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Introduction to Systems of Linear Equations

« Alinear equation in 2 variables: a,x,+a,x, +---+a x, =b
a, a, ..., a, b: real numbers
a,. leading coefficient
x,: leading variable

« Notes:
(1) Linear equations have no products or roots of variables and no variables involved in
trigonometric, exponential, or logarithmic functions.

(2) Variables appear only to the first power.
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« EX : (Linear or Nonlinear)

: 1 :
Linear (a) 3x+2y=7 (B) ~x+y=mz= V2 Linear
Linear (c) x, —2x, +10x, + X, =0 (0) (sin %)x1 —4x,=¢* Linear

_ Exponential
NonLinear (e) Z=2 (Ne')-2y=4 NonLinear
o) ©

Products

NonLinear (g) 2x, —3x; =0 (/7) — 4 NonLinear
\

Trigonometric functions Not the first power
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= A solution of a linear equation in 2 variables:
ax, +a,x,+--+ax =0
X =5,X=S5,,...., X, =S, suchthat: 4,5, +4a,s, +---+a,s, =b

- Solution set: the set of all solutions of a linear equation

« EX : (Parametric representation of a solution set)
x+2x,=4 (2,1) is asolution, i.e. x; =2, x,=1
If you solve for x; in terms of x,, you obtain x; =4 — 2x,
By letting x, = ¢you can represent the solution set as x; =4 — 2¢
And the solutions are {(4 — 2¢, 9)|¢e R} or {(s, 2 —%3)|s€ R}
In vector form: (x3, x,) =(4,0) + ¢(-2, 1) = (0, 2) + s (1, —%)
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= A system of m linear equations in » variables:
apX, + apX, + -+ aX, = 4

dyn X + Xy + 0+ dypX, = b

= Consistent: A system of linear equations has at least one solution.

« Inconsistent: A system of linear equations has no solution.

= Notes: Every system of linear equations has either
(1) exactly one solution,
(2) infinitely many solutions, or
(3) no solution.
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« EX : (Solution of a system of linear equations)

X + y = 3 X + y =3 X + y =3
X — y = -1 2X + 2y = 6 X + y =1
two intersecting lines  two coincident lines two parallel lines

'

exactly one solution infinite number no solution
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« EX : (Using back substitution to solve a system in row echelon form)
X — 2y = 5 (1)
y = -2 (2)

Sol: By substituting y= -2 into (1), you obtain
X — 2A-2) = 5
x =1
The system has exactly one solution: x=1, y=-2

« EX : (Using back substitution to solve a system in row echelon form)
X — 2y + 3z = 9 (1)
y + 3z =5 (2)
zZ = 2 (3)
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Sol: Substitute z= 2 into (2)
y + 302 = 5

y = -1

and substitute y=-1and z= 2 into (1)

x — 2(-1D) + 32 =9
X =1
The system has exactly one solution: x=1, y=-1, z=2

« Equivalent:

Two systems of linear equations are called equivalent if they have precisely the same
solution set

https://manara.edu.sy/



P

6jliall

- Notes: Each of the following operations on a system of linear equations produces an
equivalent system.

(1) Interchange two equations.

(2) Multiply an equation by a nonzero constant.

(3) Add a multiple of an equation to another equation.

« EX 6: Solve a system of linear equations (consistent system)

X — 2y + 3z = 9 (1)
-X + 3y = —4 (2)
2X — 5y + 5z = 17 (3)

Sol:
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(1) +(2) = (2)

3Z =

3Z =

9
5
17

5
-1

o1

X — 2y +
y + 3z
2X — dY + 5z
(1) > (- 2)+(3)—>(3)
X — 2y + 3z =
y + 3z
(4) +(5) = (5)
X — 2y + 32
y +
2Z

Py
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(4)

(5)

(6)
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(6) x 3 — (6)
X — 2y + 3z =9
y + 3z =5 Sothesolutionis: x=1, y=-1, z=2
zZ = 2
« EX : Solve a system of linear equations (inconsistent system)
X — 3 + X3 = 1 (1)
2X, — X, — 2X; = 2 (2)
X + 2x, — 3x; = -1 (3)
() x(- 2)+(2)—>(2) (1) x(-1)+(3) > (3)
X, — 3X, + X 1
5, — 4x; = O (4)

oX, — 4x; = -2 (5)
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(4)x(=1) +(5) = (5)
X - 3% + Xx3 = 1
oX, — 4x; =
0 = -2 (a false statement)
« EX : Solve a system of linear equations (infinitely many solutions)
X, — X3 = 0 (1)
X - 3x; = -1 (2)
-X, + 3X, = 1 (3)
Sol: (1) < (2)
X, - 3x, = -1 (1)
X2 4 X3 — O (2)

