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Surfaces and Area
Parametrizations of Surfaces

Explicit form:

rii, v) = flu, v)i + glu, v)j +
y = glu, v),

x = flu., v),

EXAMPLE 1

£

reosf,y = rsinf, and z

X

rir,0) = (rcos @i + (rsin8)j + rk,

z = flx,y)

hu, vk

z = hlu, v).

Find a parametrization of the cone

vVl + }rl,
Vit + f =r

[

6)liaJl

> 9

Curve v = constant

Flx,v.z) = 0.

e

Implicit form:

Curve u = constant

a=u=~b c=v=d
* r(u, v) = f(u, v)i + glu, v)j + h(u, v)k,
position vector to surface point
0=z=1. \ y
_ Cone: z
0=r=1and 0 =6 = 2w RS
il |
v
D0=r=1, 0=0="27% “

£(r, 8) = (rcos B - .
F(rsin®)j+rk
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Surfaces and Area z
Parametrizations of Surfaces |

(x,y.2) = (asin ¢ cos 6, a sin ¢ sin 8. a cos ¢)

EXAMPLE 2  Find a parametrization of the sphere x> + y*> + 22 = o°.

x=asin¢gcosd, y=asingdsing, and z=acosh, 0= =7 0=0 = 27

e
. . s . . -5y @ AT
ri¢, #) =(asingcosi + (asingsin)j + (acosgp)k, 0=d =7 0=0= 27 \\\\y{’
Surface Area LS.

DEFINITION A parametrized surface r(z, v) = f(u, v)i + glu, v)j + h(u, v)k
is smooth if r, and r, are continuous and r, X r, is never zero on the interior of ——
the parameter domain.

&r _af, dh ar ﬂf dh
r, = = +E'] Ek r"_E o +E‘]+Ek'

https://manara.edu.sy/ .



&yliall
Surfaces and Area e '
Surface Area
Z
ug
Parametrization
" |
A1 2
v, + Av
vo+ Avp--——— AR
oI 1 |
o EEEENE x/
| |
o a L uoiAubr
) x Yy X y

|ﬂu:ru * ﬂurl,| = |1",, X I‘t,| Au Av.

E|r“ ¥ rl,| Au Av.
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Surfaces and Area
Surface Area

DEFINITION The area of the smooth surface
r(u, v) = flu, vi + glu, v)j + A, v)k, a=u=h c=v=d

o pb
A= f/h;, X 1| dA =/f Ir, X 1| du dv. @)
R [ i

15

Surface Area Differential for a Parametrized Surface

do = |r, X r,| du dv -[/ cor (3)
5

Surface area differential. also Differential formula
called surface area element for surface area

https://manara.edu.sy/
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Surfaces and Area
Surface Area
EXAMPLE 4 Find the surface area of the cone
rir,0) = (rcos @i + (rsin@)j + rk, 0D=r=1 0=0=27m.
i i k
r, Xr,=| cosf sinf 1| = —(rcos8)i — (rsin 8)j + (rcos’ 8 + rsin” Bk

—rsmf rcosf 0 .

r, X 1| = ViPcos?# + rFsin?d + £ = V272 = V2r

Im pl 27 pl
A =f / |I‘, # I'|g-| dr df =f f V2rdrdd = 7V/2 square units.
0 0 0 J0

Cone: I
I | )
E —3 _r |
=r
4
S
-5
-

o(r, 8) = (rcos B -
+ (rsmm@)j + rk
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Surfaces and Area o)liodi
Surface Area

EXAMPLE 6 Let § be the “football” surface formed by rotating the curve x = cos z,
y=0,—7/2 = z = /2 around the z-axis (see Figure 16.46). Find a parametrization
for § and compute its surface area.

&

1213

x=cosz,y=10

Solution \ r = cos z is the
F=Cos8z u=rzandv = 6. 0=8 = 27 ! radius of a circle
: - - atheight z
x=rcosf =cosucosv, yv=rsinf =cosusinv,; = y \‘\ ,,f .=
'l - - TT I':I'T . < - 7. > - - (.1'. )" :)
r(u, v) = cosucosvl + cosusinuvj + uk, _EEHEE, 0 =v =27 M
1 1
I, = —sinucosvi —smusinvj+ Kk r,=-—-cosusinvi-+ cosucosvj. x ' y
i i k f
r, X r,= |—sinucosv —smusinv I :
—cosusinv cosucosv 0 f
= —cosucosvi — cosusinvj — (sinu cos wcos? v + cos u sin u sin® vk —=
Ir, X r,| = Veos® u(cos® v + sin’ v) + sin® wcos’u = cosu V1 + sin? . cosu=0for—= < u=x

https://manara.edu.sy/
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Surfaces and Area z
Surface Area [1
2w pwf2 ?_2
A =/ cos u V1 + sin® u du dv. RSP 1) '/’}
0 —f2 e ' 3
w=gsinu and dw =cosudu, -1 =w =1 \ r = coszis the

