CECC122: Linear Algebra and Matrix Theory
Lecture Notes 10: Linear Transtormations: Part B
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6.3  Matrices for Linear Transformations
6.4 Similarity of Matrices

6.5 Applications of Linear Transformations
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6.3 Matrices for Linear Transformations
. Two representations of the linear transformation 1% R°— R’
1) T'(z,z,,z;) = 2z, + x, — x5, — 2, + 32, — 22,,37, + 47,)

21 -1z
2Q)T(x)=Az=|-1 3 2|z,
03 4|z

= Three reasons for matrix representation of a linear transformation:

= It 1s simpler to write.
= It 1s stmpler to read.
= It 1s more easily adapted for computer use.
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« Theorem 6.9: (Standard matrix for a linear transformation)

Let 7' R" — R™ be a linear transformation such that

apy a;, a,,
a a a
T(el) — :21 ) T(ez) — :22 s "0y T(en) — 2n ’
_a’ml_ _a’m2_ _a’mn_

then the mxn matrix whose n columns correspond to 7{(e;)

Ay G ..o G,
A= [T(el) | T(e,) || T(en)] _ a:ﬂ a?z a?n
a,, G, ... G,

is such that T(v) = Av for every vin R". A is called the standard matrix for 7T
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= Ex 1: (Finding the standard matrix of a linear transformation)
Find the standard matrix for the L.T. T% R° — R* defined by T'(z,y,2) = (z — 2y, 22 + 1)

Sol:
Vector Notation Matrix Notation
- -
T(e,) =T(,0,0) =(l, 2) T'(e) =1 8 ) = m
__O__ _2
T(e,) =T(0,1,0)=(-2,1) I'(e,) =T(] 1 )=[1}
0
:O: O
T(ey) =T(0, 0, 1) = (0, 0) 1'(e)) =T(]01) = M
1

Linear Transformations https://manara.edu.sy/ 2023-2024 5/28


https://manara.edu.sy/

6)liaJl

A= [T(el) | T(e,) | T(€3)] - I:é _12 8:|

« Check:

S

h
1 20
Ag:[z 1 o}

x— 2 :
— [2x 4 ﬂ ie.T(z,y,2) = (x — 2y,2x + y)

N

= Notes:

(1) The standard matrix for the zero transformation from R"into R™ 1s the mxn zero
matrix.

(2) The standard matrix for the identity transformation from R"into R" is the nxn
identity matrix I,
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« Composition of 7:R" — R™ with T,: R" — R":
T(v) = T,(T,(v)), veR'
T=T,01,

domain of 7' = domain of T,

« Note: 1,01, #1, o1

« Theorem 6.10: (Composition of linear transformations)
Let T: R" — R™and T,: R™ — RP? be L.T. with standard matrices A, and A,, then

(1) The composition T: R" — RF, defined by 7(v) = T,(71,(v)),1sa L. T.
(2) The standard matrix A for T'is given the matrix product A = A, A,
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» Ex 2: (The standard matrix of a composition)

Let T, and T, be L. T. from R’ into R’ such that
T(z,y,2) =Rz +y,0,z+2), T,(z,y,2)=(x—y, 2 9)

Find the standard matrices for the compositions
T=T,oT andT"' =T, 0T,

Sol:
210 1 -1 0]
A=/00 0], A ={0 0 1
101 01 0
standard matrices for 7 standard matrices for 7,
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The standard matrix for

A:A2A1:

1 -1 0]
0 0 1
0 1 0

The standard matrix for T =

A'=AA =

(21 0]
00 0
10 1]

Il
S =N
oo -
o= O

S = O
I
—_—O N
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« Inverse linear transformation:

If T): R" — R"and T,: R" — R" are L.T. such that for every vin R"
T,(T,(v) =v and T(Ty(v)) = v

Then 7, is called the inverse of 7' and T 1s said to be invertible

= Note:

If the transformation 7 is invertible, then the inverse is unique and denoted by 7 .
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= Theorem 6.11: (Existence of an inverse transformation)

Let 7' R" — R" be a L.T. with standard matrices, then the following conditions are
equivalent

(1) T 1sinvertible.
(2) A1sinvertible.

= Note:

If T is invertible with standard matrix A, then the standard matrix for 7 ' is A",
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« Ex 3: (Finding the inverse of a linear transformation)
The L. T. T: R’ > R’ defined by
T(x,x,,7;) = 2z, + 32, + x5, 3z, + 32, + 25, 27, + 42, + T;)
Show that 7'is invertible, and find its inverse.