-X; + 3X 1 (3)
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X, - 3x;, = -1

X, — X3 = 0

3x, — 3x; = 0

(2)x(=3)+(4) —(4)

X, - 3X; = -1
X, — X3 = 0
0= 0

=X, =X;, X =-14+3X

letting x; = ¢ then the solutions are: {(3¢-1, ¢

Py

deol o
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(4)

(a True statement)

t, 9|te R}
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Gaussian Elimination and Gauss-Jordan Elimination

« 122x12 Matrix: ) B
dyy  dp ay,
dy1 Ay An | mrows
_aml am2 amn ]
n columns
« Notes:

(1) Every entry a; in a matrix is a number.
(2) A matrix with 22 rows and 2z columns is said to be of size mxn.

(3) If m= n, then the matrix is called square of order ».
(4) For a square matrix, a,;, ,,, ..., a,, are called the main diagonal entries.
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« EX: Matrix Size
:2] 1x1
8 8} 2 X2
i 1
_1 -3 0 E} 1x4
e 1|
2 ﬁ 3x2
-7 4

« Note: One very common use of matrices is to represent a system of linear equations.
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= A system of m equations in 2 variables:

a X, + apX, + -+ a,x, = 4

dy X + ApX, + 0+ X, = b

a.X, + a,x, + - + a, x =0,

Matrix form: Ax= b

dyy Ay a,, X1

A—| 8 4 Ay | b
_aml amz amn_ _Xn_
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« Augmented matrix: = Coefficient matrix:
djy 4y aip djy Ay A1p
dy 3?2 Y =[A|b] dy 3.22 - Q| _ 4
_aml 3m2 amn bm_ _aml amz amn_
« Elementary row operation:
(1) Interchange two rows. ry- Ry < R,
(2) Multiply a row by a nonzero constant. ' (KR, - R,

(3) Add a multiple of a row to another row. r (MR + R, > R,

- Row equivalent: Two matrices are said to be row equivalent if one can be obtained from
the other by a finite sequence of elementary row operation.
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« EX : (Elementary row operation)

0 1 3 4 .,
1 2 0 3] —»
2 3 4 1
2 -4 6 -2 A3)
1 3 -3 0 L,
5 2 1 2
1 2 -4 3 (-2
0 3 -2 -1| B,
2 1 5 -2

d=ola
o)liaJi
1 2 0 3]
0 1 3 4
2 3 4 1
1 -2 3 -1
1 3 -3 0
5 -2 1 2
1 2 -4 3
0 3 -2 -1
L=o -3 13 —8=J
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« EX : Using elementary row operations to solve a system
Linear System Augmented Matrix Elementary

X -2y + 32 = 0 "1 2 3 9] Row Operation
-X + 3y = 4 -1 3 0 4
2X — by + 5z = 17 2 5 5 17|
X -2y + 3z =09 1 2 3 9

y + 32 =5 0 13 5| DR +R >R,
2x — 3y + bz =17 2 -5 5 17
X -2y + 32 =09 1 2 3 9] :

y +3 =5 0 1 3 5| M(-JR+R, >R,

—y - z=-1 0o -1 -1 -1
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Linear System Associated Elementary
Augmented Matrix Row Operation
X -2y + 3z =09 1 -2 3 9] o
Yy + 3z =5 0 1 3 5 Ry (DR + Ry > Ry
2z = 4 0 0 2 4
X -2y + 3z =29 (1 -2 3 9] A 1
Yy + 32 =5 0 1 3 5 f32:(§)R3—>R3
Z = 2 0 0 1 2]
X = 1
y o =-1
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The Idea of Elimination
1 For m = n = 3, there are three equations Ax = b and three unknowns z1, 2, z3.
2 The first two equations are a11x7 + --- = by and ag1z1 + - -+ = ba.
3 Multiply the first equation by as1 /a1 and subtract from the second : then z; is eliminated.
4 The corner entry a1, is the first “pivot” and the ratio as; /a1 is the first “multiplier.”
5 Eliminate x; from every remaining equation ¢ by subtracting a;; /a;; times the first equation

