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Power Series

INTRODUCTION

Now that we can test many infinite series of numbers for convergence, we can study 
sums that look like “infinite polynomials.” We call these sums power series because 
they are
defined as infinite series of powers of some variable, in our case x. Like polynomials, 
power series can be added, subtracted, multiplied, differentiated, and integrated to 
give new power series. With power series we can extend the methods of calculus to 
a vast array of functions, making the techniques of calculus applicable in an even 
wider setting
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Power Series

This is an example of an 
infinite series.
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This series converges (approaches a limiting value.)

Many series do not converge: 1 1 1 1 1
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Geometric Series

In a geometric series, each term is found by multiplying the 
preceding term by the same number, r.
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This converges to          if           , and diverges if           .
1

a

r−
1r  1r 

1 1r−   is the interval of convergence.
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Geometric Series

The partial sum of a geometric series is: ( )1
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If             and we let             , then:1x  r x=

2 31 x x x+ + + + 

The more terms we use, the better our approximation (over the interval of convergence.)

https://manara.edu.sy/


https://manara.edu.sy/

Power Series

A power series is in this form: c x c c x c x c x c xn
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The center “a” is also a constant.

The coefficients  c0, c1, c2… are constants.

(The first series would be centered at the origin if you graphed it.  The 
second series would be shifted left or right.  “a” is the new center.)
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Power Series

Once we have a series that we know, we can find a new series by doing the 
same thing to the left and right hand sides of the equation.

This is a geometric series where r=-x.

1

x

x+
To find a series for multiply both sides by x.

2 31
1

1
x x x

x
= − + − + 

+

2 3 4
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x
x x x x

x
= − + − 

+

1

1 x+
Example 1:
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Power Series

Example 2: Given: 2 31
1

1
x x x

x
= + + + + 

−
find:
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So:
( )

( )2 3

2

1
1

1

d
x x x

dxx
= + + + + 

−

2 31 2 3 4x x x= + + + + 

We differentiated term by term.

https://manara.edu.sy/


https://manara.edu.sy/

Power Series

Given:
2 31

1
1

x x x
x
= − + − + 

+
find: ( )ln 1 x+

( )
1

ln 1
1

dx x c
x

= + +
+

2 31
1

1
t t t

t
= − + − + 

+

Example 3:
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Power Series

2 31
1

1
t t t

t
= − + − + 

+

( )2 3

0 0

1
1

1

x x

dt t t t dt
t

= − + − + 
+ 

( ) 2 3 4

0
0

1 1 1
ln 1

2 3 4

x
x

t t t t t+ = − + − + 

( ) ( ) 2 3 41 1 1
ln 1 ln 1 0

2 3 4
x x x x x+ − + = − + − + 

( ) 2 3 41 1 1
ln 1

2 3 4
x x x x x+ = − + − +  1 1x−  

Example 4:
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Power Series
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Representation of 
Functions by Power 
Series 
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EXAMPLE
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EXAMPLE
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EXAMPLE
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Taylor and Maclaurin Series

https://manara.edu.sy/


https://manara.edu.sy/

Taylor and Maclaurin Series
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Form the Maclaurin series for                      

  

( ) sinf x x= (0) sin 0 0f = =

'( ) cosf x x= '(0) cos0 1f = =

"( ) sinf x x= − "(0) sin 0 0f = − =

(3) ( ) cosf x x= −
(3) (0) cos0 1f = − = −

(4) ( ) sinf x x=
(4) (0) sin 0 0f = =

(5) ( ) cosf x x= (5) (0) cos0 1f = =
( )

2 3 4 5

0

(0) 0 ( 1) 0 1
0 (1) ...

! 2! 3! 4! 5!

n
n

n

f
x x x x x x

n



=

−
= + + + + + +

( ) sinf x x=

SOLUTION
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( )
2 3 4 5

0

(0) 0 ( 1) 0 1
0 (1) ...

