sin’xy

=
COs X

= sec’yx. N

cosZx

https://manara.edu.sy/
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Derivatives of Trigonometric Functions

EXAMPLE 6  Find v"if y = sec x.

Solution Finding the second derivative involves a combination of trigonometric

derivatives.
y = secx
}-‘r = secxtan x Dernvative rule tor secant function
. d
y = I (sec x tan x)
= SeC .ri (tan x) + tan xi (sec x) Derivative Product Rule
cx dx
= SeC X {:af:-:2 x) + tan x(sec x tan x) Derivative rules
= sec” x + sec x tan” x [

https://manara.edu.sy/
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PA‘V Derivatives of Trigonometric Functions

LIETUERE AN ot

The derivatives of the other trigonometric functions:

e (tan x) = sec” x I (cot x) = —csc” x
d (sec x) = sec x tan x 4 (cscx) = —cscxcotx
dx S ' dy ’ '

https://manara.edu.sy/
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%V Exercises

d=ola

6jliall
Testing for Tangents
35. Does the graph of

~ [x?sin(1/x), x#0
Jx) = {U, x =0

have a tangent at the origin? Give reasons for your answer.
36. Does the graph of

~ Jxsin(1/x), x#0
8 = {0, x =0

have a tangent at the origin? Give reasons for your answer.

https://manara.edu.sy/
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LIETUERE AN ot

Solution

35. Slope at origin = lim
h—0

origin with slope 0.

36. lim £0+M-20) _ 1.

fO=F©) _ 1.

h h—0

I s.in(T{'

_J: lim sin <. Since lim sin

h—0 h h»o P h—0

0 sin(4)

I

h

= lim hsin (%) = (0 = yes, f(x) does have a tangent at the
h—0

1

p does not exist, f(x) has no tangent at the origin.
h=0

https://manara.edu.sy/
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v

Joous Exercises
6)liaJl
- 37. Does the graph of
(—1, x<0
fx)y=49 0, x=0
I, x>0

have a vertical tangent at the origin? Give reasons for your answer.
38. Does the graph of
0, x<0
Ux) =

I, =0

https://manara.edu.sy/
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37.

38.

Solution

lm f':']"‘}?—f{ﬂ} = lim —lﬁ—{l — o0, and lim f(ﬂ+f=§—f(ﬂ} = lim %
h—0" : h—0" h—0' h—>0'
—> yes, the graph of f has a vertical tangent at the origin.

= o0, Therefore, lim S0+

N-f© _ .

h—0

h

lim U0+h)-U(0) _ lim -1 — w0, and lim UO+m-U0) _ lim &1 =0 = no, the graph of fdoes not have a

h v h

h—0" I h>o * h—>0" h—0
vertical tangent at (0, 1) because the limit does not exist.

https://manara.edu.sy/
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Exercises

Finding Derivative Functions and Values
Using the definition, calculate the derivatives of the functions in
Exercises 1-6. Then find the values of the derivatives as specified.

L f)=4-=x% f'(=3),f0),f1)
2. F() = (x — )2+ 1; F'(=1), F(0), F'(2)

3. g0 =5 g'(=1).g'(2).2'(V3)

1
!2
1 — -

“

2z
5. p® = V360, p'(1),p'(3),p'(2/3)
6. r(s) = V2s+ 1: r(0),r(1),r(1/2)

4 k(z) = L K(=1),k'(1), k'(V2)

https://manara.edu.sy/
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d=ols 1. Step1: f{_T)=4—Izﬂﬂdf(I+h]=4—{_T+;I)2
6)liall f(x+h] f(x) [4—(;r+hf] (4-x) _ (41 -zx}: )42’ _ owhoi _ h(2x-h) _

