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Wavdl Infinite Series

deola
An infinite series is the sum of an infinite sequence of
numbers

........ Infinite series

The sum of the first n terms

s, =a, +a, +a; +--- +a

M

a,, d,,... are terms of the series.

a, is the n'" term.
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avdl Infinite Series

9541 1o find the sum of an infinite series, consider the

sequence of partial sums listed below.

S, = a,

S, =a, + a, n

S, =a, + a, + a, Sn = a,
S, =a, +a, + a; + a, k=1

Ss =a, + a, T a; + ay + as nth partial sum
S,=a, +ta,+ay,+a,+as+---+a,

If S, has a limit as N — o0 , then the series
converges, otherwise it diverges.
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doola . . ] ]
Efi,_,. The series in Example is a telescoping series of the form

> The nth partial sum of the series
3 o ar)=0-2)  (23)+ -3)
P =(1l—=|+|z=—=]+(===]+
= \n n+1 2 2 3 3 4
18
§ =1- l :
" n+ 1

Because the limit of §, 1s 1, the series converges and its sum 1s 1.
5  The series

Y1l=1+1+1+1+"--"

n=1

diverges because 5§, = n and the sequence of partial sums diverges.
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%‘V Telescoping Series

&)liadl . . N
—  Telescoping Series: Z (bn _bn+1)

n=1

Sn — bl IR bn+1

N—o0

S= Z (bn_bn+1) — bl —lim bn+1
n=1

o0
Z(bn—bn+1) is convergent <=—> {b } isconvergent
n=1

-1 1
Example: Z (__—)

1 nh n+1
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PAV Telescopmg Series

ﬂjl.:_d_il Example

ool 2
Find the sum of the series 2 1

n—l

Solution

Using partial fractions, you can write

2 2 N
T a1 2n—=1)2n+1) 2n—-1 22+ 1

From this telescoping form, you can see that the nth partial sum 1s

e (i) () st -
n T\l 3 3 5 m—1 2n+1/) n+ 1°

So, the series converges and its sum 1s 1. That 1s,

& 2 , L 1\
24H2_1—hm5"—11m(1 2n+1)_1'

n=1 n—sco n— o
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220 Ina geometric series, each term is found by multiplying

the preceding term by the same number, r.

a+ar+ar2+ar3+...+arn—1+,,,zzarn_1
n=1

a
This converges to7— ifM <1, and diverges if M >1

~1<r«il is the interval of convergence.
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EXAMPLE 1 The geometric series witha = 1/9 and r = 1/3 is

00 n—1 1/9
l+1+1 21(_) _ Y _1
9 27 8l = 9\3 1 —(1/3) 6
EXAMPLE 2 The series
o (DS 5 5 5
2 T2 T4 6 e
is a geometric series with @ = 5 and r = —1/4. It converges to
a 3

T—r 1+a/4 *
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DA‘V Properties of Infinite Series

R A, T

THEOREM Properties of Infinite Series

Let 2 a, and 2 b, be convergent series, and let A, B, and ¢ be real numbers. If
2 a, = Aand 2 b, = B, then the following series converge to the indicated sums.

1. icar,Zcﬂ
n=1

2. i(g,,+b,,)=A+B
n=1

3.3 (a,~b)=A-B
n=1
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DA‘V n th-Term Test for Divergence

R A, T

THEOREM

Limit of the nth Term of a Convergent Series

o0
If > a, converges, then lim a, = 0.

n=1

H— 00
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DAV n th-Term Test for Divergence

/

THEOREM:

pax:!
=1

Convergent

THEOREM:THE TEST FOR DIVERGENCE

Divergent

lima, =0

N—oo
or

lima, DNE

N—o0
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PA‘V n th-Term Test for Divergence

guall  Example

RS LR R
—

(a) > n? diverges because n* — oco.

n=1

—n+ 1 .. n+1 | ,
(b) E . diverges because — — — 1. lim, .. a, # 0

n=1

(¢) E (—1)"*! diverges because lim

n=1

(—1)"*! does not exist.

H—=00

o ___Lla

— 7 . _ B
d > diverges because lim,, . 5——= = —5

2n + 5

n=1
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n th-Term Test for Divergence

|
For the series ., you have
5”21” you hav
1
lim — = 0.
n—oo R

Because the limit of the nth term is 0, the nth-Term Test for Divergence does not
apply and you can draw no conclusions about convergence or divergence.

1

I 1 1
+"+->|+—+Z+

2
1 I
T

S=l+s+3+z>1+3

s-l+1+-+1>1+1+( S kb3 no,
NS g3 RV Y Rt S22 143
1 :

Slg--l+5+ +-l—6

|53+ ) diverges to +o0c. Therefore, since [S,) has a diverging
>n+1+(1+1 8 (L T [P (LT eE ) DN
%N 5 ] 16 16 2'
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S 11 g 1 N | B -
.,Zl P 1P 2p 3P e
is a p-series, where p is a positive constant. For p = 1, the series

1 1 1
2 ; =1+ E + 5 + - - - Harmonic series

n=1

is the harmonic series.
Convergence of p-Series
The p-series
=
El=l+l+l+l+”
= nr 17 20 3P 4P

converges for p > 1 and diverges for0 < p = 1.
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THEOREM Direct Comparison Test
Let0 < a, = b, for all n.

1. If E b, converges, then E a, converges.
!

n=1 =

2. If E a, diverges, then E b, diverges.

=1 n=1
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[Zv Comparisons of Series

t:lJLz_a_ll Example Determine the convergence or divergence
== |

2 + 3"

Solution n=1

Solution This series resembles

E 3:: Convergent geomeltric series
n=1

Term-by-term comparison yields

1 ]
a, = <—=b,, n=1l.

2 _|_ 3”‘ 3”

So, by the Direct Comparison Test, the series converges.
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Limit Comparison Test

THEOREM . Limit Comparison Test
Ifa, > 0,b, > 0, and
Jim 5% = L

where L is finite and positive, then

§ a, and § b,
n=1

n=1

either both converge or both diverge.
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Limit Comparison Test

Example

Given Series Comparison Series

l o0

2 3 dn 5 2

n=1

-

1
n>

1 1

::ZI V3n — 2 n=1 \/f_"'
n2

”—_

= n?—10

241*?5-1—}13 2

n=1 n=1

Conclusion

Both series converge.

Both series diverge.

Both series converge.
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DA‘V Limit Comparison Test

6 JL,_,,_” Examp|e Determine the convergence or divergence of

R, T

Divergent series

Solution > Qn
2 ——

Note that this series diverges by the nth-Term Test. From the limit

lim 2 = lim ("—2")(”—2)
H—3 00 E}' H—3 o0 41’13 4+ l 2"

1
= h
oo 4 + (1/n)
_1
4

you can conclude that the series diverges.
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summary

Geometric Telescoping General
When convg r| <1 {b__ ,}convg { s, }convg
sum % b, —limb, , nms,
nth partial sum 1—r" s —b —b S, =a, +---+a,
Sn = a 1T N 1 n+1 a =s.—sS, .,

THEOREM:THE TEST FOR DIVERGENCE

Z a; Divergent
i=1

( )

lima, =0 or lima, DNE

n—>oco n—oo
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R, T

Thank you for your attention
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