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Functions of Several Variables

So far we have dealt with the calculus of functions of a single variable. 
But, in the real world, physical quantities often depend  on two or 
more variables, 

so in this chapter we turn our attention to functions of several 
variables and extend the basic ideas of  differential calculus to such 
functions.

introduction
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Functions of Several Variables

The notation for a function of two or more variables is  similar to that for a 
function of a single variable. Here are two examples.
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Functions of Several Variables

For the function z = f (x, y)

x and y are called the independent variables and z is called the 
dependent variable.

[Compare this with the notation y = f (x) for functions of a single 
variable.]
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Functions of Several Variables

Similar definitions can be given for functions of three, four, or n 
variables, where the domains consist of ordered triples
quadruples                          and n- tuples . In all cases, 
the range is a set of real numbers.

In this chapter, you will study only functions of two or three 
variables

1 2 3
(x ,x ,x )

1 2 3 4
(x ,x ,x ,x )

1 2
(x ,x ......, x )

n
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Domains of Functions of Several Variables
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Operations on Functions of Several Variables 

Functions of several variables can be combined in the same ways 
as functions of single variables. For instance, you can form the 
sum, difference, product, and quotient of two functions of two 
variables as follows.
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The Graph of a Function of Two Variable

Just as the graph of a function f of one variable is a curve C with 
equation y = f (x), so the graph of a function f of two variables is a 
surface S with equation z = f (x, y). 
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The Graph of a Function

EXAMPLE: Sketch the graph of the function   f (x, y) = 6-3x -2y

The graph is a plane of f has the equation 
z = = 6-3x -2y or        3x + 2y + z - 6 = 0

which represents a plane.
To graph the plane we first find the intercepts. Putting y=z=0
in the equation, we get x=2 as the x-intercept. Similarly, they -
intercept is 3 and the  z -intercept is 6. 

the function   f  is called as a linear function
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The Graph of a Function

The function in Example is a special case of the function
f (x, y) = ax + by + c 

is called as a linear function. 
The graph of such a function has the equation 

z = ax + by + c          or        ax + by – z + c = 0

so it is a plane.

In much the same way that linear functions of one variable are
important in single-variable calculus, we will see that linear
functions of two variables play a central role in multivariable
calculus.
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The Graph of a Function

EXAMPLE: Sketch the graph of

Solution:

The graph has equation                                

We square both sides of this equation to obtain 

z2 = 9 – x2 – y2, or      x2 + y2 + z2 = 9,

which we recognize as an equation of the sphere with 
center the origin and radius 3.

But, since z  0, the graph of 
g is just the top half of this 
sphere (see Figure).
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Limits and Continuity
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Properties of Limits of Functions of Two Variables

Limits of functions of several variables have the same properties
regarding sums, differences, products, and quotients as do limits of
functions of single variables
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Properties of Limits of Functions of Two Variables

Some of these properties are used in the next example.
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Limits of Functions

EXAMPLE:

NOTE:
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Limits of Functions
A Limit That Does Not ExistEXAMPLE:

Show that the limit does not exist.
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Continuity of a Function of Two Variables
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Continuity of a Function of Two Variables

•Theorem establishes the continuity of polynomial and 
rational functions at every point in their domains.
•

•Furthermore, the continuity of other types of functions 
can be extended naturally from one to two variables. 

•For instance, the functions whose graphs are shown in 
Figures are continuous at every point in the plane.
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Continuity of a Function of Two Variables
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Continuity of a Function of Two Variables

EXAMPLE: Discuss the continuity of each function.
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Continuity of a Function of Two Variables

Continuity of a Function of Two Variables
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Functions of More Than Two Variables

NOTE: The definitions of limit and continuity for functions of two 
variables and the conclusions about limits and continuity for sums, 
products, quotients and powers all extend to functions of three or 
more variables. Functions like

are continuous throughout their domains, and limits like
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Thank you for your attention 
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