ANAR R oy Stﬂp 2: = h 7 2_1 ;I

Step 3: f(I)— (—?I ff)—-l‘t f'(=3)=6, f(ﬂ') 0, f'(1)=-2

2. F(x)=(x=1)?+land F(x+h) =(x+h=1) +1 = F'(x) = }}im [fﬂf‘f—l}‘ﬂ{fr—l}'ﬂ]
—0
— lim (x +2xh+h7 =2x-2h+141)—~(x" =2x+1+1) — Lm Ivhiht—2h ]11:I1 (?I+.31 2) = 2(x—1):

h—0 h h—0 h
F'(—l) =, F'(ﬁ) ==2, F'(E) =2

3. Stepl: g(1r) ——aﬂd g(t+h)=

{r+h}
L ( -{ijJ
Step 2: g(t+h)—g(t) _ @i 2 _N e ) £~ 420heh®) _ _ogpi? _ h(=20-h) _ 2
' h h h (=2 2h @+ h @) R (r+h)EE
Step3: g'(f)=lim =2 - 2 _2../(_])=2,¢g'(2) = - 3)=—2
ep3: g'(r) .Fa—}{}(HF?]f‘ s r=5:8(-)=2¢g(Q) 4,g(vr] 35

1-(=+h) 1 -

4. k()= —and k(z+h) = 1-(z+l) = k'(z) = lim (3(:—-"]‘ T] — lim (1-z—h)z—(1-z)(z+h) - lim z—zl—zh—z—h+z> +zh

2k Fi'—‘.bﬂ' h h—0 2(z+h)zh h—s0 2(z+h)zh
= _=h __ o 1 _ 1
T po 2zth)zh hﬂlﬂ 2z - 2 k(1) = 5.k = (JE) =-1
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TN 5. Step1: p(6) =36 and p(6+h) = \3(6+h)
- Step2:  POTp©) _ PO _ (B303030) (B0:3h430) | apusiy o
. 7 = 2 - h

[43ﬁ+3h +J33] - h(43ﬁ+3h +433]
3h

_ _ 3
E:HE 6+3h +J:=.ﬂ] J30+3h 30

Step 3: p(ﬂ)—h_}[lmWF— J_&i'+«.|"_ 2«4"'_ P(}_EJ—:P(E')_

|u||—-

/63

6. r(s)=~2s+landr(s+h)= \/2{3+h}+1 = 1'(s) = lim V25+2h+1 2541

h—0 h
— lim {«f23+}:+1—\|l"23+1] . JEE'*‘EF?‘H.""JES‘I‘].) (7'.1'+;_’.Fi'+]_:l (23+1]
h—0 h

—~.|"2£+2}:+1+425+1) ;H.u h[ﬁf?ﬂzhuﬂﬂsn]
2h — lim 2 __ 2 __1 .
h—0 h(st+zh+1+42:+1 h—0 N 25+2h+1++25+1 st+1+st+1 202541 2541

F(0) =1, (1) = 315 ()= :,15
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Exercises

Using the Alternative Formula for Derivatives
Use the formula

f(z) — f(x)

fi0) = lim—2—

to find the derivative of the functions in Exercises 23-26.

23. f(x}=x_|l_z 24, f) =2 —3x + 4
25. g(x) = — 26. g(x) = 1 + Vx

x—1

https://manara.edu.sy/
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Solution
ﬂJLa_.:nJ_I
""""""" ' _ fim LO@) _ Py s QR TIO € 200 2 NI Y-z _ 91
23. f{I) Pjﬂ, I-x zeex ZX _zhglx(:—:r}{;+2}(x+2} -IE},[L—I}LN)(I*‘”") IE}T( +2}(3‘-’+2} (x+2)°

24, f'(x) = lim 2220 f(z ] flx) _ — lim (22 -3z+4)~(x"-3x+4) — lim 2 —3z—xT43x _ — lim =yt 343y (z—xNz+x)=3(z=x)

) - lim
IX —X T X Z—X T—X ZI—X T—»X =X T3 I—X
= lim S I)[{ :x] 3 lim [{z+:-:) 3] 2x =3
I=*X = I=*X
: £0-g0) _ 1 F5 =G x(=-1) pig L
25 g(0)=lm T = hm o= I 2 ee M ee06 T IR EeD T Gy’
' g() —g(x) [1+~4"_] {1+w"_]' J_—wf_ Az lx lim -l = 1
26. g(I}_Pf}}[ —X _*h—}x :—}:r - wl"_+~.1'r_ Fl—}:r [h—;r]{~f_+~f_] "—H'hE"'\E 24x
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Exercises

In Exercises 41 and 42, determine if the piecewise-defined function is
differentiable at the origin.