6 Now the last n — 1 equations contain n — 1 unknowns z, ..., x,. Repeat to eliminate x-.

7 Elimination breaks down if zero appears in the pivot. Exchanging two equations may save it.
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« EX : Solve a system by Gauss-Jordan elimination method (one solution)

1) (-2) 1 -2
f2 1 » (0 1
_O -1

(-3) p(-3) )
r31 ’r32 ’r

Sol:
augmented matrix
1 -2 3 9]
-1 30 -4
2 -5 5 17]
o [1-239
f3
=% |0 135
0 01 2]

1
> |0
0

X — 2y + 32
-X + 3y

2X — Sy + 5z
9 pe 1
5] —=» |0
-1 0
-

> y

2_

N W W

~ 01 O
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« EX: Solve a system by G.J. elimination method (infinitely many solutions)
2x, + 4x,— 2x,= 0

3x, + OX, = 1
Sol:
augmented matrix “
24 20 ALk kD [10 5 2
35 01 01 -3 -1
X, + 5x,= 2 leading variables: X;, X,
X, —=3x;= -1  freevariable: X,
X, = 2- 5x x; = ¢, then the solutions are: {(2 — 5¢ —1 + 3¢, 9|te R}

X, = =1+ 3x So the system has infinitely many solutions.
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« EX : Solve a system by Gauss-Jordan elimination method (no solution)

X, - X, + 2x, = 4
X, + X, =06
2x, — 3X, + 5x, = 4
3, + 2x, — x;, =1

Sol:
augmented matrix
1 -1 2 4] 1 -1 2 4
1 0 16| fhs hiih |0 1 -1 2
2 -3 5 4 10 0 0 -2
3 2 -11 0 5 -7 -11
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X - X + 2x;, = 4
X, — X, = 2
- 0 = -2

oX, — X, —11

Because the third equation is not possible, the system has no solution.
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= REVIEW OF THE KEY IDEAS =

. A linear system (Ax = b) becomes upper triangular (Ux = c¢) after elimination.

. We subtract /;; times equation j from equation ¢, to make the (z, j) entry zero.

. The multiplier is /;; = S tgisgﬁllln?g?; L

. Pivots can not be zero!

. When zero is in the pivot position, exchange rows if there is a nonzero below it.
. The upper triangular Uz = c1s solved by back substitution (starting at the bottom).

. When breakdown is permanent, Ax = b has no solution or infinitely many.
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Operations with Matrices
« Matrix: - -
djp 4y a,
a, d,, ... a
A=[a,],, =\ % w0
_aml 3m2 amn
K: afield (Ror € M,..(R) : Real matrices M, ,(C): Complex matrices
(«)-th entry: row: m column: size; nixn
= ~th row vector
f =[ai1 Ay " ain] row matrix
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« ~th column vector

c. =| ¥ column matrix

« SqQuare matrix: m= n

« Diagonal matrix:

A=diag(d, a,, ---, d)) =

https://manara.edu.sy/
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f A=[a;] Then Tr(A)=a, +a,++a, = ;aﬁ

« BEX:

123
A:[4 5 6

123
A:Lse

« Complex matrices

}:Lz

h

} ~ n=[123) r=[45 8]

}z[cl c, 6| = clz{ﬂ, czz{é}, c,

E ;/1 g} i i 1], lel} {1;" ;i}
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« Equal matrix:
If A= [3/,-] B = [bi/]mxn Then A= Bifandonly if a, =4, V1</i<m1<j<n

mxn

« EX : (Equal matrix)
1 2 a b
Atz sty
If A=B Thena=1,b=2,¢c=3,d=4

« Matrix addition:

It A= |:a//:|m><n ’ B = [b’j:|mxn Then A+ B = [a"f]mxn + |:b’7:|mxn - |:aij * bij:|m></7
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« EX : (Matrix addition)

