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Uniform Convergence
Definition
Let {u,(x)},n=1,2,3,... be a sequence of functions defined in [a,b]. The sequence is said to

converge to F(x), or to have the limit F(x) in [a, b], if for each € > 0 and each x in [a, ]

we can find N > 0 such that |u,(x) — F(x)| < e forall # > N. In such case we write lim u,(x) = F(x).
. . H=—r DO
The number N may depend on x as well as e.Pointwise convergence

If it depends only on € and not on x, the sequence is said to converge to F(x) uniformly in [a, b]

or to be uniformly convergent in [a, b]. Uniform convergence

Example

u, = x"/n uniformly convergesto F(x)=0on 0 < x < 1,

For any € > (0 and any x in the interval, there is N such that for all n > Nlu, — F(x)| < €, i.e., |x"/n| < €. Since the
limit does not depend on x, the sequence is uniformly convergent.
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Uniform Convergence

Example

If u, = x" and 0 £ x < 1, the sequence is not uniformly convergent because (think of the function

F(x)=0,0<x<1, F(l)=1)

X" —0| <ewhenx" <¢c, HEEEE) nlnx<e ()

On the interval 0 < x < 1, and for 0 < € < 1, both members

: . : Ine :
of the inequality are negative, therefore, n > _—. Since

In x
Ine _Inl—Ine _ In(/e) it follows that we must choose N

Inx Inl—mnnx In(l/x)
such that

Inl/e

”}N}lnl/x
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Improper Integrals Depending on a Parameter
Let @)= flx.odx

This integral 1s analogous to an infinite series of functions.

ﬁefinition

The integral ¢(o) = jm f(x,00)dx 1s said to be uniformly convergent in [0}, O]
if for each € > 0 we can find a number N depending on € but not on o, such that

|¢(r.x)—j” £z, (I)dx| <e for all u> N and all o in [0, 01, ]

This can be restated by noting that }(b({x)— r f(x, o) dx‘ -

r f (x,{x;)dx‘, which is analogous

Q} an infinite series to the absolute value of the remainder after N terms.
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Example

+00
The integral f dx
1 X242

converges uniformly on the entire set R of values of the parameter y € R, since for

every y € R foo gy foo gy 1
< —_— = =
ﬁ x2+y2—fb S =7<e

provided b > 1/e¢.
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Improper Integrals Depending on a Parameter

Example

+00
The integral f e” Y dx, obviously converges only when y > 0.
0

0 b b
F(y)=|e™dx =lim|e™dx = lim e oiim[—tew )oYy y >0
b—o0 b—w y b —o0 y y y

0 0 0

Moreover it converges uniformly on every set {y e R | y > yo > 0}.

+00 . | 1
0< [ e Vdx=—e < e 50 ash— +o0.
b y Yo

At the same time, the convergence is not uniform on the entire set R, = {y €eR | y > 0}.

+00 1
f eV dx=—-e? > 400, as y — +0, for every fixed value of b € [0, +o00].
b Y
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Kl'he Weierstrass test \

If we can find a function M(x) = 0 such that
@ Ifxa) SMx) o Sa<ax>a

(b) J M (x) dx converges,

a

o0
then J f(x, a)dx is uniformly and absolutely convergent in ¢; = a =< «,.

N . /
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

30
COS X
Example — " dx
n X -+ 1
: COS X 1 * dx . “cosax , .,
Since |— = > and 5 converges, it follows that . dx 1s uniformly
x-+ 1 x4+ 1 o x-+1 0 X+ 1
and absolutely convergent for all real values of «.
Example

F(a)= _[e % sin xdx

We have | X“s|nx|<e Y —— ﬂe XO‘SIHXHX <Ie ~dx

—Xa
Since _[e dX  converges uniformly for o > a, > 0 Therefore, by Wierestrass test F (o) = J-e X% gin xdx

converges uniformly for & > ¢, >0
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Dirichlet test

Let f and @ are defined for a <X <o and o €Y. Assume that f is continuous with respect to x, and @

have continuous first order partial derivative Op ,if

OX
a) (p(x Q) is a positive decreasing function with respect to X, and @(X,a)

—0 ; VaeY

X —>

b) < p forevery U>a anda €Y.