Sol:
The standard matrix for 7'

(2 3 1| <« 2z, +3z, +1,

A=|3 3 1| <« 3z +3z, +x,

2 41| <« 2z +4x, +uz,
2311100
A|L]=|331(010
2410 01
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100
» 01 O
00 1

deola
-1 1 0
-1 0 1
5 2 3

=[7]47]

Therefore T'is invertible and the standard matrix for 7' is A,

T (v)=A"v =

In other words 77 (,,2,,2,) = (= @, + 2,, — 2, + 15, 67, — 22, — 31,)

(-1 1 0]
Alt=1-1 0 1
6 -2 -3
-1 1 0 _xl_ )
-1 0 1 ||z, |=
6 2 3|

—I, + Ly

6z, — 2z, — 3z,
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= The matrix of 7T relative to the bases Band B ':
T V — W a linear transformation
B ={v,v,,---,v, } a basis for V

B'={w,,w,,---,w_} abasisfor W

Thus, the matrix of T relative to the bases B and B '1s
A= ([T, 7o), |70, ] < M
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« Transformation matrix for nonstandard bases:

Let Vand W be finite-dimensional vector spaces with basis B and B ' respectively, where
B ={v,v,,-,v_}

If T° V— W a linear transformation such that

Ay ) Ay,
[T@)], = |, [T@))], =| | . [T()], =| =
_a’ml_ _a’7;22_ _a'7;m_

Then the mxn matrix whose n columns correspond to [T (vz.)] p
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a/ll alz o o o a/ln
A — a/21 a122 e o o alzn
_a’ml a’m2 se a’mn ]

is such that [T'(v)| . = A[(v)], for every vin V/

« Ex 4: (Finding a matrix relative to nonstandard bases)
Letthe L. T. T: R* > R* defined by T'(z,,z,) = (z, + z,, 2, — T,)
Find the matrix of T relative to the basis
B={1,2),(-1, D} and B' = {(1, 0), (0, 1)}

Sol:
T, 2)=(3,0)=3(1,0)+0(0,1), T(-1, 1) = (0, - 3) = 0(1, 0) — 3(0, 1)
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3 0
7@, 2)], = M [T(-1, D], = [_3}
The matrix of 7T relative to the bases Band B ':

A=[[Ta,2)], [T(-1D],]= [(3) _03}
« Ex 5:
For the L. T. T R* — R? given in example 4, use the matrix A to find 7(v), where v =
(2,1)
Sol:
v=02,1)=10,2)-1(-11) B=1{1,2),(—-11)}

= [v], = [_11}
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= (ol =4t =[o 5] 1)<
= T(v) = 3(1, 0) + 3(0, 1) = (3, 3) B'={(1,0), (0, )}

« Check:
T2, H)=2+1,22)-1)=(@3,3)

= Notes:

(1) For the special case where V= Wand B = B ', the matrix A is called the matrix
of T'relative to the basis B

(2) If T V = V is the identity transformation, then the matrix of 7 relative to the

basis B = {v,,v,,---,v, }1s the identity matrix I
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6.4 Similarity of Matrices

= Similar matrix
For square matrices A and A ' of order n, A ' is said to be similar to A if there exist an
invertible matrix Psuchthat A '= P'AP

» Theorem 6.12: (Properties of similar matrices)

Let A, B, and C'be square matrices of order n. Then the following properties are true.
(1) A is similar to A.

(2) If A is similar to B, then B is similar to A.

(3) If A is similar to B and B is similar to C, then A is similar to C.
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« Ex 1: (Similar matrices)

2 =2 . |3 2 -
(aJ)A:{_1 3}andA —{_1 2}are similar

1 1
because A' = P'AP, where P = [O J

-2 7 1201 .
(b) A= {_3 7} and A’ = {_1 3} are similar

-2
because A' = P'AP, where P = B _1}
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6.5 Applications of Linear Transformations

. The Geometry of Linear Transformations In R

(a) Reflection 1n y-axis (b) Reflection 1n z-axis

Kkl I e B

(X, —Yy)

T(ZI?, y) — (_:Ea y) T(LE, y) — (33, _y)

(c) Reflection in line y = x

i MEH

A

1(z, y) = (y, )
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(d) Horizontal expansions and contractions [k 0} [x} — Fm }
I, y) = (kz, y)

X ¥
A A
L}_‘_ .'._.'} (X, _"f) [!'f.l', _\’)
e o @
= X = X
Contraction (O< k< 1) Expansion (k > 1)
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(d) Vertical expansions and contractions =
0 kl|ly ky
(2, y) = (z, ky)
y 2 |
A A fﬁ'. R"T)
'('I" "'.) .":-1- "'1]
.-"ff".-;“-. d,ft !:\F_"r") 7
- > X > X

Contraction (0<k < 1) Expansion (k> 1)
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(e) Horizontal shear (f) Vertical shear

O R

------- o] Twy=@+ kv T(a, 1) = (z kz + 9)
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= Rotation In R’

Rotation about the z-axis

—
-
-

=
i |
S

s A

cos® —sin@ 0]
sind cos@ 0
0 0 1

1 cosf — ysind |
x sinf + y cosd
2z
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 c0s60° —sin 60° 0
sin 60 cos60” O
0 0 1

>y
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12 —J3/2 0
J3/2 12 0
0 0 1
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Rotation about the z-axis

1 0 0
0 cos@d —sinéf
_0 sin cosd ]

T
£

A

Rotation about x-axis

[Py

AL A, LR

 cos@ 0 sinf |
O 1 O
—sin@ 0 cosH_

Z
A

Rotation about y-axis

Rotation about the z-axis

cos® —sinf 0
sin cos@ 0
0 0 1

v
L

3

K

Rotation about z-axis
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