2x — 1, =)
a1, f(x) = { ) )
+ 2+ 7. <10
12;3, xr=10
42, g(x) = {1”3, L <0

https://manara.edu.sy/
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Solution

41. f1is not continuous at x = 0 since lim f(x) = does not exist and f(0) = -1
x—0

- 173
42. Left-hand derivative: lim S0 _ jim B0 i L= 1o,
h—0" h—0" ;H h—0" 1
Right-hand derivative: lim £-8@ = i 1720 pi L — 4op;
h—0" ! h—0" h—0" h
Then lim £/-2@ _ 1, 20)—2@ _ — the derrvative g'(0) does not exist.
h—0" h h—0" /

https://manara.edu.sy/
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Derivative Calculations
In Exercises 1-12, find the first and second derivatives.

1. y=—x>+3 2. y=x>+x+8
3. s = 5 — 3 4. w =377 — 773 + 2172
7. w= 372 —% 8. s =-—2/1 -I-i,,

9. y =627 — 10x — 5x7° 10. vy =4 — 2x — x°

11. r L_i ]_z_rzg—i_}_l

32 s 8 g 4

https://manara.edu.sy/
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2

ﬂfh’

V=—x +3= =

dax

7
y=x +x+8=>

. 3_53 —3:‘ :}

32 —T.i +Elz :b—

ﬂ.f].:'

dx

4 (—x?)+

(5!‘ ) -

dz

4 (3)

2(3r) =

2179 =2122 +4zz:>ﬂ’“'

=-2x+0==-2x=

2

_2x+140=2x+1= %2 =
e

2

.

Py _
dx”
ds_d 2(1567) =4 (15t%) = 30r - 60r°
=126z =42z + 42
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https://manara.edu.sy/

y=6x2 ~10x-5x 2= L =122 -10410x> =12x-10+ 12 = £ =12 -0-30x* =123
dx*

X X
T e . SN S_-12
v=4-2x—x == 24+3x T = 2+x4::> e =0-12x “ = >
_1.-2_5 -1 dr 23,5 -2_-2_ .5 d-r -4 _s 3_2_5
r=3s 55 :}ﬁ{T 35 +25 _353+231:} 31—13 55 = ET

r=120"1-40" 40 = 4 = 12077 4120 -4 =12+ 12 _ 1:3393 2407 —4807 +200°°

g o 94 &
_24_48 20
¢ e
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%“7 Find the derivatives of the functions in Exercises 17—40.

3L o 2x + 5 4 —3
8)Li_aJl - — 3x
R 17. — 18. z = 2
YT -2 32 + x
_xt—4 -1
19. E[I]_x+ﬂ.5 20. 'f(r)_rz-i-r—i
21. v = (1 — (1 + ) 22, w=(2x— T Hx + 9)
Vs — 1 5+ 1
23. fi(s) = 24, u =
1) Vi + 1 2Vx

25, y = LT —4Va zﬁ.r=2(L+\/E)
Vo

1 g v @ DG+
-2 +x+1) YT a-Da-2

2? - }:‘ =
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(31—2 W2)=(2x+5)(3)

17. y= 2“5 : use the quotient rule: ¥ = 2x+5andv=3x—2 = u' =2 andv' =3 = ' = W= -
v (3x=2)"
_ 61—4—61—15 __-19
(3x-2)" (3x-2)
18. y—;_k use the quotient rule: u =4 =3x and v = 3x +x = u' = =3 and v’ =6x+1=y'= = '’ =il
X +X 2
_ (3I‘+I}[-3)-(4-3x)(ﬁr+ll —9x” —3x+18x" ~21x—4 _ 9x"—24x—4
(3x7+x)° (3x7+x)° (3x7+x)°
19. g(x)= _01: —x*=4andv=x+05=u"=2x and V' =l=g'(x)= u

— (I+ﬂ-5}(l"}—(r—4}(1} — 2x tx—x+4 - xo4x+4d
l[x+l}.5}2 l[:f+‘£l.5}1 {x+{l.5}1

https://manara.edu.sy/


https://manara.edu.sy/

20.