Since the surface § is symmetric across the xy-plane,

— e ) G - D ——

_~~ radius of a circle
o at height z
—

N
—'—--* ~o (-‘-' )" Z)

2y el > X
Ef f V1 4+ w?odwdu ' )
0o Jo

)

A

1'1..‘ 1
=E/ {g‘vl+w2+%ln(w+ Ul+w1)] dv
] 0

2w V2 + In (1 + V2)]
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Surfaces and Area [ZV

Surface Flx,v. 2) =«
Implicit Surfaces d=ola a
P 0)liaJl P — / I
u = xand v = y. Then z = hlu, v) S
I‘{H:U]=ui+1{i+hl:u,u]k r _l+gﬂk and ru=j+%k-
P I
E‘H - _F:T an ,a'L;I - P‘_’_' : T
.k . 5
r,,=|—Ek and l‘u=.]—f:k-
By 2 1 v VF -”’\
b =—i+=j+k== i i a
| | Y le F_,'] E (*F.'rl + E_] + F:k] = VF Kk = Yo p=k The vertical projection
|T‘FF‘|- E nr“:ih_nduw" of Sona
oF = |I",, X I'.L,.| dudv = —i.{tﬂ’}-: w=xandv =y coordinate plane
| VF*p|

Formula for the Surface Area of an Implicit Surface
The area of the surface F(x, v, z) = ¢ over a closed and bounded plane region R is

" |VF|
Surface area = /]|?F -y (7)

where p = I, j,ork is normal to Rand VF*p # 0.
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Surfaces and Area et
Implicit Surfaces
EXAMPLE 7 Find the area of the surface cut from the bottom of the paraboloid
x> + y* — z = 0 by the plane z = 4.

Fix,y2)=x +y —z

VF =2 + E‘!r'j —k ‘ |"|;-'F| = V"[ll}l + (2},]1 + [_1]1 _ \},.-’4_1_1 + 4}_.1 + 1

[VF-p| = [VF-k| = |-1]

. |VF|
Surface area = ﬂ dA = / Vidr? 4+ 4y 4+ 1 dxdy
|VF-p| ! ¢
R

CHy=4

2w p2
=f/V4rﬂ+1rdr.:m=;_f(1ﬁf17_l}
0 0
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Surfaces and Area deola

Explicit Surfaces O)tiall

We parametrize the surface by taking x = u, y = v, and z = f(x, y) over R. This
gives the parametrization

r(u,v) = ul + vj + f(u, v)k. ‘ ri'-'=i+fuksru=j+fuk

i
1
0

)

ruxrvz_fui_fuj+k' ‘ |I'HXI'U| du dv = \/fu2+fuz+ 1 du dv.

It

J
0
1

':-.+=':-.+:

v

do = \Vf2 + fy* + ldxdy.

Formula for the Surface Area of a Graph z = f(x, y)

For a graph z = f(x, y) over aregion R in the xy-plane, the surface area formula is

A= /]\/ff + £,2 + ldxdy. (8)
R
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Exercises -
@® find a parametrization of the surface.
The paraboloid z = 9 — x> =y, z = 0 r(r,é’)={rc059)i+{rsin9}j+(9—r2)k 0<f <2, D<r<3

@ use a parametrization to express the area ot the surface as a double integral. Then evaluate the integral
The portion of the plane y 4+ 27 = 2 inside the cylinder x* + y* =
r(r, 0) = (rmsﬂ)iﬂrsinﬂ)h(?—gﬂ]k, 0<r<land 0<0<27
a5
2
@ find an equation for the plane tangent to the surface at F,.
Cone The cone r(r,6) = (rcos®i + (rsin@)j + rk,r = 0,0 < § < 27 at the point Pn( \/i \/E 2)
corresponding to (r,0) = (2, w/4)
V2x++/2 y—=2z=0,

@ Find the area of the surface cut from the paraboloid x* + y* — z = 0 by the plane z = 2. %FI

https://manara.edu.sy/ 1
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Surface Integrals

riu, v) = flu, v)i + glu, v)j + Mu, vk, (n, v) e R.

Aoy, = |r, ¥ r,| dudv.

I‘ZIG[Ih Nies Z‘.}.ﬂﬂft + ¥

https://manara.edu.sy/ 13



Surface Integrals
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Formulas for a Surface Integral of a Scalar Function

1.

