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Trigonometric Integrals 6)li_all

Products of Powers of Sines and Cosines Isin”‘ X cos" xdx

Case 1 If m is odd, we write m as 2k + | and use the identity sin®x =
1 — cos® x to obtain

sin” x = sin2**t! ¥ = (sin2 x)¥sin x = (1 — cos? x)* sin x. (1)
Then we combine the single sin x with dx in the integral and set sin x dx equal to

—d{(cos x).

Case 2 If n is odd in f sin™ x cos” x dx, we write n as 2k + 1 and use the
identity cos® x = 1 — sin® x to obtain

2k+1

cos" x = cos* ! x = (cos’® x)* cos x = (1 — sin® x)* cos x.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 If both m and n are even in f sin™ x cos" x dx, we substitute

S 1 — ;ﬂﬂhg cod? x = 1 + ;nslx 2)

5111

to reduce the integrand to one in lower powers of cos 2x.
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EXAMPLE 1 Evaluate

/ sin® x cos® x dx.

fsm3xmszxdx =fsin2x-::nsz;::sinxdx =fl:l — cos” x)(cos” x)(—d (cos x))

U =C0OSX
_ f (1 = 1) () (—du) f (i — ) du

_iw cos” x _ cos’x
3 3

5 3-I-C

+ C =
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EXAMPLE 2 Evaluate

fcns5x.-i:: =/cns"xms xdx =f{1 — sin® x)? d(sin x)

U =sinx

f{l — 12)? du =/(1 — 2 + ) du

_3 L - —3'3 L'S
1 3u3+5u5+C' sin x 351nx+551nx+£'
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EXAMPLE 3 Evaluate

/ sin’ x cos* x dx.
. 2
/sinzxcns“xdr =/(l ;ﬂs EI)(I + ZDS h) dx

= % (1 — cos 2x)(1 + 2 cos 2x + cos® 2x) dx

= %f[l + cos 2x — cos® 2x — cos® 2x) dx
_ 1 I . 7 3
=g|*+ Fsin2x — (cos” 2x + cos” 2x)dx
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6)liaJl

fmsllxdx = %/[l + cos 4x)dx = %(1— - %ﬁinf-lx)

v

f{mszlr + cos® 2x) dx

v

fmﬂlxdx =[[l — sin® 2x) cos 2x dx

U =sin2Xx

_ 1 3 _1{_. R N P
= i/{l — i) dur = 2(s.ml:r 3 sin 2;.).

_ 1 1 . 1 .
I 4 — - — - 3
/sm xcos xdy = lﬁ("‘ 451n4,1 + E..sm 1:) + .
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Integrals of Powers of tan x and sec x W A

EXAMPLE 6 Evaluate
f sec? x dx.

duv = sec? x dx, v = tan x, du = sec x tan x dx.

It = Secx,

sec x tan x —/{seclx — 1) sec x dx

= gec xtan x —|-/secx.-:b: —/sac3xdx.

— 2/5&c3xdx = sec x fan x -I—fse-:xcb:
> fseﬁxrb: = %secxtanx + %ln |secx + tanx| + C.
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Products of Sines and Cosines

f sin mix sin nx dx, / sin mix cos nx dx, and f COS #x COS nx dx

SiN 71X Sin Iy = % [cos (m — n)x — cos (m + n)x],
. | i
SIL X COS X = 5 [ sin (m — n)x + sin(m + n)x],

COS X COS nx = % [cos (m — n)x + cos (m + m)x].
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EXAMPLE 8  Evaluate il

f sin 3x cos Sx dx.

m=3andn = 5,

/sin 3xcos Sxdx = %/[sin(—lx) + sin 8x | dx

= %/(sinﬂx — sin 2x) dx

~ cos8x  cos 2x
S T

+ C.
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Exercises 5)lial
Evaluate the integrals
a2 . 9
i X 3 5 '/ S dx
o . s X e ;
/{; sin 5 dx cos” 2x sin” 2x dx /3 /1 — cos x
16 1 cin® 2y — Lain® 32
1 5 sin 2x e sin 2x+C \/;_E
/2
'/sec4xtan2xdx ® /cgtﬁzxdx ‘/ cos x cos Tx dx
—ar /2
5 3
Ltan’ x+1tan” x+C —%cot52x+%cm32x—%cut2x—x+C 0
3
./sin29c0536d9 ./‘E{;;dx ® /xcns3_rdx
1 ai _ 1o R P — ) )
g SIn 30 — o sin & —55sin 56+ C sec x —In |cscx +cot x|+ C X sin x—%x51n3x+%cos x+%cns3x+c
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Trigonometric Substitutions &)ligJl
ey X 73 ¥
X AT — a
a8 i
> 3
& a- — a- &
x=gatand x=asmndg x=asect

Va® + x* = alsec 8] Va® — x* = alcos 8] Va? — a® = a|tan 8|

Procedure for a Trigonometric Substitution
1. Write down the substitution for x, caleulate the differential ex, and specify the
selected values of & for the substitution.

