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Lecture 4

Infinite Sequences

and Series
= List the terms of a sequence.

Determine whether a sequence converges or diverges.
- Write a formula for the th term of a sequence.

- Use properties of monotonic sequences and bounded
sequences
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Example: I, 2, 3, 4 ..., n ..
l l l l l l l Sequence
a,, d, s, dg - , a, )

1 1s mapped onto a,, 2 is mapped onto a,, and so on. The numbers

Ay, Ay, sy o . ., . . .

mn

are the terms of the sequence. The number a, is the nth term of the sequence, and the
entire sequence is denoted by {a,}. Occasionally, it is convenient to begin a sequence
with a, so that the terms of the sequence become a, a,, a,, a,, . . ., a . and the
domain is the set of nonnegative integers.

R
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{a,} = {V1,V2,V3,...,Vn,...}

{b,} = {l —% % —é ..... [—l)"_"l%,. }
l 23 4 — 1

(dYy = {1,-1,1,—1,1,—1, ..., (=)', ...}
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The terms of the sequence {b,} = [ . }are

1 — 2n
1 2 3 4
l1-2-1"1=-2-21-2-31-=-2:4
2 3 4
’ 3 5 7
n2
The terms of the sequence {c, | = { T l} are
12 2 32 42
20 —1"22=1"22=1"24=1"" "~
1 4 J 16
1’ 3’ 7’ 15°
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Terms of a Sequence

The terms of the recursively defined sequence {d |, whered, = 25andd,.,=d, — 5,
are

25, 25—-5=20, 20—-5=15, 15—-5=10,. . ..
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DA‘V Convergence and Divergence

R : Sometimes the numbers in a sequence approach a single value as the index n increases.
This happens in the sequence
Lo
b 25 31- 4 ----- ”5 " = -

have terms that get larger than any number as n increases, and sequences like
{,-1,1,-1,1,-1,...,=1), ...}

bounce back and forth between 1 and — 1, never converging to a single value.
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e - DEFINITIONS The sequence {a,} converges to the number L if for every
positive number & there corresponds an integer N such that

la, — L| <&  whenever n > N.

If no such number L exists, we say that {a,} diverges.
If {a,} convergesto L, we write lim,_, a, = L, or simply a, — L, and call
L the limit of the sequence (Figure 10.2).

ii.I'il
.
L+E
[, [ - [mﬂ"}—l—:———
= L —e
’ . *(N, ay)
& L ]
-
L1 L1 > 1
] 1 2 3 N n
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Calculating Limits of Sequences

THEOREM 1 Let {a,} and {b,} be sequences of real numbers, and let A and B
be real numbers. The following rules hold if lim,,_,_ _a, = A and lim,_,__b, = B.

1. Sum Rule: lim, ., . (a, + b)) =A + B

2. Difference Rule: lim, ., (a, — b)) =A — B

3. Constant Multiple Rule: lim,_, (k+b,) = k-B (any number k)
4. Product Rule: lim, . (a,*b,) = A+B

5. Quotient Rule: lim, " =% ifB#0
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(a)

(b)

(c)

(d)

. 1 .1
nli:-n;u(_ﬁ):_l.nll:-n;:lcﬁz_l.ﬂ:ﬂ

: n— 1 : 1 .
nlirnn;:lu( n ) N nliln;:l:,(l - ﬁ) N Hll}n;slul -
nli—}nl;lu}% N Siuli—rn-:lx_'u%.nli—}n;:lﬂ% =3:0:0=0
i 4= @4/~ T 07 _
n—oon® + 3 n—ool + [:E.fnﬁ} 1 +0

lim

—=0

—7.

Constant Multiple Rule and Example 1a

Difference Rule
and Example la

Product Rule

Divide numerator and denominator
4] . =

by n” and use the Sum and Quotient

Rules.
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THEOREM

—The Sandwich Theorem for Sequences

Let {a,}, {b,}, and {c,} be sequences of real numbers. If a,
holds for all n beyond some index N, and if lim,_, _a, = lim,_,__c,

lim, ., b, = L also.

Cn
*
* 5 8 4 e
™ L »
I a2 e
* 'l-.l "::"'
fJ- ...Il
f . ®
L]
.
(]
£y,
* 1
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Example:
COS N 1 Ccos n |
(a) ———0 because —a =5 =3
(b) %—:-{] because 0= % = %;
(c) (—l]”rl—t—:-[} because —% = [—l)”% = %.
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THEOREM Suppose that f(x) is a function defined for all x = n;, and that

la,} is a sequence of real numbers such that a, = f(n) for n = n,;. Then

lim a, = L whenever _lirn f(x) = L.
. Inn _
Example: Show that  lim == = 0.
Solution:
_lnx_ . 1/x o _
R T

We conclude that lim (Inn)/n = 0.

H—00
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“= Example: Does the sequence whose nth term is

ﬂ= ”+1H‘
n n—1

converge? If so, find lim, ,__a,.

