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Applications of Taylor Series  siai

a
e

The Binomial Series
For—1 << x << 1,

(1+x"=1+ i(m)z*,
o1 WK

my (m) _m(m — 1)
1) 2/ 20 7

(m) _mm — )m — 2)---(m — k + 1)

where we define

and

P ] fork = 3.
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Evaluating Non-elementary Integrals 5 )lial

EXAMPLE 4 Estimate f ,:,I sin x° dx with an error of less than 0.001.

3 7 11 15 19
cm X Xt X X L
f““"’“_'ﬁ S T P TR TR R TP TR TI]

]
s 11 I | 1.
/ﬂsmx =T T s 1571 T 19-900

1
11-5!

I
P 3
/ sin x~ dx =
0

with an error of less than 107®

= (.00076

1
42

= ().310.

L | e

NP B B S 1
/ﬂsm dr = 3= 75+ 1330 ~ 75600 T ggoa7ap = 0-310268303,
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Evaluating Indeterminate Forms

EXAMPLE 6 Evaluate
3
sinx=x—%+;—j!—---,
. X
sinx — tanx = 3 3
limsinx —tanx _
x—0 }F,'

Sinx — tan x

lim
x—sl) _7{3
_ 2
tanx = x + 3 + 15 + .-,

i (2l 2\ __1
x—0 2 8 2’
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EXAMPLE 7  Find lim(.l —1)
r—0\S1n X X
.I-'3 .Ij 1 .1'2
S ___|___... [
1 Il x—sinx * (x 3! 5! ) 3! 5‘Jr
— — : - =X
S1n X XSIin x .XT3 .IS .I2
I(.x—ﬁ—l—ﬁ—"') l_ﬁ—l_
1 X2
____|_...
_ 1 1 _ 3! 5!
) lim(——— =) = lim| x- = 0.
r—0 \ S1NN X X x—0 xz
1—3—14—'
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Exercises ) ol
0 Find the first four terms of the binomial series for the functions
—9 X
1/3 X 3
(1 + x) L+2 1+ x
1+%x—%x2 +8i113_'” y=lx? 423 Lty
1—I+i.‘[2 —lIE - 3 2 81
4 2
0 Find the binomial series for the functions
¥ 4
(1 T JC)4 1+4x +6x° +4x° +x7 1 —3 1-2x+3x% -1 + kst

2

0 use series to estimate the integrals’ values with an error of magnitude less than 107>,

04 0.35
/ — dx 1 + x2 dx
0

—0.3633060. 0.3546472.
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Exercises GJU_GJ,

0 Use series to approximate the values of the integrals with an error of magnitude less than 107%.

0.1 . 1 CcOS
SIn X - X
/ X dx / ; dx
0 0 X

-10
0.0999444611, | E| < (‘; ?. ~28x10~12 0.4863853764,  |E|< i ~19x10
3 . 1
0 Estimate the error if cos V?is approximatedby 1 — E + g — % in the integral f o Cos Vidt. 0.000004960

0 find a polynomial that will approximate F(x) throughout the given interval with an error of magnitude less than
107

F(x) —f sin2dt, [0,1] F(x) —f wdg [0,0.5]
0 0

(0.
Jerror| < = ~ 0.000013 lerror | < 6) 00043
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Exercises dsola
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0 Use series to evaluate the limits S
“ly — s In(1 + x? in 3x2 3
o tan”'y = siny - 111(_ x*) [ sin 3x - In(1 + x3)
y—0  y>cosy x—0 cos X x—0 1 = cos 2x x—0  x*sinx?
2
_% % 1
¢ find the sum of each series.
3? 34 36
Tl L cs(3)
42:21  4%-41  4%.6!
3 5 7
ar ar ar ar
= + - = 5
3 3%.31 35.51 37.7! 2
2 3 4
X X X X
1+ +5+5+7%+ - —
2 3 4 5 !

https://manara.edu.sy/



Py

Linear First-Order Differential Equations

y'(x)+P(x)y(x)=Q(x)

!

