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Logical Equivalence: 
 

 

 

 

 

Other logical equivalences: 

p→ 𝑞 ≡ ¬p ∨q 
𝑝 ⟷ 𝑞 ≡ (𝑝 ⟶ 𝑞) ∧ (𝑞 ⟶ 𝑝) 
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Verify this logical equivalence 
≦(𝒑 ∨ ≦𝒑 ∧ 𝒒 ) ≡ ≦𝒑 ∧ ≦𝒒 
 
≦(𝒑 ∨ ≦𝒑 ∧ 𝒒 ) ≡ (≦𝒑 ∧ ≦ ≦𝒑 ∧ 𝒒 )  De Morgan law 
                          ≡ (≦𝒑 ∧ 𝒑 ∨ ≦𝒒 )      De Morgan law 
                          ≡ (≦𝒑 ∧ 𝒑) ∨(≦𝒑 ∧ ≦𝒒)  distributive law 
                          ≡ 𝑭 ∨(≦𝒑 ∧ ≦𝒒)               negation law 
                                ≡ ≦𝒑 ∧ ≦𝒒                     identity law 
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Verify this logical equivalence: 

 
(p⟶ 𝐫) ∨ (q ⟶ 𝐫) ≡ (p∧ 𝒒) ⟶ 𝐫 
 
(p⟶ 𝐫) ∨ (q ⟶ 𝐫) ≡ (≦p ∨  𝐫) ∨ (≦q ∨ 𝐫) conditional law 
                                     ≡ ≦p ∨  𝐫 ∨ ≦q ∨ 𝐫     associative law 
                                     ≡ ≦𝒑 ∨ ≦q ∨ 𝒓 ∨  𝐫    commutative law 
                                     ≡ (≦𝒑 ∨ ≦q( ∨ (𝒓 ∨  𝒓)     associative law 
                                     ≡ (≦𝒑 ∨ ≦q( ∨ 𝒓         idempotent law 
                                     ≡ ≦ (p∧ 𝒒) ∨ 𝒓         De Morgan law 
                                     ≡  (p∧ 𝒒) ⟶ 𝐫             conditional law 
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Verify this logical equivalence 
 
𝒓 ∨ 𝒑  ⟶  𝒓 ∨ 𝒒  ≡  𝒓 ∨ )p ⟶  q( 

 
𝒓 ∨ 𝒑  ⟶  𝒓 ∨ 𝒒  ≡ ≦ 𝒓 ∨ 𝒑 ∨ 𝒓 ∨ 𝒒   conditional law 

                                ≡ ≦𝒓 ∧ ≦𝒑 ∨ 𝒓 ∨ 𝒒          De Morgan law 
                                ≡ ≦𝒓 ∧ ≦𝒑 ∨ 𝒓) ∨ 𝒒      associative law                          
                                        ≡ ( ≦𝒓 ∨ 𝒓) ∧ (≦𝒑 ∨ 𝒓 ) ∨ 𝒒     distributive law 
                                        ≡ 𝑻 ∧ (≦𝒑 ∨ 𝒓) ∨ 𝒒             negation law 
                                ≡ ≦𝒑 ∨ 𝒓 ∨ 𝒒             identity law 
                                        ≡ ≦𝒑 ∨ 𝒓 ∨ 𝒒               associative law  
                                        ≡ 𝒓 ∨ ≦𝒑 ∨ 𝒒                  commutative law 
                                       ≡ 𝒓 ∨ (≦𝒑 ∨ 𝒒)             associative law  
                                       ≡  𝒓 ∨ )p ⟶  q(             conditional law 
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Verify this logical equivalence: 