1] [=1] [ 1-1
-3|+| 3|=|-3+3|=
2 2| |-2+2

= Scalar multiplication:
If A=|a, |

« Matrix subtraction:
A-B=A+(-1)B

, ¢ scalar (eK)

mxn

0
0
0

Y

6)jliaJl

1 21,1 1 8|_|-1+1 2+3] | 0 5
0 1|7|-1 2|7 0-1 1+2|7|-1 3

Then cA= [ca,.j]

mxn
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« EX : (Scalar multiplication and matrix subtraction)
12 4 2 00|
A=|-30 -1|, B=| 1 -4 3 Find (a) 34, (b) -B, (0)3A- B
21 2 -1 32
Sol:
(2) T 12 4] [ 31 32 34)] [3 6 12
3A=3/-3 0 -1|=(3(-3) 30 3(-1)|=|/-9 0 -3
21 2] | 32 31 32)] | 6 3 6
(5) : T -
2 00 -2 0 O
—B:(—l) 1 4 3|=|{-1 4 -3
-1 3 2] |1 3 -2
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(9 ] o ) )
3 6 12 2 0 0 1 6 12
3A—-B=|-9 0 -3|-| 1 -4 3|=|-10 4 -6
' 6 3 6| |-1 32| | 70 4

« Matrix multiplication: First way
If A=[a, | Doy Then AB=|a;| [4;| =[¢],,
[
Size of AB

. B=|b

mxn 1

n
where C,-j — Zai/(bkj — ailblj + aizbz/' T ainbnj
k=1
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|
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ool
Ay Ay b, ...\, ... b,
a.il a/2 a.in bfl h bl/ bl:p =
_a/:m a/:nz a,:m__bnl o b”j b"p—
. Notes: (1) A+ B= B+ A, (2) AB+ BA
-1 45
A=| 4 2| B:[jﬁ ‘

Sol:

AB =

- O)(=3)+(0)(-4)

(-D(-3)+B)(-49 (-1)(2)+(3)(1)
(H(=3)+(=2)(=-4) “D(2)+(-2)(1)
(5)(2) +(0)(1) |

9 1
-4 6

15 10
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« Matrix form of a system of linear equations
Ay X, +apX, +---+a,X, =4

A Xy + 85Xy 10+ 8y X, =1 m linear equation

a, X, +a x,+-+a x =0

L ml

_ Iy . - v
d, 4, ... a X : : :
11 A ot 4 single matrix equation
Ay Gy ... @, || X ]| _ bZ A b
... A X=
: : b mxn nx]1 mx1
_aml amz cee amn__X/‘]_ | M|
1 [ I
A X b
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dp X tappX, +---+a, X,
A X T Xy 00+, X, -y
_alel +a,_,X, +---+am,,x,,_
dyy ap, a,
d,, d,, a,,
= X : + X, : +-+ X :
_3”71 _am2_ _amn
dyy ay, a,
dy Y d,, et x a,,
. 2 . n .
aml amz amn

=xa,+Xxa,+-+xa,=>b

Linear combination of the column

matrices a, a, .
coefficients x;, x, ...,

XH

)

a

n

with
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« Note:
The system Ax = b is consistent if and only if & can be expressed as a linear
combination of the columns of A, where the coefficients of the linear combination are

a solution of the system.

« EX : (Solve a system of linear equations)
X + 2x, + 3x; = 0
The linear system 4x, + 5x, + 6x, =
X, + I1x, + 8x; = 6

w

can be rewritten as a matrix equation Ax= b

1 2 3 0
X |4 |+X|5|+X

6 =b
7 7 18|

3
_6_
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Using Gaussian elimination, you can show that this system has infinitely many
solutions, one of whichis x; =1, x, =1, x; =-1

1 2 3 0
14 |+15|+(-1)|6|=|3
7| | 7] 8| |6

That is, b can be expressed as a linear combination of the columns of A
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« Partitioned Matrices

submatrix

|

2
2
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Block multiplication

dyy Ay, dyy dy
A | Bl G| [Au Alz}
dy Ay i dy3 Ay A21 /422
Ay Ay dys Ay
B, by},
B = _1_721__[]_22_,:,_02_3_ — [Bll 512}
0y by 0y B, B,
by b, ' B3
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« EX:
1 0'1 0
A: —O——g-i__g_____]: — /é‘ll /412
2 0,4 0 A A,
01!0 3
2 0 0'1 1 -1
=0 1 1,-12 2 :|:Bll 512}
_j-“_éud-i_(_)uiub_ 821 522
3 -12'1 0 -1,

Sol: AB = {’411511 + ’412821 | AllBlz T ’412822_} _C = |:Cll ClZ:|
’421811 + '422821 | 41512 T '422822

CZl CZZ
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Cll = ’411511 + ’412821 = {O