y(x):exp(—jP(x)dx)(IQ(x)exp(IP(x)dx)dx +C)

Bernoulli’s Equation

y'(x)+P(x)y (x)=Q(x)y"
Yy e—) inear Equation 7'+ (1—n)p(x)z =(@1—n)Q (x)

Z
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- Solve the following differential equation”

Xy'=3y =x"-{ly

Solution
1
' 3 4., 4
y ——y =X"Y Bernoulli’s Equation with N
; ' 9 3
Z :y4— Linear Equation 7' —— 7 ==x"*
4x 4
o [ 9 { 9
— | ——dx 3 ———aXx 3 "
— Z=eI4X —X46'[ M dX +¢ |=—x°+cx 4
4 11
L ﬂ -
3

https://manara.edu.sy/

N



[

Exercises ﬁ
Solve the given differential equation
y 1 pp—
X I y = yz y =14 cx™o.
2 dy 3 -3 _ 2
3(1+I)E=2ry(y — 1) y 2 =1+c(1+t?).

Solve the given initial-value problem

dy 1
2 4 .
- ] — 3 / s l - _‘ =

X / 2xy y y(1) 5 Y 5 5
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Second-Order Linear Equations d)LioJl

Py"(x) + Q(x)y'(x) + Rxpy(x) = G(x),

Pxpy" + Qx)y" + R(x)y = 0.

(1)
(2)

THEOREM 1—The Superposition Principle If y,(x) and y»(x) are two solutions

to the linear homogeneous equation (2), then for any constants ¢; and c;, the
function

y(x) = cpix) + eaya(x)

is also a solution to Equation (2).

https://manara.edu.sy/
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Px)y"(x) + O(x)y'(x) + R(x)y(x) = G(x), (1)

Piy” + Q)" + Rx)y = 0. (2)

THEOREM 2 If P, O, and R are continuous over the open interval 7 and P(x) 1s
never zero on /, then the linear homogeneous equation (2) has two linearly
independent solutions y; and y, on I. Moreover, if y; and y, are any two linearly
independent solutions of Equation (2), then the general solution is given by

¥x) = cppi(x) + eayax),

where ¢ and ¢; are arbitrary constants.

https://manara.edu.sy/
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Constant-Coefficient dool s

Homogeneous Equations

Case 1

6)li_all

ay” + by"' + cy = 0,

'l_}':E

ar’ + br + ¢ = 0. auxiliary equation
characteristic equation

b+ Vb - dac _ —b = Vb - dac
Fl = 20 and Fp = % .
THEOREM 3 If r, and r, are two real and unequal roots to the auxiliary

equation ar® + br + ¢ = 0, then
y =cie’"" + ce™*

is the general solution to ay” + by’ + ¢y = 0.

https://manara.edu.sy/
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EXAMPLE 1
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Find the general solution of the differential equation
y' =y =6y =0.
P —r—6=0,
r—3)r +2) =0.

y = cre™* + e

https://manara.edu.sy/
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Case 2

THEOREM 4 If r is the only (repeated) real root to the auxiliary equation Yy, =p(x)e (-b/2a)x
ar’ + br + ¢ = 0, then ?

y = c1e™ + cpxe™ l
is the general solution to ay” + by" + ¢y = 0.
y, =xe %)
EXAMPLE 2  Find the general solution to
y'+ 4"+ 4y = 0.
P+ 4r+4=0, mp (r+2)7>=0. —> y=cie ™+ cyxe

https://manara.edu.sy/ —
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Case 3

THEOREM 5 Ifri =a+ i and r, = @ — i3 are two complex roots to the
auxiliary equation ar? + br + ¢ = 0, then

y = e™(c)cos Bx + ¢;sin Bx)

is the general solution to ay” + by’ + cy = 0.

EXAMPLE 3  Find the general solution to the differential equation

y' =4y + 5y =0.

