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Properties of Fourier transform

Linearity of the Fourier transform: F{a,z(t) + a,y(t)} = a,F{z(t)} + a,F{y(t)}
Duality property: z(t) <25 X(0) = X(@)<15271( - o)
Duality property (using /): z(t)«L> X(f) = X@)<Loz(-7f)

What is the relationship between X(¢) and z(w)?

1 Jat . & —Jwt
2(t) = 5 j X(w)e'do, X(w)= j_wx(t)e dt
i gt y y L —1T®
a)—>r:>x(t)—2ﬂj X(0)eldr  t - - = 2 a))—Qﬂj X(7)e7™dr
_ 1 ~jte
r >t = w)—Qﬂj X(t)e 't dt
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2ma( - o) = [ X()e " dt = X(t) <L 270( - w)

» Example 13: Fourier transform of the sinc function

1 t . x(t) = (1) X (f) = sine (f)
F{—II| — |} = sinc(w) = |
(51137 )| = sine(o | 1
. —Q) )
T{SlﬂC(t)} =11 (gj =11 (%) —05 | 05 ' ’AV’T“/\; Vr\vr\vﬂ“
4 -2 2 4
F{sinc(t)} = T1(f) W s
2(t) =X () =sinc() l‘*i:: X(f)=z(-H)=1(-f)
- {77 SO
/\ gl - s 1
’A“’A:"’/\:\/ :/\Vr\‘"h‘“ ! —05 | 05 !
4 -9 2 4
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» Example 14: Transform of a constant-amplitude signal
ot)=1,all t
HA)}r=1,all = H1}=2z-w) =27w), F1}=05) (duality)

= Note 1: The signal a(¢t) = 1 does not satisfy the existence conditions; it is

neither absolute integrable nor square integrable. Its FT does not converge.
We obtain a function X(w) that has the characteristics of a Fourier transform,

and that can be used in solving problems in the frequency domain.

= Note 2: the conversion from o to fusing: X(w) = X(f)|f:w/2ﬂ, X(f) = X(a))|w:2ﬂf
Is valid only when the transform does not contains a singularity function.
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= Example 15: Fourier transform of the unit-step function

Determine the Fourier transform of the unit-step function z(?) = u(?).

X(w) = f; 2(t) e dt = j;o e/“'q¢ could not be evaluated
1

2

u(t) = 72 + V2 sgn(t)
F{u(t)} = F{2 + 72 sgn(t)} t u (1)

= Y% F{1} + V2F{sgn(t)}

Flu(t) = 7 () + .L

Fiu(t)y = —5(f)

]27T f —_— 05
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Symmetry of the Fourier transform
z(t): real, Im{z(¥)} = 0 = X (w) = X( - o)

z(t): imag, Re{z(t)} = 0 = X (w) = -X( - )

Transforms of even and odd signals

= [f the real-valued signal 2(?) is an even function of time, the resulting Fourier
transform X(w) is real-valued for all w.

r(—t) =x(t), forall t = Im{X(w)} =0, for all w

= |f the real-valued signal (t) has odd-symmetry, the resulting Fourier
transform X(w) is purely imaginary.
r(—1t) = —z(t), forall t = Re{X(w)} =0, for all w
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Time shifting z(t) <« X(®0) = a(t — 1) X(w)e "
Frequency shifting z(t)«— X(0) = z(1)e’ «LIs X(0 - o)

Modulation property (1) I X(0) =
2(t) cos(myt) «——> L[ X (@ — @) + X(o + 0,)]
z(t)sin(ot) <> 5| X(0 - @y)e 7™ + X (o + a)e”™? |
» Example 16: Modulated pulse

_[cosQzfit), |t|<7
#0) ‘{ 0, >+

Using the rectangular pulse p(t), the signal z(t) can be expressed as:
(1) = p(t) cos (27fy1)
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where p(t) = H(g)

z(t) = p(t) cos (2w fyt)

=

t
N .
cos (2m fot) /

P(f) = 2z sinc (27 f)
X(f) =3[P(f - f) + P(f + f)] = vsinc (2z(f + £))) + vsinc (27(f - f)))
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Time and frequency scaling

1
| a
The parameter a is any non-zero and real-valued constant.