0 2 2

- (1 2 -1

2 137 5
C

AB:C:{“
CZl

6 10

ClZ
CZZ

2 0 ﬂ F 3
Ciy = +

}:

e

P

6jliall

0|2 0 O
2110 1 1

MBS

0] [3 3 0
2! |6 12 0

~12 0

-2 7} Cn =
3 3 011 2 -1
6 12 0:-3 7 5
0 -12 012 —=2 -2
9 2 7'2 2 -1

1 3
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Properties of Matrix Operations
= Three basic matrix operators:
(1) matrix addition
(2) scalar multiplication
(3) matrix multiplication
« Zero matrix: O_ « ldentity matrix of order m: /_
« Properties of matrix addition and scalar multiplication:
ItA B, CeM__(K) then
(1) A+ B=B+ A (4) 14=4
(2) A+( B+ C)=(A+B)+ C (5) c(A+ B) = cA+ cB
(3) (cd) A= c(dA) (6) (c+d)A=cA+ dA
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= Properties of zero matrices:
If Ae M__(K), c scalarthen
(1) A+0,  =A
(2) A+ (-A)=0,,,

8)cA=0, —=c=00A=0,

« Notes:

X n*

(1) O, the additive identity for the set of all zzzx2 matrices

(2) —A: the additive inverse of A
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= Properties of matrix multiplication:

(1) A(BO = (AB)C
(2) A(B+ O)= AB+ AC
(3) (A+ B)C=AC+ BC

(4) ¢ (AB) = (cA)B= A(cD)
« Properties of identity matrix:
It Ae M (K), then

(1) Al,= A
2) 1 A=A

[

6)jliaJl
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= Transpose of a matrix:
_all dj; v 31,7_
it A=l 2 T S ooy (k)
_3m1 a., - a'mn_
Ay | |4xn am
Then A" = 3:12 a:22 3/;72 e M_(K)
|91 | (G20 = |@mn ]l
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. Ex : (Find the transpose of the following matrix)

(b) A=

2
onfs

.. 2 ,
Sol:  (a) A:[S}j/\ :[2
1 2 3
(b)) A=|4 5 6|=> A
7 8 9
S_—
() A=|2 4| A =
_1 _1_

Y

6)jliaJl

1 2 3
4
7

5 6
8 9

8

1
=2
3

0 2 1
1 4

)

(0) A=
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= Properties of transposes:
D A") =A
(2) (A+B) =A +B’
(3) (cA) =c(A")
(4) (AB) =B"A
« Symmetric matrix:
A square matrix A is symmetric if A7=A

« Skew-symmetric matrix:
A square matrix A is skew-symmetric if A7=-A
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« EX: |
1 2 3
If A=|a 4 5| iIssymmetric, find a, b, ¢?
b ¢ 6
Sol:
1 2 3] 1 a b
A=la 4 5|,A =|2 4 ¢ A=A =a=2 b=3, ¢c=5
b ¢ 6 3 5 6
« EX 3:
012
If A=|a 0 3| isaskew-symmetric, find a, 5, ¢?
b c 0O
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Sol:
01 2] 0 -a b
A=la 0 3|, -A=/-1 0 —-—
_/7 C O_ _—2 -3 O_
A=-A =a=-1 b=-2, ¢c=-3
« Notes:

(1) AAT is symmetric

(2) Every square matrix A< M, _(R) can be expressed as the sum of a symmetric
matrix B and a skew-symmetric matrix C

T T
B=1(A+A), C=1A-A)
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« Real (Complex) number:
ab= ba (Commutative law for multiplication)

« Matrix:
AB # BA

mxn nxp
Three situations:
(1) If m+# p, then AB s defined, BA is undefined

(2) If m= p, m# n, then ABeM__(K), BAc M, (K)
(Sizes are not the same)
(3) If m= p=n,then ABeM__(K),BAcM_ _(K)

(Sizes are the same, but matrices are not equal)
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« EX:
Show that AB and BA are not equal for the matrices.

SHEE R
S R

o 2z 4l s 2

« Note: AB # BA

Sol:
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« Real (Complex) number:

ac=bc,c0>a=>b (Cancellation law)

« Matrix:
AC=BC, C=+0
(1) If Cis invertible, then A= B

(2) If Cis not invertible, then A+ B (Cancellation is not valid)

« EX : (An example in which cancellation is not valid)
Show that AC= BC

o B B i e B
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R R R W e

So AC=BCbut A+ B
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