].f (X, )dx

Wn jf (X, a)p(X,a)dX converges uniformly on Y. /
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Example F(a)= je‘xza sin xdx

Let f (Xx,a)=sinx, o(X,a)=e""

—X 20!

f (X,a) =sinXx is continuous with respect to X. p(X,a) =€ is positive continuous function with respect to X

op
OX

Moreover, ¢(X,a)——0 ; Va >0

= 2axe ™™ <0, Vx>0, Va >0 ) (X ) =€ * * is decreasing

:‘—cosxlg‘:ll—cosb|<2 , Vb>0,VvVx >20,Va>0

b
jsinxdx
0

By Dirichlet test, F(«) = je‘x ““sinxdx converges uniformly for every o >0
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

ﬁel test \

If
1) Let (X, ) is monotonic function with respect to X for a <x < oo, and

IM >0: |p(x,a)|[<M ;a<x <o, aeY

2) The integral jf (X, )dx converges uniformly on Y
a

!hen the integral jf (X,a)p(X,a)dx converges uniformly on Y. /
a
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Special Tests for Uniform Convergence of Improper Integrals Depending on a Parameter

Example F(a) =je‘x2“ LI
X
0

o(X,a) =e " is monotonic function with respectto x,where 0<X <o and a =0
Moreover, |go(x ,a)| — |e—0‘X2 | <] =) (X,0) —e " isbounded for 0<x <o and a >0

. T sinx
By Dirichlet test, deX converges uniformly for every ¢ >0
0

I 2 SIN X
By Abel test, F (o) = Ie‘x “——dx converges uniformly on {& ; & >0}
X
0
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Special Tests for Uniform Convergence of Imb'foper Integrals Depending on a Parameter

Remark: The uniform convergence of an integral whose only singularity is at the lower limit of integration
can be defined and studied similarly.

~

/Rem ark: If the integral has a singularity at both limits of integration, it can be represented as

Tf (X,ax)dx = _C[f (X, ar)dx +Tf (X, ar)dx

Q‘ both of the integrals on the right-hand side of the equality converge uniformly /
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Limiting Passage Under the Sign of an Impropmér Integral Depending on a Parameter

ﬁheorem

If f(x, @) is continuous for x = ¢ and «; £ o £ a5, and ifj

&l

convergent for o; £ o £ o5, then ¢(a) =F f(x, @)dx is continous in @; <
]

oo

ay 18 any point of @y £ o £ oy, we can write

lim ¢(e) = lim [ f(x,a)dx = J lim f(x, o) dx

i 1

Klf oy is one of the end points, we use right or left hand limits.

f(x, @) dx is uniformly

<o = o

~

In particular, if

/
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Differentiation and Integration of an Improper Integral with Respect to a Parameter

/Theorem \

If f(x, «) is continuous and has a continuous partial derivative with respect to « for x = «a

and ¢; < o < a», and if J ™ dx converges uniformly in a; £ a = a», then if a does not depend on «,
a
o0
d¢ = J g dx
K do . oo /
@eorem \

Under the conditions of Theorem we can integrate ¢(«) with respect to « from o, to a» to

E ) = E{ Jm i o) dx}duf = [m{ J: e ) a’cr]a’x

which corresponds to a change of the order of integration.

https://manara.edu.sy/
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Sin x

dx

+00
Example Compute the Dirichlet integral f
0 X

+00
sinx .
We use the integral F(y) = [ e Y dx which converges uniformly on the interval 0 <y < 4o0.
0 X
. T sinx _ +9¢ sin x
lim e dx = dx
y—=+0Jp X 0 X
+00
since the integral F'(y) = — f sinxe™"” dx, converges uniformly on every set of the form {y e R | y > yo > 0}.
0

+00
The integral F'(y) = — f sinxe™” dx, is easily computed from the primitive of the integrand,
0

F'(y)=— for y > 0, > F(y)= —arctany +c¢ fory > 0.

1 +y2
SIN X T

400
We have F(y) —» 0 as y — +o0, ‘ c=7n/2. vy F(0)=mn/2. —f(; . dxzi.

https://manara.edu.sy/ —
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Example Compute the Euler—Poisson integral o

% 2
I =_[e‘X dx
. e 0
We use the integral | (@) zj-ae 0)'s

Q0 O o0 o0
Let U=Xain |(x) =jae_X2“2dX ) | (o) =jae‘X2“2dx =je‘“2du =
0 0 0

let X =& in | :J.e‘xzdx and taking the product

0
|2 = (Te“zdu )(]‘oeazd aj 4 [Tae e’ gy j[?e“zd a] — _[Uae —a (1) gy jd a
0 0 0 0 0\O0

0 [ © , , o0 —a2(1+X2) o0 .
IZ:_[ o g o dx:j_e . dx:lj%dx:—arctanxk):—‘ | =
A% > 2(1+x7) 29 1+x7) 2 4

0

Reversing the order of integration y
1 T Jr
2
:

https://manara.edu.sy/ !
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The Eulerian Integrals e
The Gamma Function
o0 —2 2 X
F(x) = / e 't*1dt forx > 0. ﬂ fz
3 B
7.
Properties of The Gamma Function _1j
| I'(x +1)
® I'(x+1)=xI'(x) Integration by part F(X ) —
% X
o =1 F(Q) = [t% dt =1
0
O F(n +1) =n! n is a positive integer

n=0

https://manara.edu.sy/ =



The Eulerian Integrals

The Gamma Function

T

O T(x)I'l-x)= Ao

()
2 2) Sinx/?2

[
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x €(0,1)