21.

22.

23.

o1 _ (=D0+) _ pa (E+2)D=(4+1)A) _ p42—t=1 _ 1
/ (I)_r +t=2 @201 i+ naf*1= 0= (t+2)° (t+2)°  (t+2)°

= (1=t Q4e2) o dt o dy ()D-0-0020) _ —1-P22p42? _ o0

St (14 () ()
o x5 o xTM-(x45)(2) _ 2x-7-2x-10 _ 17
2x-7 (2x=T) (2x-7)° (2x-7)?

f(j)zﬁ:}f!{j) {”EH}[ ] (+s- 1}( I) _ (saD)-(s-1) _ 1

s+l ('J_ 1)° 2S5 (\f5+1) —m
NOTE: (*Jr- )= ﬁ'c-m Example 2 in Section 3.2
g o= 3x+l o du _ (2x)(5)- (5x+l}(T]
B E_"";' cﬁ 4x 4}_1;1
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deol o
N — . |12 (1 x—4x) —
25, v= Lt x—4y/x =y = ( :'?;) - _ 2 ﬁ_l
X X" x°
. \@({.]_1(;)
—o[-L . Wol, 1 (-1 _, 1
26. F_E(JE*-JE):H =2 a +E~.|'r§ = Hyz"' 2
27. y= = —1}{};3 prve : use the quotient rule: #u =1 and v = (IE -1) (IE +x+1)=u'"=0 and
v = {.1’2 —D(2x+1)+ (IE +x+1)(2x) = 20 +x7 =2x =142 +2x7 +2x =4x +3x° -1 = % =y
2
_ 0133 ) g3 3ty
(D (x4’ (=D (el
28 C(x4Ix42) v a3x4n — = I::x2 —3x+2}(2x+3}—(x1 +3x42)(2x=3)  _gx412 —lISI::x2 =2)
' CDG-2)  23xs2 (x-1)* (x=2) (x-1)7(x=2)"  (x-1)*(x-2)
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Find the first and second derivatives of the functions in Exercises

45-52.
3
45, y =21 46.
g — 18> +6 + 1
47. r _ X ) 48.
33
_I_
H.w=(l h}3—ﬂ 50.
3z

?=r3+5r—1
. -
_(,r2+,t](,r2—x+1)
‘o r*

g + 3
p =

(g— 10 + (g + 1)

https://manara.edu.s
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46.

47.

48.

49.

50.

1 — ;
y=xj+?=x‘+?':-: L, @ gy—7x72 i L =2 +14x =2+%
x d x° v X
)
sl .5 1 -1_ 2 3 _ &2 4-3_-5.2
5= 3 —1+r r3—1+5.t t dr =0-5t~ +Et ==5t " +2t —f2+f3
7
45107 -6 =108
1 ot
(E'—lj{fii' +6+1) 1 3 —4 4 3 dr -5 _ -12
—=l———1 = A 0439 =30 =3 4 12 =12
& & & dd gt de? &
2 2 2
= (x +x}{i— x+1) =x[;r+1}{1;; x+1) x{xj4+1} I 1 % =1+x_3
X X . X 5 X
du _g_3yH -3y B du_q7,” _1_
:}dx—ﬂ 3x T==3x _x4jdx 12x =35
W= —1;%:)(3—z)={%z_1+1 (3—z]=2_1—%+3—z=z_1+% z:}-f;f=—3 +0-1= _2_12__21_1
=40 =2:7-0=2:"=2%
_ g-+3 _ g +3 _ g-+3 _ g~ +3 1 1. -1 dp 1 -2 1
- 3 33 22 3,32 REVERP T o 2g 29 T Edg-"3239 T3 3
(g-1y"+(g+1)"  (g"-3¢ +3¢-1)+(g"+3¢"+3g+1) 2¢°+6q 2q(g"+3) -4 7 - 2q
d’p 3 _ 1
:}ﬂTl =q :—3
q q
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53. Suppose u and v are functions of x that are differentiable at
x = 0 and that

u(0) =5, w'(0)=-3, vi0)=-1, v(0) =2

Find the values of the following derivatives at x = 0.

