
https://manara.edu.sy/

MATHEMATICAL ANALAYSIS 1

Prepared by

Dr. Sami INJROU

Lecture 3
1



https://manara.edu.sy/ 2

Trigonometric Integrals

Products of Powers of Sines and Cosines sin cosm nx xdx
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Case 1 m is odd

cosu x
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Case 2 m=0 is even and 

n=5 is odd

sinu x
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Case 3 m and n both even
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sin 2u x
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2 2tan sec 1x x  Integration by part when necessary
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Products of Sines and Cosines



https://manara.edu.sy/ 9



https://manara.edu.sy/ 10

Exercises
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Trigonometric Substitutions
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Exercises
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Rational Functions and Partial Fractions

 ( )
( )

( )

P x
f x

Q x


   deg ( ) deg ( )P x Q x

numerator 

denominator

2
or

( ) ( )n n

A Bx C

ax b ax bx c



  

Long Division
( )

( ) ( )
( )

K x
f x R x

H x
 

   deg ( ) deg ( )H x K x
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Case 1

     1 2
( ) ...

m
Q x x x x x x x   

1 2

1 2

( )

( )

m

m

A A AP x

Q x x x x x x x
   

  

Find 
1

( 1)
dx

x x  

Solution
( 1) 1A x Bx  

( ) 1A B x A  

0 : 1x A 

1 : 0x A B 


1A  

1B 

1 1 1

( 1) 1x x x x


 

 
1 1 1

( 1) 1
dx dx

x x x x

 
  

    

 1 ( 1)

( 1) 1 ( 1)

A B A x Bx

x x x x x x

 
  

  

1
ln

x
C

x


 
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Case 2

     1 2

1 2
( ) ...

mr r r

m
Q x x x x x x x   

   

   

   

1

1

2

2

1 2

2

1 1 1

1 2

2

2 2 2

1 2

2

( )

( )

m

m

r

r

r

r

r

r

m m m

AA AP x

Q x x x x x x x

BB B

x x x x x x

CC C

x x x x x x

   
  

   
  

    
  
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Solution

2 2

1

( 1) 1

A B C

x x x x x
  

 


2

2 2

1 ( 1) ( 1)

( 1) ( 1)

Ax x B x Cx

x x x x

   


 

2( 1) ( 1) 1Ax x B x Cx    



0 : 1x B 
1 : 0x A B  

1A  

1B 

2 2

1 1 1 1

( 1) 1x x x x x


  

 

2 2

1 1 1 1 1 1
ln

( 1) 1

x
dx dx C

x x x x x x x

  
      

    

Find 
2

1

( 1)
dx

x x  

   2 1A C x A B x B    
2 : 0x A C  1C 



https://manara.edu.sy/ 18

Case 3

    2 2 2

1 1 1 2 2 2
( ) ...

m m m
Q x a x b x c a x b x c a x b x c      

1 1 2 2

2 2 2

1 1 1 2 2 2

( )

( )

m m

m m m

A x B A x B A x BP x

Q x a x b x c a x b x c a x b x c

  
   

     

Case 4

     1 22 2 2

1 1 1 2 2 2
( ) ...

mr r r

m m m
Q x a x b x c a x b x c a x b x c      

   

   

   

1 1

1

2 2

2

1 1 2 2

22 2 2
1 1 1 1 1 1 1 1 1

1 1 2 2

22 2 2
2 2 2 2 2 2 2 2 2

1 1 2 2

22 2 2

( )

( )

m m

m

r r

r

r r

r

r r

r

m m m m m m m m m

A x BA x B A x BP x

Q x a x b x c a x b x c a x b x c

C x DC x D C x D

a x b x c a x b x c a x b x c

E x FE x F E x F

a x b x c a x b x c a x b x c

 
   

     

 
   

     

 
    

     
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2

Ax B
dx

ax bx c



 

Case 1
2

12

2
ln( )

ax b
dx ax bx c c

ax bx c


   

 

Case 2 2 2
2

1 1Ax B Ax B Ax B
dx dx dx

b cax bx c a a x px q
x x

a a

  
 

   
 

  

(2 )
2 2

A Ap
Ax B x p B    

2 2 2

2 2

2

I II

Ap
B

Ax B A x p

x px p x px q x px q


 

  
     
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2 2 2

2 2

2

I II

Ap
B

Ax B A x p

x px p x px q x px q


 

  
     