— 1

1

2

OLlet X =—Y m——) F(—y):_yll“(l—y)

J=vz

https://manara.edu.sy/
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The Eulerian Integrals
The Gamma Function 1 3
Example Evaluate F(—) , F(_—)
2 2
-1\ T(/2) (—3) r(-1/2) 4
r|—|= =2z , TI|= J_
( 2 j -1/2 2 -3/ 2
Example Use Gamma function to compute Euler-Poisson integral | = je_xzdx
1 0 1
s} , 0 _l 1
Jeax = [ 1t 26 d :zr(_zﬂjzzr(_jzﬁ
0 0 2 2 2 2 2 2

https://manara.edu.sy/
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The Eulerian Integrals
The Gamma Function

2
Example Use Gamma function to compute the integral | =J‘3_X dx
0
2 1 1 -1
X°=tl mmp X=0t=0 , X Dot >w® X =t2 dngt 2dt

Ts‘xzdx =1Tt_é3‘t dt =1Tt_%e‘t "3 dt
0 2 0 2 0

U—th3 ey dt =Y

In3

TBXde—th_%e“”dt— = Tu_%e“du— = F(lj—l Y
0 2 24/In3 7 2JIn3 \2/) 2\In3

https://manara.edu.sy/
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The Eulerian Integrals

The Beta Function
1
A(m,n) =jx 11— x )" tdx
0

@I1f m=>1and n>1 thisis a proper integral.

@ If m>0, n>0 and eitherorboth m <1, n <1 the integral is improper but convergent.

Properties of The Beta Function

@ A(m,n)=/pL(n,m) Symmetric
@ p(m,n)= m -1 1,B(m —-1Ln),m>1,n>0 The Reduction Formula Integration by parts
m+n —
—I
o pmm-— " hen

(m+n-1)...m

https://manara.edu.sy/ 2



[

- 0)liaJl
The Eulerian Integrals

The Beta Function

(n-D!(m -1)!
O plm.n)= (m+n-1)!

n,meN

zl2

® x =sin“g ) ,B(m,n)zzjsinzm‘lecoszn‘ledﬁ
0

~I'(m).I'(n) o
® f(m,n)= tmen) nmeR
@ B(pl-p)=——  0<p<1

sinprxr

Trigonometric formula

https://manara.edu.sy/
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The Eulerian Integrals

1
Example Use Gamma and Beta functions to compute the integral j\/; (1—x )%dx
0

m—lzé,n—lzf% E—) ng,n:4

https://manara.edu.sy/
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The Eulerian Integrals
wl2

Example Use Gamma and Beta functions to compute the integral j sin* @ cos®@d o
0

2m-1=4 , 2n-1=3 ) m:g,n=2

5
7l2 F(jF(Z)
J'sin“é’cos,fgé?zl,ﬁ(izj—1 2 1
0 2 2

)

b

https://manara.edu.sy/
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The Eulerian Integrals

Example Use Gamma and Beta functions to compute the integral ICOS4 0do

zl2

jcos 0d o = jcos 6’d6’+jcos 0deo

wl2

72' 7Z'

setting :9:«91+% E—) J'cos 0d o = j( sing,)*dg, = _[sm 0,d 6,

zl2

zl2 zl2

jcos 0d o = jcos 6’d6’+jsm 6deo

https://manara.edu.sy/
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The Eulerian Integrals

zl2

_[ cos*0d o
0

2m -1=0,2n-1=4

[

6)jliaJl

zl2

j sin 6d @
0

2m-1=4,2n-1=0
!

3) 1
m=—=,n==
2 2

l

wl2
jsin“ede:lﬂ(ﬁ,l]
) 27 22

https://manara.edu.sy/
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The Eulerian Integrals

[ 1] (51 15 5 1
p(m,n)=L£(n,m) '(')‘COS Qdeza 'B(E’Ej+’3(§’§j_:ﬂ(§’§j

l o)) Gl

_\2) \2) _(2){2 3z
I'(3) 2! 8
wl2
Example Use Gamma and Beta functions to compute the integral J- Jtanéd o
wl2 wl2 1 0 _1 3 1
j Jtan6d 6 = jsinl’zecos‘l’zede 2m -1=2, 2n ~l=— m—) m =2'N=7
0 0
wl2
1 (31 1 x T
) Jtandd o == (—,—j:— =
{ 2P\2'7 2.0 V2
4
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