d d d d
a. o-(uw) b, a(%) c. a(;) d. - (Tv = 2u)

34. Suppose u and v are differentiable functions of x and that
u(l)y =2, u'(1)=0, v(l)=15 v(1)=-1

Find the values of the following derivatives at x = 1.

a. %(uu) b. %(g) c. i(g) d. %(?u — 2u)

https://manara.edu.sy/
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ﬁ 53. u(0)=5,u'(0)==3,v(0) ==1,»'(0)=2
e (@) L (uv)=w'+vu' = %(W)‘ 5 = (O)V(0) +v(0)u'(0) =52+ (-1)(-3) =13
=
d(u)_w'-w' _ d(u _ YOu'(0)-u(0)v'(0) _ (=D(E3)-(5)2) _ _
() ‘i"'(") v - ”&(“] x=0 (v(0)) (-1)° 7
d(vy_w-w _ d(v)| _#OV@-0u'(0) _ GND(-D3) _ 7
(c) dx (u) . - (u) y—0 (1(0))° (5)° 25

(d) &(Tv —2u)=Tv=2u"= %(TP—EH) o =7V(0)=2u'(0)=7-2-2(-3)=20

54, u(l)=2,u'(1) =0,v(1) =5,v'(1) = -1
(a) %(uv} o p=u(v () +vQu'1Q)=2-(-1)+5-0==-2

dfu _ (' D-u(p'() _ 50-2(-1) _ 2
® & [“}x -1 o) GE 2

d (v _u(@p')—v@Qu'@) _ 2(-1)-50 _ 1
(©) E(:_"] x=1 (u(1))’ o 2

(d) L(Tv=2u) |y =TV =2'1) =7-(-1)-2:0 =7
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T ’ 53. uw(0)=5,u'(0)==3,v(0) ==1,v(0) =2
(a) %(m') =w' +vu' = %(m}‘ 0" u(0)v'(0) +v(0)u'(0) =5-2+(-1)(-3) =13
x=
d _w'=w' . d fu _ v(0)u'(0)—u(00'(0) _ (=D(=3)-(5)(2) _ _
© &()=23"= &), - cOF o
d(vy_w-w' . d{v _ w0 (0)—v(0)u'(0) _ (SH2)—(-1}-3) _ 7
©) % (" ) u? — & (”) x=0 (u(0))° (5)° 25
@ L(Tv=2u)=TV=2u'=L(Tv=2u)|;_o=Tv'(0)-2u"(0) = 7-2-2(-3) =20

54, u(l)=2,u'(l) =0,v(1) =5,v'(1) = -1
(a) %(m') ly—=u(W' D) +v(Du'Q)=2-(-1)+5-0==2
(b) d ( u } _ v(e'(D)—u(1v'(1) _ 50-2(-1) 12

@ iv/lx=1 ()’ ¢ B
div _ u(I' (D—v(Du"(1) _ 24(-1)-5-0 __1
© &= oy @ 2

(&) Lv=20) ], =TV D) =2u'Q) =7(-1)-2-0==7
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69. Find the value of a that makes the following function differentia-
ble for all x-values.

) = {.11‘, if v <0
5 2 —3x. ifx=0

70. Find the values of a and b that make the following function dif-
ferentiable for all x-values.

ax + b. x> —1
I:
f&) {bxz—i xr=-1

https://manara.edu.sy/
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69. g'(x)= {gx—j Eg, since g 1s differentiable at x =0 = lm (2x=3)=-3and lm a=a=a=-3
' x>0 r0"

70. f'(x)= {f:b;r 1:11 , since f1s differentiable at x==1= lim a=aeand lm (2bx)=-2b=a=-2b,and
o x-1" r-1"
since f1s continuous at x ==1= hm (ax+b)==-a+band lim (EJIE -3)=b=3=>=-a+b=5b-3
x—=-1 x=-1

:m:E:S:—EE}::ab:—%.
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% Derivatives

In Exercises 1-18, find dy/dx.