 
¬q⟶ (≦𝒑 ∨ 𝒓) ≡ p⟶ 𝒒 ∨ 𝒓  
 
¬q⟶ (≦𝒑 ∨ 𝒓) ≡ q ∨ (≦𝒑 ∨ 𝒓)  conditional law 
                              ≡ q ∨ ≦𝒑 ∨ 𝒓     associative law 
                              ≡ ≦𝒑 ∨ q ∨ 𝒓      commutative law 
                              ≡ ≦𝒑 ∨ (q ∨ 𝒓)   associative law 
                              ≡ p⟶ 𝒒 ∨ 𝒓      conditional law 
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Verify this logical equivalence: 

 
≦((≦𝒑 ∧ 𝒒) ∨ (≦𝒑 ∧ ¬q)) ∨(𝒑 ∧ 𝒒) ≡ p 
 
≦((≦𝒑 ∧ 𝒒) ∨ (≦𝒑 ∧ ¬q)) ∨(𝒑 ∧ 𝒒) ≡ ≦(≦𝒑 ∧ (𝒒 ∨ ¬q)) ∨(𝒑 ∧ 𝒒) distributive law 
                                                                   ≡ ≦(≦𝒑 ∧ 𝑻) ∨(𝒑 ∧ 𝒒)         negation law 
                                                                   ≡ ≦(≦𝒑) ∨(𝒑 ∧ 𝒒)                 identity law 
                                                                   ≡ 𝒑 ∨(𝒑 ∧ 𝒒)                  double negation law 
                                                                   ≡ 𝒑                                absorption law 
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Show that this statement is  Tautology  
 
( p∧(p⟶ 𝒒)) ⟶q (مصدوقة)  
 
( p∧(p ⟶ 𝒒)) ⟶q ≡ ( p∧(≦p ∨ 𝒒)) ⟶q                 conditional law 
                                     ≡ (( p∧ ≦p ) ∨ (𝒑 ∧ 𝒒)) ⟶q      distributive law 
                                      ≡ (F ∨ (𝒑 ∧ 𝒒)) ⟶q   negation law 
                              ≡ (𝒑 ∧ 𝒒) ⟶q         identity law 
                                     ≡ ≦(𝒑 ∧ 𝒒) ∨ q         conditional law 
                              ≡ (≦𝒑 ∨ ≦𝒒) ∨ q      De Morgan law   
                                     ≡ ≦𝒑 ∨ (≦𝒒 ∨ q )         associative law 
                              ≡ ≦𝒑 ∨ 𝑻               negation law 
                              ≡ 𝑻 (tautology)     domination law 
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Show that this statement is  Tautology  
 
(≦𝒒 ∧ (𝒑 ∨ 𝒒)) ⟶p    (مصدوقة)  
 
(≦𝒒 ∧ (𝒑 ∨ 𝒒)) ⟶p ≡ ( (≦𝒒 ∧ 𝒑) ∨ (≦𝒒 ∧ 𝒒) ) ⟶p  distributive law 
                                     ≡ ( (≦𝒒 ∧ 𝒑) ∨ 𝑭) ⟶p           negation law 
                                      ≡ (≦𝒒 ∧ 𝒑)  ⟶p       identity law 
                              ≡ ≦(≦𝒒 ∧ 𝒑) ∨p         conditional law 
                                     ≡ (𝒒 ∨ ≦𝒑) ∨p          De Morgan law 
                               ≡ 𝒒 ∨ (≦𝒑 ∨p)         associative law 
                              ≡ 𝒒 ∨ 𝑻                      negation law 
                              ≡ 𝑻          (tautology) 
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Show that this statement is  Contradiction 
 
(p⟶ 𝒒) ∧(≦𝒒 ∧ 𝒑) (تناقض)  
 