()<L X(0) = a(at) <L X(%)
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Differentiation in the time domain '
d" L un d" . -
#(t) <> X(w) = o [2(t)] <> (joo)" X (), — [2(t)] <> (27 )" X(f)
» Example 17: Triangular pulse revisited : @4
w(t) = AA(t/7) -
Cda(t) Al (t+22) L (t—1/2 o
=03 222) =22

W(f) = Asinc(fr)e™ " — Asine(fr)e " = 2jAsinc(fr) sin(z f7)

W(f) 2jAsinc(f7)sin(z[7)

ol o] = Arsinc*(f7)

W(f) = G2z HX(f) = X(f) =
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Differentiation in the frequency domain

d’n
e [X ()]

Convolution property z,(t)«—> X,(w) and z,(t) < X, ()

= (1) * 2,(1) <> X, (0) X, ()

() Is X(w) = (- jt)"z(t) <t

Multiplication of two signals z,(t)«— X,(@) and z,(t) < X,(®)
= 1,()3,(t) T L Xy (0) * Xp(@),  ,()3,(t) <> X, () * X, (f)

= Example 18: Transform of a truncated sinusoidal signal

_(ecos@zfit), |t <7
=10, J><
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1(t) = 2,(Dz,(1),  7,(D) = cosQrfi), () = H(%)

X,() =58 + [) + 580 ~ ). X,(f) = 20 sine(2z )
X(f) = X,(f) * X,(f) = vsinc (2z(f + f)) + 7 sinc (22(f — f)))

Integration x(t)(—T—)X(a)) = _[_too:c(r)du ? >)§(£)) + 7.X(0)o(w)

Applying Fourier transform to periodic signals

» Example 19: Fourier transform of complex exponential signal

iU(t) — ej%t 27

F{Y =2710(0) = F()=215(w - @) T
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= Example 20: Fourier transform of sinusoidal signal X (w)
z(t) = cos(w,t) n r
Fi{l} = 2m0(w) = Fi{cos(wyt)} = mo(w — w,) + mo(w + w,) W T N

Wo Wo

* |n general for a periodic CT signal %(¢) that has an EFS representation:

f(t) — Z Ckejka)ot — X(a)) _ J‘OO f(t) e ot g — J‘jo { Z Ckejka)ot:|eja)tdt
k=—00

k=—00 N

f:’:r' i '}_—;'-.

FEN

zelk a Ilw S I

> ¢ [278(0 - kay)]

W0

._;,.'
b P bk “ o e T
— L L =] Wi ] ML)

o M I:}.'I\-‘“ ’ '};";".1

k

EFS coefficients for a signal Fourier_transform _obtained

Fourier Analysis for Continuous Time Signals and Systems https://manara.edu.sy/ 2023-2024 14/36


https://manara.edu.sy/

6)liaJl

= Example 21: Fourier transform of periodic pulse train
Determine the FT of the periodic pulse train with duty cycle d = /T,

¢, = dsinc (kd) N

1

X(w) = i 2rd sinc(kd)o(w — kaw,)
k=—o0

w, = 1/ T, is the fundamental radian frequency.

» Example 22: Fourier transform of periodic impulse train

o &y (1)
5 ()= ), 8(t—kTy)
k=—c0

T

2T, -T, 0 T, 2T,

Sp()= Y 8t-kTy) = Y ce™™
k=—0o0 k=—o0
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1 T2 1 O)liol
e —jkat 3, L
% = T, .[—TO/Q o(t)e " dt = T @3, ()
5, (=3 S(t—kI) =L 3 et T T T%A T T T
" ! TO L oo see
k=—00 — -

o0 Dy @, 0 2
F{5, ()} = ?r_” S 8- kay) = @, () Ve

O k:—oo

4. Energy and Power in the Frequency Domain

Parseval's theorem
= For a periodic power signal z(t) with period T, and EFS coefficients {c}:

Fourier Analysis for Continuous Time Signals and Systems https://manara.edu.sy/ 2023-2024 16/36


https://manara.edu.sy/

Py

-::IJLi_u_ll
» For a non-periodic energy signal z(¢) with a Fourier transform X(/):

[ e di = | 1x(HF df
Energy and power spectral density

S (f) = i e, [[S(f - kf,) power spectral density of the signal ()

o0

[ s.df = o= [ S@do= Y |of

k=—0o0
. e fo
PIE In (_fO! fO) = J_¢ Sa:(f)df
G.(f) =X energy spectral density of the signal (%)

[ @i dt =" G, df =% |” G (w)do E,in (=f,, f,) j G.(f) df
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= Example 23: Power spectral density of a periodic pulse train

Determine the power spectral density for the periodic pulse train 7(¢). Also find
the total power, the DC power, the power in the first three harmonics, and the

power above 1 Hz.
¢, = 3 sinc(k/3)
= |1 .