ﬂhﬁl 1. y==10x + 3cosx 2. y=%+55inx
3. y=x*cosx 4. y= Vxsecx + 3
7 5 1
5. y=cscx—4\/}+; 6. vy =xcotx — —
x°
A COS X
7. f(x) = sinxtanx 8. g(x) = —
sin” x
9. y = xe"secx 10. y = (sinx + cos x)secx
cot x _ COSX
LY s 1 + cotx 12. y= 1 + sinx
v i | - -CO8 X X
3. y= COS X + tan x K. y= X + COS X

15. y = (sec x + tan x)(sec x — tan x)

2 .
16. y =x"cosx — 2xsinx — 2cos X

17. f(x) = X° sin X COS X 18. 2(x) = (2 — x) tan®x
In Exercises 19-22, find ds/dt.
19. s=tant — ¢’ 20. s =1t* — sect + 5¢'
21's=l-+-csct B s sin 1

l —csct I —cost
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£Av Derivatives

In Exercises 1-18, find dy/dx.

Ei ,,,, - ] 1. y==10x + 3cosx 2 _v=%+5sinx
3. y=x%cosx 4. y = Vxsecx + 3
7 5 1
5. _v=cscx—4\/}+; 6. y=xcotx — —
x“
: COS X
7. f(x) = sinxtanx 8. gx) = —
sin” x
9. y = xe"secx 10. y = (sinx + cos x)secx
= cotx b= COSX
T I + cotx .3 1 + sinx
e i | . _Cosx X
13. -‘_cos.t+tanx K. y= X +cosx

15. y = (sec x + tan x)(sec x — tan x)
16. y = x*cosx — 2xsinx — 2cos x

17. f(x) = X’ sinxcosx 18. g(x) = (2 — x) tan’x
In Exercises 19-22, find ds/dr.

19. s=tant — &' 20. s =1> — sect + 5¢
21.s=l+csct B s sin 1
1 —csct I —cost
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I : 1. y=—]Ux+3::nsx:‘:-d—1'=—lD-!—S%(ch;'}:—ID—Esiﬂx
o)lioJl

L A, L T T - 3 . _ i -__3 i . _ -i
2. y_;+55m1:‘rdr—12+5d1 (51n1)_£+5cosx

3. 2 a

y=XTcosx = ——= X (—sinx)+2xcosx = —+7 sin x + 2x cos x

rfl.l
4. =+Jxsecxy+3 = =+frsecxtanx + 38X 4 0 = 4/x sec x tan x + 38X
Y dx 231 3

2x
5. =cscx =44y +-L :;-ﬁz—cscx cot v ——3_ L
Y \',_ g dx E_J; &
6. y:.TECOtI—L:}i x4 (cnt x)+cotx- 4 (x )+%=—x2 u.":ﬁn::z_vr+{::f:-t_r)(l*;]|+i
X dx T i
==x" CSCET'F?JEDJ[}.'F%
X

7. f(x)=smxtanx = f'(x) = sin xsec” x + cos xtan x = sin xsec” X + cos x SBL = smx(scc x+1)

8. g(x)=-0sx —_1_.cosX _ogeycoty = g'(x) = csc;(—csc x) +(—csexcot x)cotx = —cse” x —csc xcot” x
sin? x  SINX  sinx

= —csc _r(cscz x +cot? x)
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_ av _ _ _ — _ —_
9. y=xe "secx = F=4(x)e "secx+xL(e )secx+xe  L(secx)=e "secx—xe secx+xe secxtanx =

e "secx(l—x+xtanx)

dy

10. y =(smx +cosx)secx = — =(sinx +cosx) %(sec x) +sec x% (sin x + cos x)
(sin x+cosx)sinx 4 cos Y—sin x