2. Substitute the trigonometric expression and the calculated difterential into the
integrand, and then simplify the results algebraically.

3. Integrate the trigonometric integral, keeping in mind the restrictions on the
angle & for reversibility.

4. Draw an appropriate reference triangle to reverse the substitution in the inte-
gration result and convert it back to the original variable x.
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6)liall
EXAMPLE 1  Evaluate / dx
vV d + ,rll
r=2tan @, dx = 2 sec? 0 d0, —%{H{%ﬁ

X

4+ x" =4+ 4w@n’d = 4(1 + tan*§) = 4 sec’ f.

d
fvfalj—_xl=fﬂecﬂdﬂ =]n|5ECEl+tanE|+C
vd + 2 x
2 2

In + C
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Exercises

@ /VZS — 12 dt
2 sin~! (i)+”25' +C

2 5

x+ 2

/\/x +4x+3

Vx2 +4x+3 —sec \(x+2)+C

W

deol o
o)liaJ '__I
2 dx
BVE-1
|||_2
1 12-1_+_C

seC X+ -

x> 1

V1 - (IM)2
x1nx
l+ 1- ]nr \/1 111.1‘

]nr
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deol ~

Rational Functions and Partial Fractions 6)ligJ
C PO
=50y

A or Bx +C
(ax +b)" (ax * +bx +c)"

deg(P(x))zdeg(Q(x))f (x)=R(x)+

deg(H (x))>deg(K (x))

K (X)

H (x)
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Case 1 5)li_o
QX) =(x %, (X X,)..(x X, )
P
(X)= Al + A2 1L o0odl Am
Q(X) X_Xl X_X2 X—Xm
Flndj dx
X (X 1)

Solution . _
1 —A+ B A(x —1)+Bx A(x -1)+Bx =1 X' 1 —-A=1
KD x X1 x(x-D) (A+B)-A=1  x':A+B=0

1 -1 1
=7 " -1 1 Cx -1
x(x-1) x x-1 m—) Ix(x ) —I(X+X_1}ix—ln » +C
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it
Case 2
Q(X):(X _Xl)rl(x _Xz)rz'"(x _Xm)rm
A
P(X)_ Al A2 2_|__. + il r
Q(X) X=X, (x-x,) (x =x,)"
Bl BZ Brz
+ + ot r
X=X, (X —X,) (X =x,)°
C, C, C.
FEPPE + 4ot r
X =Xn (X =Xx,) (X =X, )"
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dsola
Flndj dx bt
X (x +1)
Solution
1 _A B U8 1 AX(X+1)+B(x +1)+Cx°
D) x Xl T X (c+) K2 (x +1)
AX (X +1)+B(x +1)+Cx* =1 0 Bo1 o
(A+C)x2+(A+B)x+B=1 = X :A+B=0 = B=1
Xx°:A+C =0_ C =1
1 -1 1 1
5 =—+—+
X“(x+1) x x° x+1
.[ —j( 2+ )dX:In X+1_£+C
X (X +1) X +1 X X
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dsola
Case 3 2 ot
Q(x)=(ax’+bx +c,)(ax?+bx +c,)..(a,x*+b x +c, )
P(x) _ AXx+B, N A X +B, N A X +B_
Q(x) ax’+bx+c, ax’+bx +c, aXx’+b _x +C_
Case 4
Q(x)=(ax?+bx +c,)" (a,x2+hx +c,) ..(a,x 2 +b_x +c,,)
P(x) _ Ax+B, s AX +B, I AX+B,
Q(x) ax’+bx+c; (ax?+bx +c,) (ax?+bx +c,)’
C.x +D, C,x +D, Cx+D,
2 + g Tt r
X +DX +C;  (a,x?+bx +c,) (a,x 2 +b,x +c,)”
Ex +F Ex +F, E. X+F
+oet + +

...+
2 2 Im
a, X" +b.x +C, (g x*+b, x +c,) (a,x?+b,x +c, )