S.(f) = z gsmc(k/B)
f=—o0

25( f—k/3)

The total power in the signal a(1):

1 tO-I-TO - 2 _ 1 0.5 9
i LO O dt =5 [ O dt

/ 2
P, =lel| = \%) = % ~0.1111

1
3

S (f)

0.076

0.019

l

(]

0.111
'

0,076

0.019

I = 3 !
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Pl = |C_1|2 + |Cl|2 — y ~ 0‘15209 P2 = |C_2|2 + |C2|2 — y ~ 0’03809 P3 = O

The third harmonic is at frequency f= 1 Hz. Thus, the power above 1 Hz:
By=P -F,—-F—-F—-PF=03333-0.1111-0.1520 - 0.0380 — 0 = 0.0322

» Example 24: Energy spectral density of the sinc function

Determine the energy spectral density of a(¢) = sinc(10¢). Afterwards, compute
the total energy, and the energy in the sinc pulse at frequencies up to 3 Hz.

X() = 151G G =X = 155 T "
B =[G = [ s=df =0.1 :
Ex in (_3’ 3 HZ) — _“_33 Gx(f)df = J‘iﬁdf = 0.06 5 . f (Hz)
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Area = FE, Area = F, in (—3,3 Hz)

-5 =3 3 5

|
L
o

Autocorrelation

* For an energy signal (t) the autocorrelation function is defined as:
ne(0) = [ a(®)a(t + o)dt

= For a periodic power signal z(t) with period 7T}, the corresponding definition of
the autocorrelation function is:

N Y
7 = 7 j_TO/Q F(F(t + ) dt
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* The energy spectral density is the FT of the autocorrelation function:

Fir (D)) = G,(f)
* The power spectral density is the FT of the autocorrelation function:
F{r. (D)) =5,()
» Example 25: Power spectral density of a sinusoidal signal revisited
2(t) = 5¢cos(200 t)
F(r)= [ 25c08(2007t) cos(200[t + r])dt = 2 cos(20077)

0.01 J_o.005

S,(f) = F{7, (1)} = 3 6(f +100) + 22 6(f - 100)

Properties of the autocorrelation function
= r.(0) > |r,(7)| forall ¢

Fourier Analysis for Continuous Time Signals and Systems https://manara.edu.sy/ 2023-2024
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= r.(-7)=r,(7) forall z, that is, the autocorrelation function has even symmetry.

TT

= |f the signal z(?) is periodic with period T, then its autocorrelation function 7, (7)
IS also periodic with the same period.

5. Transfer Function Concept
* |[n time-domain analysis of systems we have relied on two distinct description
forms for CTLTI systems:

1. A linear constant-coefficient differential equation that describes the
relationship between the input and the output signals.

2. An impulse response which can be used with the convolution operation for
determining the response of the system to an arbitrary input signal.
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The concept of Transfer function will be introduced as the third method for

describing the characteristics of a system.

H(w) = F{h(t)} = [ h(t)e '"dt
Note: The transfer function concept is valid for LTI systems only.
In general, H(w) is a complex function of w, H(w) = |H(w)|e’*

Example 26: Transfer function for the simple R circuit
1

!

ht) = o tRC, (4 f
(t) = ViTok u(?) . VW
_ . 1 1 _, T
_ s t/RC Jot — — x (t) i (t)
H(w) = jo rRCS ° at 1+ joRC 1+ j(0ww)” --
W, = 57

y(t)

Fourier Analysis for Continuous Time Signals and Systems https://manara.edu.sy/ 2023-2024
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H(o)| = ———  ®(a) = ~tan (/@)
\/1 + (@ a)c)2

H@) =13 (@)=

= o, represents the frequency at which the
maghnitude of the transfer function is 3 decibels

below its peak value at w =0,

H(w,)]| _ Ry
20log,, HO) —2()10g10\/5 ~ -3dB

= The frequency o, is often referred to as the
3 dB cutoff frequency of the system.
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Obtaining the transfer function from the differential equation

y(t) = h(t) * o(t) <L Y(w) = H(w)X(®) = H(w) = Y(w)

k . X(w)
ddt(t)<—)(3w) V(@) © dg;(t)<—>(1w) X(w), k=01 -

» Example 27: Transfer function from the differential equation

dd?i(t) +2 d@(fi(tt) +265(1) = (1)

(jw)* Y (o) + 2(jo) Y (o) + 26Y (0) = X(o)
1
(26 — @°) + 2w

[(26 — @°) + Ro]Y(®) = X(0) = H(o) =

Fourier Analysis for Continuous Time Signals and Systems https://manara.edu.sy/ 2023-2024
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6. CTLTI Systems with Periodic Input Signals

#(t) = ay + Y_acos(kayt) + Y bsin(kayt) = Y e’
k=1 k=1 k=—00
Response of a CTLTI system to complex exponential signal
F(t) = ™
y(t) = h(t) * &(t) = [ W)t - )dr = [ h(r)e™ " dr
= [ W(r)e T dr = eV H(wy) = [H(a,)]| e ™)