(p⟶ 𝒒) ∧(≦𝒒 ∧ 𝒑)    ≡ )≦p ∨ 𝒒( ∧ )≦𝒒 ∧ 𝒑(         conditional law 
                                         ≡ ()≦p ∨ 𝒒( ∧ ≦𝒒) ∧ 𝒑        associative law 
                                ≡ ()≦p ∧ ≦𝒒) ∨ (𝒒 ∧ ≦𝒒)) ∧ 𝒑    distributive law 
                                ≡ ()≦p ∧ ≦𝒒) ∨ 𝐅) ∧ 𝒑           negation law 
                                ≡ )≦p ∧ ≦𝒒) ∧ 𝒑               identity law 
                                ≡ )≦q ∧ ≦𝐩) ∧ 𝒑                commutative law              
                                        ≡ ≦q ∧ (≦𝐩 ∧ 𝒑(               associative law 
                                        ≡ ≦q ∧ 𝐅 
                                        ≡ 𝐅     (contradiction) 
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Show that this statement is  Contradiction 
 
𝒑 ∧ 𝒒 ∧ ≦ 𝒑 ∨ 𝒒 (تناقض)    

 
𝒑 ∧ 𝒒 ∧ ≦ 𝒑 ∨ 𝒒  ≡ ( p ∧ 𝒒)  ∧ ≦𝒑 ∧ ≦𝒒 )   De Morgan law 

                               ≡ 𝐩 ∧ 𝐪 ∧ ≦𝐩 ∧ ≦𝐪    distributive law 
                                     ≡ 𝐩 ∧ ≦𝐩 ∧ 𝐪 ∧ ≦𝐪   commutative law 
                                     ≡ (𝐩 ∧ ≦𝐩) ∧ (𝐪 ∧ ≦𝐪) distributive law 
                                     ≡F ∧ F                  negation law              
                                              ≡ 𝑭   (contradiction) 
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Determine if the following expressions are equivalent by using truth table 
 
 
 

p q r q∨ 𝒓 p→(q∨ 𝒓) 
p → 𝒓 

 
(p ⟶ 𝒒 ∨ 𝒓) 
∧ (p ⟶  r) 

q ⟶ 𝒓 

T T T T T T T T 

T T F T T F F F 

T F T T T T T T 

T F F F F F F T 

F T T T T T T T 

F T F T T T T F 

F F T T T T T T 

F F F F T T T T 

من جدول الحقيقة نجد عدم تطابق في قيم الحقيقة  

 في السطرين الرابع و السادسبين العبارتين 
 بالتالي العبارتين غير متكافئتين منطقيا  
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(p ⟶ 𝒒 ∨ 𝒓) ∧ (p ⟶  r) ≡q ⟶ 𝒓    (?) 
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(p ⟶ 𝒒 ∨ 𝒓) ∧ )p ⟶  r( ≡ (≦𝒑 ∨ (𝒒 ∨ 𝒓)) ∧ (≦𝒑 ∨ 𝒓)    conditional law 

                                                  ≡ (≦𝒑 ∨ ((𝒒 ∨ 𝒓) ∧ 𝒓) distributive law 
                                                 ≡ ≦𝒑 ∨ r                absorption law 
                                        ≡ p ⟶  r                conditional law 
                                                 ≢ q ⟶ 𝒓 
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(p ⟶ 𝒒 ∨ 𝒓) ∧ (p ⟶  r) ≡q ⟶ 𝒓    (?) 

Determine if the following expressions are equivalent by using logical Equivalences 

 العبارتين غير متكافئتين منطقيا  
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Use De Morgan ‘s law to write negations for the statements : 

• Tom is 6 feet tall and he weighs at least 60 kg. 

• Negation:Tom is not 6 feet tall or he weighs less than 60 kg. 

• The bus was late or Tom’s watch was slow. 

• Negation:The bus was not late and Tom’s watch was not 
slow. 