For a smooth surface § defined parametrically as riu, v) = f(u, v)i +
2(u, v)j + u, v)k, (1, v) e R, and a continuous function G(x, v, z) defined
on §, the surface integral of & over § 1s given by the double integral over R,

j] Glx, v, D)do = ][ G(f (e, v, g, v, B, u}}|r“ x ru| du du. (2)
5 R

For a surface § given implicitly by F(x, v, z) = ¢, where F is a continuously
differentiable function, with § lying above 1ts closed and bounded shadow re-
gion R in the coordinate plane beneath it, the surface integral of the continuous
function & over § 1s given by the double integral over R,

|VF|
G(x, v, 2)do = G, v = IVF- P| (3)

where p is a unit vector normal to R and VF-p # (0.

For a surface § given explicitly as the graph of z = f(x, ¥), where f1s a con-
tinuously differentiable function over a region K in the xy-plane, the surface inte-
gral of the continuous function € over 5 1s given by the double integral over R,

j] Glx, y, 2)do = [[ Glx,y, fl, ) V2 + £,2 + Ldedy. (4)
5 R

https://manara.edu.sy/
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Surface Integrals o

EXAMPLE 1 Integrate G{x, v,z) = x> overthecone z = Vx' + v, 0=z = 1.

r(r, &) = (rcos i + (rsin#)j + rk, 0=r=1, 0=08=2m c‘:fu,m :
i i k - l‘|~ .
LA =| cosf sin @ l|l=—(rcos@)i — (rsin@)j + (rcos* @ + rsin” )k k. oemmmmn .
—rsinf rcosf 0 r A *’__:__"“__~

w5
Ir, % n| = ViPcos?8 + FPsintd + 2= V2T = Vo rir. ) = [rmg}:% ]
", Iy, D)=

+ (rsin#)j + rk .
/&Qﬁ.ﬂ,rﬁmﬁ,r}
# rH
[[#e=], / eot (V)= V[ [ wivar PN

/ v_’i{hg EEL -TV2

4 12
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f/r}d:r=/fﬁda+fff}da+---+f/r}d¢' [
5 5 5a 5 1| Side A
|
|
|
|
0

Surface Integrals

EXAMPLE 2 Integrate G(x, y, z) = xyz over the surface of the cube cut from the
first octant by the planes x = 1,y = 1, and z = 1 (Figure 16.50).

[/ wzdo = [/wzdtr [/1}¢JJ+ / xvz der. ,/-“‘“-\_-_-1
Cube cile l/// \\‘

surface / / Side C
Side A is the surface f(x,y,z) =z =1 over the square region R0 =x=1, ! Side B
0 = y = 1, in the xy-plane. For this surface and region, '

p=k Vi=k [Vf=1  |Vf-p| = [k-k| =1

do = VS dA = Iitd} = dx dy (1)
= _— ;] =-— ] ! _1'}.'; = _1'}.' = _1'_'!_.'
IVf-p| :
1 1 1 _ 3
1 — - — —
y 1 Symmetry [/ xyzddo ==+ —+ —= =,
dor = dx dy lxdy = | =dy =~ 4 4 4 4
f]l}{.ﬂ' /]Wl} ffl}.‘.’l{} fnz' 7 — s
Side A surface

https://manara.edu.sy/ —
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Surface Integrals
EXAMPLE 4 Evaluate f f V(1 + 2z) do on the portion of the cylinder z = y*/2
over the triangular region R:x = 0,y = 0, x + ¥ = 1 in the xy-plane (Figure 16.51).

Glx,y,2) = Vx(l + 22) = VaV1 + 42

With z = f(x, ¥) = y*/2, we use Equation (4) to evaluate the surface integral:

do = ‘v‘ff;l -I-']"_:_.1 + ldedy = VO + v: + ldxdy

[/E{Ly,z}dﬂ' = f/{*ﬂw’l + }-‘1)"-.*’{1 + y* dx dy
5 R

I pl—x
- 2 b dye = 204
_fﬂ/; Va(l +y }ff}ffx—g45 = (.30.

M=,

17
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Surface Integrals
Surface Integrals of Vector Fields

DEFINITION Let F be a vector field in three-dimensional space with continu-
ous components defined over a smooth surface § having a chosen field of normal
unit vectors n orienting 5. Then the surface integral of F over § is

f/F-ndm (5)
£

This integral is also called the flux of the vector field F across S.

https://manara.edu.sy/
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Computing a Surface Integral for a Parametrized Surface

EXAMPLE 5 Find the flux of F = yzi + xj — z°k through the parabolic cylinder
y = ©,0=x=1,0= z= 4, inthe direction n indicated in Figure 16.54.