Fm
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mr
asoa
AX +B ?JU_GJ
j - dx
+bx +cC
2ax +Db
Case 1 j > dx =In(ax * +bx +c)+c,
ax - +bx +c
AX +B Ax+B Ax +B
Case 2 jax2+bx+c :_I __jx +pX +
X ° + X+ P q
a a
Ax+B=(2x+p)é+B—A—p
2 2 Ap
Ax+B A 2x+p . Yy

XZ4+pX +p 2 X24+pX+Qq X2+ pX +(

Vv Vv
| I
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Ax +B A 2X+p

[

6)liaJl

+

x2+px+p: 2 XZ4px +q X2+ pX 1q

Case 1

-~
I

l Completing the square

2 2
X+ pX +( :(x +%) +q—p—

" 4

Using integral tables
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ﬂJLt_uJI
3X+4
| = dx
Example jx +7x+14
21 3 13
I + 4 (2x+7) +4—2 (2x 7)—2
X247 +14  x2+7x +14  x’+7x +14
_J‘ 2X + 7 13J‘ dx

X +7x+14 2 ( 7)2
x+2

=§hﬂx2+7x+14y—r3mt@(zx+

ﬁ
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J‘ Ax +B
(% * +hx +c)n
AX +B A

dx

2X + P

Y

deol ~

aaaaaa

Ap 1
2 n: : 2 n+ B_ ) 2 n
(X°+px +q) 2 (X°+px +q) 2 (X +px +q)

1 l |
(<4 px +a) {(ﬁg{q‘rjﬂn
!

I:I dx

: n1_1+c (n =1) ol (x P +ad)

In+1 - |: . +(2n _1)In:|

~2n-a?| (x2+a?)"
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2X —1
I:J > ~aX
(3X“+X +7)
2X 1
:1 +3 dx — 4!
2
9 (X2+X+7) 27 1
, 373 X+
2X +—
5 3 > dx :_1 1
(x2+);+;j 9(x2++)
| 11 1
f dx ) (4) 1 "6 .
2 — = ) 2 1
2 x+12+83 o 2(1)(83j £x+1j £33
6) 36 36/ |7 6) 36
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1
I——l 1 _8 X+6 + 0 arctg g 1 +C
3(3X%+X +7) 249 (X 1)2 83 /83 /83
+= | +—
" 6) 36 |
1 1 4 6x +1 12 arctg 6x +11]
3(3x2+x +7) 3|833x%+x +7) 8383 /83
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Exercises

1) j /X —8 dx

X +5X +17

2) : dz23
‘(1+2z°)

3)~ 3X +5

dx
4
)Ix2+4x+14

)I X3+X +2

dx
(x 3)(x —4)

Y (X°+2X +5)°

Py

6)liadl

7 51 1
—In(x?+5x +17)—- ——arctan| — (2x +5) [+C
5 ( )\M3 LMs( )j

1z S
— IR ~+—arctanz +C
4(1+z°)" 81+z° 8

1 4x -20 1 X +1
—2—+—arctan — |+C
16x“+2x +5 8 2

%arctan [%(x + 2)j +C

lx2—x +@In(x +4)+%In(x -3)+C
2 7 7

Earctan (x )+%arctan h(x)+C
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6)liaJl

Integral of Rational Functions Containing sine and cosine

I :IR(sinx , COS X )dXx

tan — =t
2
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deola
o)liaJi
5+6SsInX
_ dx
sinx (4+3cosx)
. 1-t2
SINX = , COSX = y

1+t° 1+t°

15t2+12t+5

—dt
t(7+t°)

dx =

2
1+t2

dt

https://manara.edu.sy/
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Special Cases
Case 1 R(sinx, cosx) is odd with respect to sin x
- P(t)
Isz SINX , COSX )dXx | = [ —Zdt
( )0 m— =[5
cosX =t
Case 2 R(sinx, cosx) is odd with respect to COSX
| :J'R(sinx COSX)dX  mm—) jp(t)
| sinx =t Q(t)

https://manara.edu.sy/

28



Y

6)jliaJl

Special Cases

Case 3

R(sinX, cosXx) is even with respect to sinx and cos X

| :jR(sinx,cosx)dX ) ':j

tgx =t

PO
Q)

https://manara.edu.sy/
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Examples

Lo ===

cos’ X
sin’ X

W

Case 2
 — (5

sinx =t

Case 1

1o

b= j‘slnxcosx— J‘(1t)t

CosX =t

Case 3

1+2t +t°
b= J-smxcosx —I

tgx =t

https://manara.edu.sy/
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