PP=4r+5=0. M) r=2+iandr=2—i m y = e™(cy cos x + ¢; sinx).

https://manara.edu.sy/ L
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Initial Value and Boundary Value Problems

EXAMPLE 4  Find the particular solution to the initial value problem ,

"= ' = - ! = — \__f
y' =2y +y=0, y0)=1, y'(0)=—1. N

-4 =3 =2 =1 0 1
rr=2r+1=(@G-17>=0. = et 2ee

y = ce’ + ¢ xe’. il

r x X
= e’ + oqax + et
From the initial conditions Y l 3{ )

l=¢y + -0 and —1=£"1+£'1‘1.~£'1=1ﬂndﬂ'2=_2

L

y = e' — 2xe'.

https://manara.edu.sy/ =
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Initial Value and Boundary Value Problems
EXAMPLE 5  Solve the boundary value problem

y'+4p =0, 0 =0, y(%) = 1.
4+ 4 =0, ‘ y = ¢ ¢08 2x + ¢;sin 2x.

yO0)=ci- 1+ 0=0

T ) =cicos| Z ) + ersin| =
Y\ 12 ‘ 6 25 6

‘ C1=Dﬂﬂd{!2=2. ‘ y=25in2_x

L.

https://manara.edu.sy/
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EXERCISES

y'+ 6y + 5y =0, ¥W0)=0,y(0) =3

hH" =4y +y =0, »0)=4, )y (0)=4

Yo+ +y =0, ¥0)=1,(0) =1

¥y

[

6)liaJl

— 2 +2r =0, }0)=0,)'(0) =2

+ 4y =0, wW0)=20, p(wm) =1

+4y =0, ¥0)=0, y(m) = 0.

3 - 3 .-
}-’=—1E 5:1_|_ch

y = 4e* 4 2x e

y = 2e*sinx

y=e > +2xe™"

no solution

y = C28in 2x

https://manara.edu.sy/
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Nonhomogeneous Linear Equations

ay" + by' + ¢y = G(x),

THEOREM 7  The general solution y = y(x) to the nonhomogeneous differen-
tial equation (1) has the form

Yy =Yct ¥

where the complementary solution y. 1s the general solution to the associated
homogeneous equation (2) and y,, is any particular solution to the nonhomoge-
neous equation (1).

https://manara.edu.sy/
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The Method of Undetermined Coeﬁicieﬁts

Summary of the Method of Undetermined Coefficients

1. If G(x) = e”"P(x), where Pis a polynomial of degree n, then try y(x) = ¢ ((x),
where §Xx) is an mth-degree polynomial (whose coefficients are determined by
substituting in the differential equation).

2. If G(x) = e**F(x) cos mxor G(x) = e**P(x) sin mx, where Pis an nth-degree
polynomial, then try

¥o(x) = e”6)x) cos mx + e*R(x) sin mx

where ) and R are nth-degree polynomials.

Modification: If any term of y, is a solution of the complementary equation,
multiply y, by x (or by x* if necessary).

https://manara.edu.sy/
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The Method of Undetermined Coeﬁicie'h't's

AR S ol ol

=
&

1 (any constant)

5x+7
33 =2
C=x+1
sin 4x

cos 4x
Sx

&

(9x — 2)e>

IZ ES.r

2> sin 4x

3x

. 5 sindx
. xe

cos 4x

Form of y,

A

Ax+ B

A2 +Bx+ C

AP+ B2+ Cx+ E

A cos 4x + B sin 4x

A cos 4x + B sin 4x

Aeﬁx

(Ax + B)e™

(Ax* + Bx + Q)&

Ae** cos 4x + Be™ sin 4x

(AxX* + Bx + C) cos 4x + (Ex* + Fx + G) sin 4x
(Ax + B)e™ cos 4x + (Cx + E)e’* sin 4x

https://manara.edu.sy/
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ay” + by' + cy = G(x).