= (sinx + cos x)(sec x tan x) + (sec x)(cos x —sin x) =

, i CGEE X CoOsX
in’ : 2. cosxsi 2
— SI0°X+COSXSIX+COS” X—COSXSIX _ 1"_, —sece
cos™ X cos” X
Note also that y =sin xsecx+cosxsecxy =tanx +1 = % = sec’ _r.)
1. y= cot x dy _ [1+CﬂtI}%{cﬂtl}—{cﬂfl}%ﬂﬂm X} (1+cot x)(—csc” x)—(cot x)(—csc? x)
Ltcotx ° dx (1+cotx)* (1+cot x)*
_ —esc” x—cse” x cot x+csc” xcot x _ _—cscx
(1+cot x)? (1+cot x)?
12. y= cosx dy _ (1451 x}%iﬁﬂﬁ x)—(cosx }%(Hsinx} _ (1+sm x){—sm x)—(cos x)(cos x) _ —sin Y-S Y—C0S— X
l+smx ° dx (1+sin x)° (1+sin x)° (1+sinx)
— =sinx-1 _ (ltsmy) -1
(l+sinx)®  (l+sinxy)®  1+sinx
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dv
13. v= 4 4 Ll _gsecxtcoty =L = 4secytanx—cse” x
cosx  tanx dx

14 p=FLosx  _x _. ay _ x(-smx)—(cosx)(1) " (cosx)()—x(-sinx) _ —ysinx—cosx 4 CosX+Xsinx
- Y X  cosx  dx 2

2 3 5
X CoOs™ X X Cos5™ X

15. y=(secx+tanx) (secx —tanx) = % = (secx + tan x) % (sec x —tan x) +(sec x —tan x) % (secx +tan x)

= (sec x + tan x)(sec x tan x — sec’ x) +(sec x —tan x) (sec x tan x + sec” x)

3

2
= (sn.ac.t2 xtan x +sec xtan” x —sec> x —sec” x tan x) + {sn:u::2 xtanx—secxtan’ x +sec” x — tan x sec” x)=0.

2

[Nnte also that y =sec x—tan” x = (tan‘:" X +1}—ta:12 e ﬂ.)

ax

16. y= x” cos x —2xsin x —2cos x = % = (IE (—smnx) +(cos x)(2x)) =(2xcosx + (s x)(2)) — 2(—sin x)

7. . : 7.
==X"SMY+2XCOsX —2xCcosx—2smx+2sinx=—x"smnx

17. f(x)= x> sinxcos x = f(x)= x> sin x(=—sin x) Fx° cos x(cos x) + 3x% sin xcos x

3_. 2 3 2 2 -
=—X"sin" X+Xx cos  x+3x smmxcosx
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2

18. g(x)=(2-x) tan” x = g(x)=(2=x)(2tanx sec” x)+ (=1)tan” x = 2(2 —=x) tan xsec” x—tan” x

=2(2-x)tan x(sccz X —tan x)

B 2 . 2
19. s=tant—e j%zsac‘r+e ! 20. s=t" —sect+5e ﬁ%zlt—secﬁanr+5&'r
2] g=lteser . ds _ (1-csct)(—cscrcott)—(1+cscr)(csctcotr) _ —csc t cott+cse” fcot t—csctcotf—csc” teott _ —2cscreott
l-escr dt l:l—-.:s-.:r}2 {1—c5cf]1 (1—csc I}E
7y g = _smt ds _ (1-cost)(cost)—(smnf)(smr) _ cos t—cos” f—sin” ¢ __cost-1 ___ 1 __1
1-cost dt (1-cost)’ (1-cos 1)’ (1-cost)’ l-cost  cost-1
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33. Find v" 1if

4. ¥ = CSCX. b. v
34. Find ¥ = & y/dx* if
a. vy = —2sin x. b. v

SOC X.

Jcos x.
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33. (a) y=cscx =)'

—escxcotxy = " = —((esc I)(—ESEE x) +(cot x)(—cscxcot x)) = cse” x +esexcot” x

= (cse I]{:CSEE X +cot” x) = (csc I)(CEEE x+ese” x -1)= 2ese® x—csex

(b) y=secx =y =secx tanx = " = (sec I)(SE:CE x) + (tan x)(sec x tan x) =sec” x +sec x tan” x

= (sec Jf}(ﬂt‘:i:2

34, (a) y==2sinx=)y =—2cosx =y " =-2(-sinx)=2sinx = y" =2cosx = y

X +tan” x) =(sec I)(SECE x+sec” x -1)= 2sec” x —sec X

(4) _

-2 sinx

=O0cosxy =V =—Osinx = " =—Ocosx = " = -9(—sinx) =9%sinx = :{4}=9cﬂsx
y y y y )
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LICEUERE N ot

Thank you for your attention
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