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Symmetric Matrices and Orthogonal Diagonalization
. Symmetric matrix: A square matrix A is symmetric if it is equal to its transpose: A= A"

« EX: (Symmetric matrices and nonsymetric matrices)

0 1 -2 22 321
A=11 3 0 B:{Sl} C=|1-40
20 5| 1 0 5
(symmetric) (symmetric) (nonsymmetric)

= Theorem : (Eigenvalues of symmetric matrices)
If Ais an zxn symmetric matrix, then the following properties are true.
(1) A is diagonalizable. (2) All eigenvalues of A are real.
(3) A has an orthonormal set of » eigenvectors
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« EX:

| o _ ac
Prove that a symmetric matrix is diagonalizable A = [ C b}

Sol: Characteristic equation:

A—-a -C

|/1/_A|: —Cc A -

blziz—(aqtb)lJrab—cz =0

As a quadratic in 4, this polynomial has a discriminant of
(@a+b)° —4(ab—-c’) =a° +2ab+ I —4ab+ 4c’
= a° —2ab+ b + 4c°
=(a-b)’+4c =0
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(1) (2 - b + 4¢% =0

—a=b0 ¢c=0

A= [((3) 2} Alis a diagonal matrix

(2) (a —b)* +4c¢” >0
The characteristic polynomial of A has two distinct real roots, which implies that
A has two distinct real eigenvalues. Thus, A is diagonalizable.
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« Orthogonal matrix:
A square matrix Zis called orthogonal if it is invertible and P = P*
« EX 3: (Orthogonal matrices)

_1 0 17, 4 .7 |0 -1
(@) P = {_1 O} IS orthogonal because P =P’ = L 0 }

(b) P -

O ulw
o O

SIEN

4
5

o

3
5

is orthogonal because P~ = P7 =

O glw

I
GIES

o - O

(@ NN

olw
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. Theorem : (Properties of orthogonal matrices)
An nxnmatrix 2is orthogonal
(1) if and only if its column vectors form an orthonormal set in R”
(2) if and only if its row vectors form an orthonormal set in R”

« EX : (An orthogonal matrix)

I 1 2 2 ]
3 3 3
— | — 2 1
P = 5 & 0
_ 2 __4 S
| 35 35 36 ]

Sol:
If Pis a orthogonal matrix, then p* = p7 — pp’" =
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I __1 2 2 ] — _
3 s 2 \|ls —F 3% 1 00
T = 2 1 2 1 _ 4 |_ B
PPP=1-% % 0|5 % —s5|=|010=/
__2 __4 5 2 5
| 35 35 345 [ 3 0 35 | _O 0 1_
_ . _ - , ) V.
3 3 2
Letp]-: _% ’102: % 1,03: 0
_ 2 4 5
3v5 | BE | 35 |

p1°p2:p1’,03=p2-p3:0

la] = |2l = |25 = 1 {p., p,, p.} is an orthonormal set
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= Theorem : (Properties of orthogonal matrices)
(a) The transpose of an orthogonal matrix is orthogonal.
(b) The inverse of an orthogonal matrix is orthogonal.

(c) A product of orthogonal matrices is orthogonal.
(d) If A is orthogonal, then det(A) = 1 or det(A) = -1.

« Theorem : (Orthogonal Matrices as Linear Operators)
If A is an zx 2 matrix, then the following are equivalent
(a) A is orthogonal
(b) |Ax| =|lx| for all xin R~
(c) Ax. Ay=x. yforall xand y in R”
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- Theorem : (Properties of symmetric matrices)
Let A be an nxn symmetric matrix, then Eigenvectors from different eigenspaces are
orthogonal.

« EX : (Eigenvectors of a symmetric matrix) 31
Show that any two eigenvectors of [ }
corresponding to distinct eigenvalues are orthogonal

Sol: Characteristic equation:
A-3 -1

1 5 _g=(A-2)(A-4)=0 Eigenvalues:i, =2,1,=4

|/1/—A|=‘

(1)2,1:2:/11/—/\:{:1 :ﬂ{é (ﬂ:xl:{ﬂ, s#0
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(2)@:4:/12/—/\:{_11 ﬂ{é ﬂ:w(z:rm, t+0

=S| |
X, X, = [ c } - L} = st — st =0 = x, and x, are orthogonal

« Orthogonal Diagonalization
matrix A is orthogonally diagonalizable when there exists an orthogonal matrix 7 such

that Z1AP= Dis diagonal

« Theorem : (Fundamental theorem of symmetric matrices)
Let A be an nxn2 matriX. Then A is orthogonally diagonalizable (and has real eigenvalues)

If and only if A is symmetric.
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» Orthogonal diagonalization of a symmetric matrix:

Let A be an nxn symmetric matrix.
(1) Find all eigenvalues of A and determine the multiplicity of each.
(2) For each eigenvalue of multiplicity 1, choose a unit eigenvector.