If G(x) has a term
that is a constant

Then include this
expression in the

multiple of ... And if trial function for y,.
e™ r is not a root of Ae™

the auxiliary equation

r is a single root of the Axe™

auxiliary equation

r is a double root of the Ax?e™

sin kx, cos kx

px2+qx+m

auxiliary equation

ki 1s not a root of

the auxiliary equation
0 1s not a root of the
auxiliary equation

0 is a single root of the
auxiliary equation

0 1s a double root of the
auxiliary equation

Bcoskx + Csinkx

Dxt+ Ex+ F

Dx? + Ex* + Fx

Dx* + Ex3 + Fx?

https://manara.edu.sy/
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EXAMPLE 1  Solve the nonhomogeneous equation y” — 2y’ — 3y = 1 — x2.

y' =2y =3y=0
= 2r—=3=(@+1)F—3)=0.

Ve = cre” "+ e

Vo=Ax*+Bx + C. =) 24 —2Q24x + B) — 3(dx* + Bx + O) =1 — x?

—34=-1, -44-3B=0, and 24 —-2B-3C=1.
A=1/3,B=—4/9,and C = 5/27 =) _Ll._4 .35
‘ 5 5 . yP_SI 9I+27.
, = , = —x 3x ll_i i
V=Yt yp=cre  + e +3.1: 93:+2?_

https://manara.edu.sy/

25



Py

LUTEERE O Se i

y =vy + vy, with vi'yr + v'y2 = 0.

!

Vv =vp + vy,

I

=vy” v 'yl oy

Substituting in the nonhomogeneous differential equation

vilay," + byy" + cy1) + va(@n” + by + cyy) + alv'yy + vi'yr") = G(x).

) o ) = G
) v+ s = 0,
G(x)

r I ! ro__
vyl Ty =

https://manara.edu.sy/
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The Method of Variation of Parameters ﬁ

1.

o

Variation of Parameters Procedure

To use the method of variation of parameters to find a particular solution to the
nonhomogeneous equation

ay”" + by' + cy = G(x),

we can work directly with Equations (4) and (5). It is not necessary to rederive
them. The steps are as follows.

Solve the associated homogeneous equation
ay’ + by + ey =10

to find the functions y; and y».
Solve the equations

v’y + vy, = 0,

! r r ) G(I)
vyl Twmyy =4

simultaneously for the derivative functions v," and v,’".
Integrate v;" and v, to find the functions v; = v(x) and v; = wv(x).
Write down the particular solution to nonhomogeneous equation (1) as

Yp = vy + v2)a.

https://manara.edu.sy/
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EXAMPLE 6  Find the general solution to the equation

y" + vy = tan x.

yV'+y=0 ‘ Ve = €] CosXx + ¢ sinx.
vy cosx + vy sinx = 0,
—yy SInXx + v cosx = tanx.

0 Sin x COS X 0

tanx cosx —tanxsinx _ —sin’x . —sinx tanx

v =‘ = >~ = cosx% - vy = = sIn X.

CcOsSX SInx cos?x + sinx COSXY SInX

—sin x COS X

—sInXx COSX

= 2
—Ssin" X — . .
U|{_Y:| = /—CDS X d\;" — —111 | SEC X + tEiIl I| + s51n .:':, Uz(x} = /SIHI dx = —C0% X.

¥p = [In|secx + tanx| + sinx] cosx + (—cosx)sinx ‘ y =cjcosx + cysinx — (cos x) In|sec x + tan x|

https://manara.edu.sy/ 2



EXERCISES
y'=9y" =6y =" — Tcosx
d* i
d_J;_Ed_J;:Eh_ 12x

b

"iE.V e
E+}=SE:EI, —E{I{E
.}.I” — ]_.’F — “;..'['

d? i

d;:: - di = e'cosx, x =10

'

[

6)liaJl

—_ 3x =% _ 1l =x , T .: 49
Yy =ce" +ce 7€ + 3psIinX + 5;COosSX

y=c; +cet + 1xe™ +2x7 + 3x
Yy = €,c08X + ¢8inx + cos X In|cos x| + x sinx

y =¢p + ¢ + 1111'_?.[31?1.-21”;jil

y =c) + ce* + %E"sinx— %e"cc-sx

https://manara.edu.sy/
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