Completing the square

2 2
2

2 4

p p
x px q x q

 
      

 

Using integral tablesCase 1
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Example
 

dx
xx

x
I  




147

43
2

2

3 4

7 14

x

x x



  2 2

3 21 3 13
(2 7) 4 (2 7)

2 2 2 2

7 14 7 14

x x

x x x x

    

 
   

22

3 2 7 13

2 7 14 2 7 7

2 4

x dx
I dx

x x
x


 

   
  

 

 

23 13 2 7
ln( 7 14) arctg

2 7 7

x
x x c

 
     

 
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1

1 1
( 1)

1n n

du
c n

u n u 
    



 2
n

Ax B
dx

ax bx c



 


2 2 2

2 1

( ) 2 ( ) 2 ( )n n n

I II

Ax B A x p Ap
B

x px q x px q x px q

   
     

      

2 2 2

1 1

( )

2 4

nnx px q p p
x q


     

      
    

2 2( )
n n

dx
I

x a




1 2 2 2

1
(2 1)

2 ( )
n nn

x
I n I

n a x a


 
   

  
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2 2

2 1

(3 7)

x
I dx

x x




 

2 2
2

2

1
2

1 43

9 277 1 83
3 3 6 36

x
dx

dx
x

x x



 
               

 

2

2

1
2

1 3

9 7

3 3

x

dx
x

x



 
  

 


2

1 1

79

3 3

x
x

 
 

  
 

2
2

4

27 1 83

6 36

dx

x


  

   
   

 12

1

4 1 6
8327 1 832(1)
36 6 36

x

I

x

  
                  

           
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2
2

4

27 1 83

6 36

dx

x


  

   
   

 12

1

4 1 6
8327 1 832(1)
36 6 36

x

I

x

  
                  

           

22

1

1 1 8 6 6 16 arctg
3 (3 7) 249 83 831 83

6 36

x
x

I c
x x

x

 
 

            
   

  

2 2

1 1 4 6 1 12 6 1
arctg

3 (3 7) 3 83(3 7) 83 83 83

x x
c

x x x x

   
      

      
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Exercises

2

2 3

2 2

2

3

4

7 8
1)

5 17

2)
(1 )

3 5
3)

( 2 5)

4)
4 14

2
5)

( 3)( 4)

6)
1

x
dx

x x

dz

z

x
dx

x x

dx

x x

x x
dx

x x

dx

x



 





 

 

 

 















 27 51 1
ln 5 17 arctan (2 5)

5 43 43
x x x C

 
     

 

2 2 2

1 3 3
arctan

4 (1 ) 8 1 8

z z
z C

z z
  

 

2

1 4 20 1 1
arctan

16 2 5 8 2

x x
C

x x

  
  

   

 
1 1

arctan 2
10 10

x C
 

  
 

21 66 32
ln( 4) ln( 3)

2 7 7
x x x x C     

   
1 1

arctan arctan h
2 2

x x C 
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(sin , cos )I R x x dx 

( )

( )

P t
I dt

Q t
 

2

2 2 2

2 1 2
sin , cos ,

1 1 1

t t
x x dx dt

t t t


  

  

Integral of Rational Functions Containing sine and cosine 

tan
2

x
t
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5 6sin

sin (4 3cos )

x
I dx

x x






2

2

5 12 5

(7 )

t t
dt

t t

 



2

2 2 2

2 1 2
sin , cos ,

1 1 1

t t
x x dx dt

t t t


  

  

Example
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(sin , cos )R x x

( )

( )

P t
I dt

Q t
 

cos x t

Special Cases

Case 1 is odd with respect to sin x

(sin , cos )I R x x dx 

(sin , cos )R x x

( )

( )

P t
I dt

Q t
 

sin x t

Case 2 is odd with respect to cos x

(sin , cos )I R x x dx 



https://manara.edu.sy/ 29

(sin , cos )R x x

( )

( )

P t
I dt

Q t
 

tg x t

Special Cases

Case 3

is even with respect to sin and cosx x

(sin , cos )I R x x dx 
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Examples

5

4

cos

sin

x
I dx

x
 

Case 2

sin x t

4 2

1 2
1 dt

t t

 
  

 
1

3 2sin cos

dx
I

x x



Case 1

cos x t

2 2 2(1 )

dt

t t


 2

4 2sin cos

dx
I

x x



Case 3

tg x t

2 4

4

1 2t t
dt

t

 
3
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