(3) For each eigenvalue of multiplicity & > 2, find a set of & linearly independent
eigenvectors. If this set 1is not orthonormal, apply Gram-Schmidt
orthonormalization process.

(4) The composite of steps 2 and 3 produces an orthonormal set of 2 eigenvectors. Use
these eigenvectors to form the columns of 2 The matrix Z'AP= P"AP= D will

be diagonal.
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« EX : (Orthogonal diagonalization) "2 9 _9]
Find a matrix Pthat orthogonally diagonalizes A=| 2 -1 4
-2 4 -1

Sol: Characteristic equation:
Q) A1 -A=(A-3)°(A+6)=0

Eigenvalues: A, = -6, A, = 3 (has a multiplicity of 2)
w122
Jer] "3 373
B4 =3 u,=2710), u,=(-2,0,1)

t t

Linear Independent

204 =-6 u=01 -2,2) =V, =
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Gram-Schmidt Process:
u.,.w.
w, =u, =(2,1,0), W3:U3—W9;.W22 w,=(-%, %,1)
—_ W2 — (2 1 _ W3 —f _ 2 4 5
V2_||W2||_(\/§’\/§’O)’ V3_|W3”_( 3\/5’3\/5’3\/5)
1 2 o r 3
3 & T34 -6 00
@DP=lppprl=-5F% 5 [P AP=P'AP=|0 30
2 5
V 0 T 0 03
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= Spectral Decomposition
If A is a symmetric matrix that is orthogonally diagonalized by P=[u, u, --- a]
and if A, A,, ..., A, are the eigenvalues of A corresponding to the unit eigenvectors a;,
u,, ..., u, then we know that 2= PTAP, where Dis a diagonal matrix
2 0 - 0]y

A=PDP" =[u, u, - u,] 9 ﬂ? I:' 9 ":zr

0 0 - A |ly7

n n_| n

= LU U] + LU,U; +-+ A,U,U)

n—n-—n

| Spectral decomposition of A

A:(ﬂlul X’ZUZ ﬂ‘nun)
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« Note:
The Equation A = Au,u] + Au,u) +---+ A u u’ is called the spectral decomposition

of A, because it involves only the spectrum of A and the corresponding unit
eigenvectors of A

« EX : (A Geometric Interpretation of a Spectral Decomposition)

A = E _2} has eigenvalues A, = —3 and A, = 2 with corresponding eigenvectors:

1 2 X 1 X 2
X, = x, =Ty =2 = B ox =2 |5
R R - R - S
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Positive Definite Matrices

ﬁ Symmetric S : all eigenvalues > 0 < all pivots > 0 < all upper left determinants > 0. \

3 One more test for positive definiteness: S = A' A with independent columns in A.

4 Positive semidefinite .S allows A = 0, pivot = 0, determinant = 0, energy rLSx = 0.

{The equation T Sz = 1 gives an ellipse in R™ when S is symmetric positive definite.

2 The matrix S is then positive definite. The energy test is ' Sz > 0 for all vectors & # 0.

/
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Singular Value Decomposition (SVD)
« Theorem : (Singular Values)
If Ais an mx nmatrix, then:
(a) Aand A”A have the same null space
(b) A and A”A have the same row space
(c) AT and A”A have the same column space

(d) Aand A”7A have the same rank

- Theorem :
If Aisan mx nmatrix, then:
(a) A7A is orthogonally diagonalizable.
(b) The eigenvalues of A7A are nonnegative
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If Ais an mxn2 matrix, and if A,, A,, ..., A, are the eigenvalues of A7A, then the numbers

01:\/2,02:\/2,...,0”:\/2

are called the singular values of A

« EX : (Singular Values)

11
Find the singular values of the matrix A=|0 1
Sol: - _1 O_
11
R A
110l 172

The characteristic polynomial of A7Ais 1° -41+3=(1-3)(1-1)
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So the eigenvalues of A7A are: A, = 3, A, = 1, and the singular values of A are:

01:\/Z=\/§,02:\/Z:1

main diagonal of an z2xn matrix
We define the main diagonal of an n2xn2 matrix to be the line of entries starts at the upper
left corner and extends diagonally as far as it can go

X
X
X

X
X X
X X X
X X X X
X X X X
X X X X
X
X

X X X
X X
X

X

X X X X X X
X X X X X
X X X X

X
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. Theorem : (Singular Value Decomposition (Brief Form))
If Ais an m x n matrix of rank %, then A can be expressed in the form A= UX V7,

where Z has size nixn and can be expressed in partitioned form as

D : ka -k
) I il
O(m—k)xk l: O(m—k)x(n—k)

in which Dis a diagonal Ax4& matrix whose successive entries are the first & singular
values of A in nonincreasing order, Uis an mxm orthogonal matrix, and V'is an nxn
orthogonal matrix