B n+ 1Y _ n+ 1
Ina, = In = nln :
n—1 n—1

Solution:
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[Z\y Using L'Hopital's Rule

: : + 1 |
lim Ina, = lim nln o+ 0 form

H—s00 H—s00 n—1

]n(” + 1)
n—1 0
|

= lim form

H—>00 ‘.l'{ﬂ

2 e .
— | _2}({” 1 } L’'Hopital’s Rule: differentiate
- ”anlﬂ —1 f e numerator and denominator.
. 2n

= lm ——— = 2. Simplify and evaluate.

n—oo n° — |

The sequence {a,} converges to €.
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Definition of Monotonic Sequence

A sequence {a,| is monotonic when its terms are nondecreasing

1A

< . . .
a, =

= = = . . .
a, <a, =a; =

or when its terms are nonincreasing

2
IV
=

(]

I
)

L
I
IV

HHE. C

Example:

Determine whether each sequence having the given nth term is monotonic.

a. a, =3+ (—1)"
2n
1 +n

b' bn =
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Solution

a. This sequence alternates between 2 and 4. So, it 1s not monotonic.

b. This sequence is monotonic because each successive term is greater than its
predecessor. To see this, compare the terms b and b, ,. [Note that, because n is
positive, you can multiply each side of the inequality by (1 + n) and (2 + n)
without reversing the inequality sign.]

2 +
bn = llIIn < ILIH{H -I-l)l) = buss
2n(2 + n) -:. (1 + n)(2n + 2)
dn + 202 22 + 4n + 2n2
0<?2
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Definition of Bounded Sequence

1. A sequence {a,} is bounded above when there is a real number M such that
a, = M for all n. The number M 1s called an upper bound of the sequence.

2. A sequence {a,} is bounded below when there is a real number N such that
N = a, for all n. The number N is called a lower bound of the sequence.

3. A sequence {a, | is bounded when it is bounded above and bounded below.

THEOREM ! Bounded Monotonic Sequences

If a sequence {a, | is bounded and monotonic, then it converges.
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[ZV Bounded Sequences

6)li_all
[P e———— Example: ﬂ‘ f,f“ - 3 _+_ {_ l:lﬂ'
b h = 2"
In 1 _|_ n

sequences are bounded. To see this, note that
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Vay

2521 Write the first five terms of the sequence

2 i
1 = 3 2 =|—=
”.I'I III'lJ-I.J'! ( 5)
. nT An
3 = 81N — 4 =
a, 51N > a, ——
]
5.a, = (—1y+1(2) 6.a,=2+2 -1
i n n-
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Vay

&)Ll
“= write the next two apparent terms of the sequence. Describe the

pattern you used to find these terms

2,5,8,11,. .. 8, 13,18, 25,258, . . .

2 2
5,10, 20,40, . .. 6, —2.= —= - - -
3 9
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EXERCISES
Proof For any number x, lim (1 - f—l)n = e~
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T
o5 Solution:

Then

Ina, = ln(l + 5) = Hlﬂ(l + 5) — X,

as we can see by the following application of L'Hopital's Rule, in which we differentiate
with respect to n:

In(1 + x/n)
lim n ln(l - %) = lim /

1—00 —s00 1/n
Ly (x
l' 1 + _I'fﬂ Hz l X
T —1/n? T el + x/n -

M
X
(1 - ﬁ) = g, = " — ¢,
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EXERCISES
Proof ”H_}n;% =1
HE
(a) ln(ﬂ ) _ 2lhn_s.0=0

(b) V2 = /" = (a')? = (1) = 1
(¢) V3n =3Un(plh) 51-1=1

d) (— %)”—z.o
(e) (” - 2)" = (1 + %2)”—:-{3
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n
2" — 1

Show that the sequence whose nth term 1s @, = converges.

Solution Consider the function of a real variable

IE

0 = 57—

Applying L' Hopital’s Rule twice produces

lim — = lim —2 = lim — 2 =0
x—oo 2F — 1 x—ee (In 2)21 r—oo (In 2)22'1{

Because f(n) = a, for every positive integer, you can apply Theorem 9.1 to conclude
that

2

: n
lim = 0. See Example 1(c), page 584.
n—oe 21 — 1
So, the sequence converges to 0. |
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EXERCISES

Find a sequence {a,} whose first five terms are

248 16 32
153?51‘ ?! 9!‘"'

and then determine whether the sequence you have chosen converges or diverges.
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Solution First, note that the numerators are successive powers of 2, and the
denominators form the sequence of positive odd integers. By comparing a, with n, you

have the following pattern.

2 2P rE >
l » 3 ? 5 7 ? ? 9 - " -2 2” — ]-? " - "
Consider the function of a real variable f(x) = 2%/(2x — 1). Applying L'Hoépital’s Rule
produces
lim —2— = |jm 2002 _

XD 2x - 1 X—o0 2
Next, apply Theorem 9.1 to conclude that

lim —2.
— o0,
11— 0 2.”:‘. - ].

So, the sequence diverges. |
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Vay

2%l petermine whether the sequence with the given the term is bounded

l n
a, =4 —— . d, = SIn—/—

6
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AAAAAAAAAAAAAAAA

PagEXERCISES

determine the convergence or divergence of the sequence with the given th term. If
the sequence converges, find its limit

o 5
“n = n + 2
5
a, = 8 + —
"
R 10n* + 3n + 7
" 2n? — 6
1 +(—1)"
a, — 12

_ In(n?)
" 2n
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Thank you for your attention
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