! 2! 3! 4! 5!

n
n

n

f
x x x x x x

n



=

−
= + + + + + +

2 1

0

( 1)

(2 1)!

n n

n

x

n

+

=

−
=

+


3 5 7

...
3! 5! 7!

x x x
x= − + −
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( )cos   at  
2

y x x


= =

( )
2 3

0 1
0 1  

2 2! 2 3! 2
P x x x x

       
= − − + − + − +      

     

( ) cosf x x= 0
2

f
 

= 
 

( ) sinf x x = − 1
2

f
 

 = − 
 

( ) cosf x x = − 0
2

f
 

 = 
 

( ) sinf x x = 1
2

f
 

 = 
 

( ) ( )4
cosf x x=

( )4
0

2
f

 
= 

 

( )

3 5

2 2
 

2 3! 5!

x x

P x x

 



   
− −   

     = − − + − +  
 

Find the Taylor series for  
EXAMPLE
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EXAMPLE

Find the Maclaurin series for  

( )( ) cos 2f x x=

Rather than start from scratch, we can use the function that 
we already know:

( )
( ) ( ) ( ) ( ) ( )

2 4 6 8 10
2 2 2 2 2

cos 2 1  
2! 4! 6! 8! 10!

x x x x x
x = − + − + −   

( )
2 4 6 8 10

cos 1  
2! 4! 6! 8! 10!

x x x x x
x = − + − + −   

SOLUTION
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( ) ( ) ( )
( ) ( )2 3
0 0

0 0  
2! 3!

f f
P x f f x x x

 
= + + + + 

( )
1

1 x
−

−

( )
2

1 x
−

−

( )
3

2 1 x
−

−

( )
4

6 1 x
−

−

( )
5

24 1 x
−

−

1

1

2

6 3!=

24 4!=

( ) ( )0
n

f( ) ( )n
f x

2 3 42 31

1 2! 3!

! 4!
1

!
1

4
x x x x

x
= + + + + + 

−

2 3 41
1

1
x x x x

x
= + + + + + 

−

This is a geometric series with

a = 1 and r = x.

EXAMPLE

Find the Maclaurin series for  
1

( )
1

f x
x

=
−
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( ) ( ) ( )
( ) ( )2 3
0 0

0 0  
2! 3!

f f
P x f f x x x

 
= + + + + 

( )ln 1 x+

( )
1

1 x
−

+

( )
2

1 x
−

− +

( )
3

2 1 x
−

+

( )
4

6 1 x
−

− −

0

1

1−

2

6 3!− = −

( ) ( )0
n

f( ) ( )n
f x

( ) 2 3 4ln 1
2

1

! 3! 4

2
0 1

!

3!
x x x x x+ = + + +

−
+

−
+ 

( )
2 3 4

ln 1
2 3 4

x x x
x x+ = − + − + 

EXAMPLE Find the Maclaurin series for  

( )( ) ln 1f x x= +
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( ) ( ) ( )
( ) ( )2 3
0 0

0 0  
2! 3!

f f
P x f f x x x

 
= + + + + 

( ) xf x e=

xe

xe

xe

xe

xe

1

1

1

1

1

( ) ( )0
n

f( ) ( )n
f x

2 3 41 1 1
1 1

2! 3! 4!

xe x x x x= + + + + + 

2 3 4

1
2! 3! 4!

x x x x
e x= + + + + + 

Find the Maclaurin series for  

EXAMPLE
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2 3 4

1
2! 3! 4!

x x x x
e x= + + + + +  Substitute xi for x.

( ) ( ) ( ) ( ) ( )
2 3 4 5 6

1  
2! 3! 4! 5! 6!

xi xi xi xi xi xi
e xi= + + + + + + + 

2 2 3 3 4 4 5 5 6 6

1  
2! 3! 4! 5! 6!

xi x i x i x i x i x i
e xi= + + + + + + + 

2 3 4 5 6

1  
2! 3! 4! 5! 6!

xi x x i x x i x
e xi= + − − + + − +  Factor out the i terms.

EXAMPLE
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2 4 6 3 5

1    
2! 4! 6! 3! 5!

xi x x x x x
e i x

 
= − + − +  + − + +  

 

2 4 6 3 5

1    
2! 4! 6! 3! 5!

xi x x x x x
e i x

 
= − + − +  + − + +  

 

This is the series for cosine. This is the series for sine.
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EXAMPLE
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Thank you for your attention 
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