« Note:
T A A A
A=UXV =ocuyv, +o,u,V, +---+o.U,lV,
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« Theorem : (Singular Value Decomposition (Expanded Form))
If Ais an mx n matrix of rank %, then A can be factored as

o, O

0 o,

A=UZVT =[U Uyt Uy Upy Uy y Uy ]| =mmmmmmmmmmmmeeee

.
Om—toxn—) || Viro

——————————————ﬂ———————————————

in which U, Z, and V' have sizes nixm, mixn, and nxn, respectively, and:
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(@) V=[v; », --- v ] orthogonally diagonalizes A”A

(b) The nonzero diagonal entries of X are o, = \/Z o, = \/Z e, O = \//17
where A, A,, ..., A, are the nonzero eigenvalues of A”A corresponding to the column
vectors of V

(c) The column vectors of Vare ordered so thato, >0,>::->0,>0

AV. 1 i
l/: I f— A . :1 2 o o o k
(d) / ||A|/I|| V/ (I ) &y y )

/

(e) {w, a, ..., u;} is an orthonormal basis for CS (A)

® {g, o, ..., o, v, 4., .. u} s an extension of {u, w,, ..., u} to an
orthonormal basis for R™
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. Ex : (Singular Value Decomposition if A Is Not Square)

Find a singular value decomposition of the matrix

Sol:

The eigenvalues of A”A are: A, = 3, A, = 1, and the singular

values of Aare: o, :\/Z =3, o, = \/Z =1

The unit eigenvectors corresponding to A, and A, are

5

N2 2 V2
B _ 2 _| 2 2
|/1_£, Vz—_ﬁ = V_ﬁ_ﬁ
|2 L2 | 2 2

Vorthogonally diagonalizes A7A

=

O K
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1 J3 21 .
Ul — _A'/l = — = ?
o N2
: 1 0jb2- % a, and @, are two of the three column
L T if vectors of U
1 2
’ 1 0L 2. 2
Ealhgl Bl

To extend the orthonormal set { #;, &} to an orthonormal basis for R3

the vector z; must be a solution of

G Rl
3 6 6J/:

0 2 2 {}
B 2 2_Z
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« EX : (Singular Value Decomposition) 0 1 1
Find a singular value decomposition of the matrix A = J2 20
Sol: O 11
020|011 [ 2 2820
AA=|1 2 1||\2 20|=|242 6 2
1 0 1|0 11 0o 2 2
The eigenvalues of A”A are: kl =8, A, =2,and A;=0
The singular values of Aare: o, = \/Z =22, o, = \/Z =2

The eigenvectors corresponding to A,, A,, and A are

4= (33 0. %) va= (% -13)

Sraa) =%
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V=% 0
_1 2
| 243 3
1

u, =—Avy, =
O,
1

u, =—Av, =
0,

-
2
_1

2
1
2_

0 11
L2
= |J2 2 0
22

0 11

0 11
AN
— |2 20
J2

0 11

>y

6)lioJl

Vorthogonally diagonalizes A”A
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{a,, u,, u;} to an orthonormal basis for R* = U, =

0 1 1
2 20
0 1 1
A

1 1
NCIEE]
2 _ 1
J6 NE
1 1
V6 3
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2J2 0
0 2
0 0

2

o O O

-

§||"‘ %‘|,_‘

-

Sk 2

o[

o
N
N~ m %H
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Jordan Decomposition

« Jordan Canonical Form (JCF)
Let A an nxn matrix, with either real (complex) entries. Let A, A,, ..., A, denote the

distinct eigenvalues of A (k< n)

A Jordan chain of length s for A is a sequence of non-zero vectors v, v,, ..., v;e K" that
satisfies: Av, =Av,, Av.=Av.+ v, 1=1, 2, ..., ywhere A is an eigenvalue of A

A Jordan chain associated with a zero eigenvalue is called a null Jordan chain, and
satisfies: Av; =0, Av.=v_,, 1=1,2,...,J

« Note:
The initial vector v, in a Jordan chain is a genuine eigenvector, and so Jordan chains

exist only when A is an eigenvalue
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« Note: The rest, v, ..., v, are generalized eigenvectors
A nonzero vector v such that (A — A7) v= 0 for some £> 0 and A € K is called a

generalized eigenvector of the matrix A

« Notes:
(1) Every ordinary eigenvector is automatically a generalized eigenvector, since we can
just take £=1

(2) The minimal value of & for which (A — AZ)* v = 0 is called the index of the
generalized eigenvector

« EX12:

The only eigenvalue 1s A = 2

AN

|l
oL N
o N O
N O
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00 1l[x] [z] |O] 00 1
v, eker(A-2/)=|1 0 O||ly|=|x|=]|0 A-2/={1 00
000l 2zl |0 0 000

0
v, =|1| Isagenuine eigenvector
0

Av, =2V, +V, = (A-2Vv, = v, = (A-21)v, = (A-2/)v, =0
A T = v, e ker(A—2/)’

00 1l[x| [z] o0
A-2v,=v,=|1 0 0}|y|=|V|=]|1
000z |0] [O ) )

o O O
o OO
Ok O

-
v, =10 is ageneralized eigenvector of index 2 (A-21) =
0
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Av, =2V, +Vv, = (A-2Nv, = v, = (A-2/)°’v, = (A-2/)°v, =0

00 1|[x] [z] [1]
(A-2Nv,=v,=|1 0 0||y|=|)y|=]|0 (A-2/)° =
000z (0] |O
0
v, =| 0| Isageneralized eigenvector of index 3
1

v;, ¥, v, IS called a Jordan basis for the matrix A

https://manara.edu.sy/
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« Theorem : (Jordan basis)
Every nxn matrix admits a Jordan basis of C”, The first elements of the Jordan chains
form a maximal set of linearly independent eigenvectors. Moreover, the number of
generalized eigenvectors in the Jordan basis that belong to the Jordan chains associated

with the eigenvalue A is the same as the eigenvalue’s multiplicity.

« EX13: ] )
Find a Jordan basis for the matrix -1 0 1 0O
Sol: 2 2 -4 1 1

A=1_10 -3 0 0
Characteristic equation: 4 -1 3 10
0

Al -A=1-1)°(1+2)° =0 4 0 2 -1 0.
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A has two eigenvalues: A, = 1 (triple eigenvalue), and A, = —2 (double)

A has only two eigenvectors: v; = (0,0, 0, -1, 1) for A, =1and, v,=(-1,1,1,-2,0)7

for, =—-2

A has 2 linearly independent eigenvectors, the Jordan basis will contain two Jordan
chains of length 3 and 2

Av,=v,+V,=> v»=(0,1,0,0,-1)7
Av,=v,+Vv,=> »=(0,0,0,1,0)"
Av, =2V, +Vv, > %=(-1,0,0,-2,1)"

Vi, %, V3, V,, ¥ IS @ Jordan basis for the matrix A
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An kxk matrix of the form

1

A 1 -
. - 0 41
0 --- 0 0 A
in which A is a real or complex number, is known as a Jordan block

‘]/1,/( —

e O O o

A Jordan matrix is a square matrix of block diagonal form

JM,1 o -~ 0

. o J,, :

.]:dlag(Jﬂl’,,l,JﬂQ,nz,---,Jik,,,k): 5 .2..2 S
0 . 0 ‘]/Ik’nk
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o O o

o.oooo

CDCDCDCDCDﬁI
o

O O O o
O O O|wo O

o O

6 distinct 1x1
Jordan blocks
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0O O

|
H
|
ol
O O oo
eoNoNoNe

O OO0 O O
O O|O0 O

1
-1

0 —

0

0

o Ol - O

4x4 Jordan block followed
by a 2x2 Jordan block

O NNO O O O
N PO O O O

O O OO
O O O o

00
00

Three 2x2 Jordan blocks
with respective diagonal
entries 0, 1, 2
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2 10/ 000 O]
0 2 1] 00 0O
0 02| 0000
000 0 00
000 0f4]00
000 00O
000 00O

4 Jordan blocks, 3 different eigenvalues

The algebraic multiplicity for A = 2 is 3, geometric multiplicity is 1
The algebraic multiplicity for A = -1 is 1, geometric multiplicity is 1
The algebraic multiplicity for A =4 is 3, geometric multiplicity is 2
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= Theorem : (Jordan canonical form)
Let A be an mzxn real or complex matrix. Let $= (v, », ..., v,) be a matrix whose
columns form a Jordan basis of A. Then Splaces A into the Jordan canonical form:

Stds=diag(J, .. J, .0 7,00 equivalently, A= /5

N
« Notes:
(1) The diagonal entries of the similar Jordan matrix /are the eigenvalues of A

(2) Ais diagonalizable if and only if every Jordan block is of size 1x1
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« EX:

-1 0 1 0 O
—4 1 1
-3 0 O

-2 2

-1 0

0
-1 0

-1 3 1
4 0 2

-4

Sol

| 1
0001?__
OOO?__O
O v O O
—" 4 olo o
— O olo o

L= = S |

||
)
1_%
)
||
™~

| - |
1__OO?__,I_
1__1_1_40
OO0 O HO
o-HooY
0001__1

| |

||
)
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