» Thatis, ¢“!is an eigenfunction of a LTI system and H(w) is the corresponding
eigenvalue. We refer to H as the frequency response of the system.
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Response of a CTLTI system to sinusoidal signal

Z(t) = cos(w,t)
#(t) = cos(ayt) = L’ + LT
y(t) = %e]%tH(a)O) +1le ]”OtH( - w,)
=1e/ |H(w,) e/ 4 e H( - a,) e /O(®)
If the impulse response A(t) is real-valued:

|H(— ay)| = |H(w,)|, O(-m,) =-0(w,)

1 laot+O(w 1 =Moo t+O(w
y(t) = 5 [H(@,)| " + S |H(@y)| e "2 = | H(ey)|cos(ert + O(ar))
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= Example 28: Steady-state response of RC circuit for single-tone input
Let the component values be chosen to yield a 3 dB cutoff frequency of
o, = 160x rad/s, or equivalently f. = 80 Hz. Let the input signal be in the form
Z (1) = Scos(27xft).
Compute the steady-state output signal for the cases f; = 20 Hz, f, = 100 Hz,

=200 Hz, and f, = 500 Hz.
1

— 1 —

= 0.9701, ©(20) = —tan '(20/80) = —0.245 rad

O(f) = —tan"'(f/80)

1
J1 + (20/80)2
y,(t) = 5(0.9701) cos(40zt — 0.245) = 4.8507 cos(40z(¢t — 0.0019))

Q)| =

Fourier Analysis for Continuous Time Signals and Systems https://manara.edu.sy/ 2023-2024 28/36
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.,.j:c.__. ::@g H,

e
T3 T —— f i‘ = 160" ilf

PR SEOUR 05 HUOC N ROEOT: OOF OOV UOCOON ORETOO UL ORIEOPY NSO SO W
—400 —200 0 200 400

The phase shift of —-0.245 radians translates to a time-delay of about ¢,= 1.9 ms
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n®ady () T
N 7 (H2) [ A () [ ©F) (ad) | fa ()
: 20 0.9701 —0.2450 1.95
100 0.6247 —0.8961 1.43
200 0.3714 —1.1903 0.94
500 0.1580 —1.4121 0.45
r (t) and ys (1) 3 (t) and y3 (1)
x3(t)
'5 T'_]{f'j] 5 5 t \
o1~ fig K i " ’,-.. d P ]
311341+ \ R " ,{é RN :k_ - rm
s N “ S e 84851 ' ;
£ i r AN s \‘\ t (ms) £ BN L m ; ’/1;‘\ L t (ms)
\\\ \5 :’ // 10 > / “ \VE) ‘\\ \/10 \‘ \;,
\\\ \\:}‘ﬂf‘ \ \\ “\ ,'r' \\. 4 \ ‘\ f'
2 ya(t) i v ya(t) =7
https://manara.edu.sy/ 2023-2024
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Response of a CTLTI system to periodic input signal

o .
() = Z Ckejka)ot
k=—o0
o0

)y =1 i e’ ¢ = i T{Ckejkwot} = CkT{ejk%t} - i c,H(kay)e™ ™
k=—o0 k=—0o0 k=—o0

k=—00
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= Example 29: RC circuit with pulse-train input

Let the input signal be a pulse train with period 7, = 50 ms and duty cycle
d = 0.2. Determine the output signal in steady state.

¢, = 0.2sinc(0.2k) =
— 2 2 ]40ﬂkt _‘ ' : . ' : ‘ |7 ms
ZU(t) :ZOO O SlnC(O k)@ —100 =75 —50 —25 25 50 5 100 £ (ms)

]407rkt 4 Z 407kt
d.e

yt) = Z 1+ ](2()k/80)

d,| = | |[H(Kf)| = o ~,  «d, = Lo, — tan”'(20k/80)
J1 + (20k/80)
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7. CTLTI Systems with Non-Periodic Input Signals
y(t) = W) * 2(t) = Y (o) = H(w)X(®)
Y(0)| = |H(o)||[X(0)], £Y(0)=£X(0)+06(w)

» Example 30: Pulse response of R( circuit revisited

Consider again the RC'circuit. Let f, = 1/RC = 80 Hz. Determine the FT of the
response of the system to the unit-pulse input signal x(¢) = I1(%).

H = 5y X0 =sineld). V() = 155775 5ine)

V() = ———|sinc(f)
J1+ (£/80)2

. LY(f) = —tan"'(f/80) + «[sinc(f)]
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