• 1<x≤ 4 

• Negation:1≥x or x>4 
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Writing logical formula for a truth table 

 

  

 

 

 

formula p q r 
outp

ut 

p∧ 𝒒 ∧r T T T T 

p∧ 𝒒 ∧¬r T T F T 

p∧ ¬𝒒 ∧r T F T T 

p∧ ¬𝒒 ∧ ¬r T F F F 

¬p∧ 𝒒 ∧r F T T T 

¬p∧ 𝒒 ∧ ¬r F T F F 

¬p∧ ¬𝒒 ∧r F F T F 

¬p∧ ¬𝒒 ∧ ¬r F F F F 

(p∧ 𝒒 ∧r)∨ (p ∧ 𝒒 ∧ ¬r) ∨ (p ∧ ¬𝒒 ∧ r) ∨ (¬p ∧ 𝒒 ∧ r) 

≦(p ∧ ≦𝐪 ∧ ≦r)∧ ≦(≦p ∧ 𝐪 ∧ ≦r) ∧ ≦(≦p ∧ ≦𝐪 ∧ r) ∧ ≦(≦p ∧ ≦𝐪 ∧ ≦r) 
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Write (inverse ,converse,contra-positive) for these conditional 
sentences: 

• If (x > 0) and (y > 0) then (x+y > 0) 

• Inverse: if (x≤ 𝟎 ) or (y≤ 𝟎 ) then (x+y ≤0 ) 

• Converse:  if (x+y > 0) then (x > 0) and (y > 0)  

• Contra-positive: if (x+y ≤ 0) then (x ≤ 0) or (y ≤ 0)  
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Arguments  
 (الحجج)
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Valid argument 
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p q r q∨ 𝒓 p→(q∨ 𝒓) ≦𝐪 
 

p ⟶ 𝐫 
 

T T T T T F T 

T T F T T F F 

T F T T T T T 

T F F F F T F 

F T T T T F T 

F T F T T F T 

F F T T T T T 

F F F F T T T 
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Use truth table to prove that  the following argument is valid: 
 

1.   𝐩 ⟶  𝐪 ∨ 𝐫  
2.    ≦𝐪 
      ∴  p ⟶ 𝐫 

Argument is valid (الحجة صالحة) 
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p q r p∨ 𝒓 p→q q → 𝒓 (p ⟶ 𝒒) ∧ (q ⟶ 𝒓) ≦𝒒 
 

T T T T T T T F 

T T F T T F F F 

T F T T F T F T 

T F F T F T F T 

F T T T T T T F 

F T F F T F F F 

F F T T T T T T 

F F F F T T T T 
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Use truth table to prove that  the following argument is invalid: 
 

1.  p∨r 
2.  (p ⟶ 𝐪) ∧(q ⟶ 𝐫) 
     ∴ ≦𝐪 

 (Argument is invalid)أو السطر الخامس نجد أن الحجة غير صالحة   استنادا  إلى  السطر الأول
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Use truth table to prove that  the following argument is valid: 
 

1.    𝐩 ∨ ≦𝐪 
𝟐.  ≦𝐩 ∨ 𝐪 
      ∴  p ⟶ 𝐪 

p q ¬p ¬q p∨¬q ≦p ∨ q p ⟶ 𝐪 

T T F F T T T 

T F F T T F F 

F T T F F T T 

F F T T T T T 

Argument is valid (الحجة صالحة) 
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prove that  the following argument is  valid: 
 

argument 
𝐚.  ≦𝒑 ∧ 𝒒 
b.  r ⟶ 𝒑 
𝐜.  ≦ r ⟶ 𝒔 
d.   s ⟶ 𝒕 
       ∴ 𝒕 

𝟏.    ≦𝒑 ∧ 𝒒          from (a) 
        ∴ ≦𝒑              by specialization 
2.   r ⟶ 𝒑          from (b) 
        ≦𝒑                 from (1) 
         ∴ ≦𝒓            by modus tollens 
3. ≦ r ⟶ 𝒔        from (c) 
       ≦ r                  from (2) 
       ∴ 𝒔                 by modus ponens 
4. s ⟶ 𝒕            from (d) 
       s                      from (3) 
      ∴ 𝒕                   by  modus ponens 
 
Argument  is valid 
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