On the surface we have x = x, y = x-, and z = g,
ric)=xit+xrj+zk0=x=10=z=4

bk X 2d— ]
rEXre=|[1 2x 0| =2i—j n = = -
0 0 1 |1, X | 42 ¥ 1
On the surface, y = 1%, so the vector field thereis F = yzi + xj — 22k = x%i + xj — 7k
l 2x3z — x
F.n= (L'- (2% + D + (D) = = .
v dx 4 + 1

2x%z —
F-nde = /f r, X r.|dedz do=|r, xr|dvd:
/f Varr i e

L
f/ = L 42 + 1dxdz =7

WV + 1

ol
s

/?{
(10,4 s == ,

J_I _ -1._

https://manara.edu.sy/
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Surface Integrals
Computing a Surface Integral for a Level Surface
glx,yv.z2) = ¢,
v

n=t——

|Vg

F’lux=[[F*nah= [/(F_ivg) |‘Fg| dA
J |Vegl/ Ve pl
IS

TVe
= F- dA.
l/ |Ve-pl

k]

https://manara.edu.sy/
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Surface Integrals
EXAMPLE 6

Y
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Find the flux of F = yzj + z°k outward through the surface § cut

from the cylinder y* + z* = 1,z = 0, by the planes x = O and x = 1.

glx,y,2) =y + 7

Ve Zyj + 22k 2yj + 2k

n= -+ = =
| Vel Wiy + 477 21

With p = Kk,
| Vgl 2 1
do = dd = dA = —dA.
| Vg K| | 22| .

Fon=(yzj+ k- Gj+zk=:

[ ¥nao =

5

= yj + zk.

=

-
I

[/ (E,}Gﬁﬂ) = [/ dA = area(R,) = 2
Ry Ry

X

https://manara.edu.sy/
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Surface Integrals
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Moments and Masses of Thin Shells

Mass: M= [[ dda & = 8(x, v, ) = density at (x. v, 7) is mass per unit arca
LY

First moments about the coordinate planes:

M},E=/]x5dcr, ME=_/]yad.:r, MD,=/]35.-:J’U
5 & 5

Coordinates of center of mass:
=M. /M, F=M./M, I=MM

Moments of inertia abont coordinate axes:

Ix=f (42 + 2) 8 do, I}.=[/(f+zl)5dcr, Iz=ﬂ(12+y1]5du,
5 )

5

IL B .[/ réde (x. ¥, ) = distance from point (x, ¥, z) to line L
5

https://manara.edu.sy/
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Surface Integrals 6)Liall S,
; B
Moments and Masses of Thin Shells (0 0\5) I
EXAMPLE 7 Find the center of mass of a thin hemispherical shell of radius & and
constant density 8. " : S
|
f,y,2)=x +y' + 7 =, z=0
B i .
The symmetry of the surface about the z-axis tells us that x = y = (. > / 2 ’
c+y=a
X ~
M= /f 5 der = 5/fda = (5)(area of §) = 2ma®.
5 5
ok V=l tokl =TT E T Eoa VRl = (VK] = ] = 2
Vi
do = —lrM =244
|Vf-pl ‘

B | &2

ral
I

M, = [/EE do = 5[[ zgdﬂ = EH[/ dA = dalmwa®) = dwa® M,, _ Ta o
. % B 4 M 274

The shell’s center of mass is the point (0, 0, a /2).

https://manara.edu.sy/ 22
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Surface Integrals
Moments and Masses of Thin Shells

EXAMPLE 8 Find the center of mass of a thin shell of density § = 1/z* cut from the
cone z = Va® + y* by the planes z = | and z = 2 (Figure 16.57).
The symmetry of the surface about the z-axis tells us that x = y = 0.

r{r,d) = (recos )i + (rsin @)j + rk, l=r=2, 0=0=2m,

|]',. o I'H| = Vﬁr.

2o pl
M= ﬂﬁﬂ'ﬂ' =f f #\Erdrdﬂ = 27V21n 2,
% ] |
27 p2
M, = ﬂﬁzd’rf =/ / %rﬁrrﬁrdﬂ = L
J 0 L] In 2

The shell’s center of mass is the point (0, 0, 1 ;‘ In 2).

https://manara.edu.sy/
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Exercises B
@ integrate the given function over the given surface.
G(x, y, 7) = x, over the parabolic cylinder y =x,0=x=20=7=3 an_]

® Integrate G(x,y,z) = xVy~ + 4 over the surface cut from the parabolic cylinder y* + 4z = 16
by the planes x =0, x =1 and z = 0. 56

3

@, use a parametrization to find the flux ﬂ ¢F " n do across the surface in the specified direction.

F =7+ xj— 3zk outward (normalaway from the x-axis) through the surface cut from the parabolic

cylinder z = 4 — y* by theplanes x = 0,x = l,and z = 0 =32

@ Find the center of mass and the moment of inertia about the z-axis of a thin shell of constant density & cut

from the cone x* + y* — z> = O bytheplanes z = 1 and 7 = 2.

(x, ¥, f)=(0, 0, ﬁ) i

https://manara.edu.sy/ e
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