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Introduction 6)Lioll

So far we have limited our study to resistive circuits. We shall introduce two new and important
passive linear circuit elements: the capacitor and the inductor.

Unlike resistors, which dissipate energy, capacitors and inductors do not dissipate but store energy,
which can be retrieved at a later time. For this reason, capacitors and inductors are called storage
elements.

The application of resistive circuits is quite limited. With the introduction of capacitors and
inductors in this chapter, we will be able to analyse more important and practical circuits.

We begin by introducing capacitors and describing how to combine them in series or in parallel.
Later, we do the same for inductors.

As typical applications, we explore how capacitors are combined with op amps to form integrators,

differentiators, and analog computers.
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Capacitors ko
A capacitor is a passive element designed to store Dielectric with permittivity €
/

energy in its electric field. Besides resistors, \ Metal plates,
each with area A

capacitors are the most common electrical

components. Capacitors are used extensively in - — .

electronics, communications, computers, and

power systems. For example, they are used in the

tuning circuits of radio receivers and as dynamic ]

memory elementsin computer systems.

A capacitor is typically constructed as depicted in Fig.
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A capacitor consists of two conducting plates separated by an insulator (or dielectric).

In many practical applications, the plates may be aluminum foil while the
dielectric may be air, ceramic, paper, or mica.

When a voltage source v is connected to the capacitor, as in Fig. the source
deposits a positive charge q on one plate and a negative charge —q on the other.
The capacitor is said to store the electric charge. The amount of charge stored,

represented by g, is directly proportional to the applied voltage v so that
q=_Cv

where C, the constant of proportionality, is known as the capacitance of the

capacitor. The unit of capacitance is the farad (F), in honor of the English

physicist Michael Faraday (1791-1867). From Eq. we may derive the following

definition

+q

+

+
+

_I_
_I_
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Capacitance is the ratio of the charge on one plate of a
capacitor to the Voltage difference between the two

plates, measured in farads (F).

1 farad =1 coulomb/volt.
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Dielectric with permittivity €

. . . =1 Metal plates,
Although the capacitance C of a capacitor is the ratio \eaehwith rea A
of the charge q per plate to the applied voltage it does
not depend on g or v It depends on the physical — —
dimensions of the capacitor. For example, for the
parallel-plate capacitor shown in Fig. the capacitance
is given by [~
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q=Cv Efi‘j
d d d 4
4a_ . _dq

TRrT: L=

_ Cdv

i=C——

dt , <— Slope = C
1,
v(t) = = i(t) - dt+ v(ty)
>
to 0 dv/dt
q(to)

where v(to) — is the voltage across the capacitor at time t,,.

Equation shows that capacitor voltage depends on the past history of the capacitor

current. Hence, the capacitor has memory-a property that is often exploited.
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The instantaneous power delivered to the capacitoris ~ p =y.;=yp.C- %

The energy stored in the capacitor is therefore

t t dv 'U(t) U(t)
W = fp(t)-dtzC fv-—-dtzc f v-dv = = Cv?
dt 2
—00 —00 v(_oo) v(—OO)

We note that v(—20)=0, because the capacitor was uncharged at t=—00. Thus,

1
= — Cp?
wzv

q
q = Cv =>v=E > W= —
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Last Equation represents the energy stored in the electric field that exists between the plates of
the capacitor. This energy can be retrieved, since an ideal capacitor cannot dissipate energy. In

fact, the word capacitor is derived from this element’s capacity to store energy in an electric field.

We should note the following important properties of a capacitor:

1. Note from Eq. (i=Cdv/dt) that when the voltage across a capacitor is not changing with time

(i.e., dc voltage), the current through the capacitor is zero. Thus,

A capacitor IS an open circuit to dc.

However, if a battery (dc voltage) is connected across a capacitor, the capacitor charges.

2. The voltage on the capacitor must be continuous.

The voltage on a capacitor cannot change abru ptly.

manara.edu.sy



https://manara.edu.sy/

[

6)jliall

The capacitor resists an abrupt change in the voltage across it.
According to Eq. (i=Cdv/dt), a discontinuous change in voltage requires an infinite current, which
is physically impossible. For example, the voltage across a capacitor may take the form shown in

Fig. (a), whereas it is not physically possible for the capacitor voltage to take the form shown in
Fig. (b) because of the abrupt changes.

Conversely, the current through a capacitor can change instantaneously.

7 \ 7 \

4.

>
l

(a) (b)

-y
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3. The ideal capacitor does not dissipate energy. It takes power from the circuit when storing energy in its
field and returns previously stored energy when delivering power to the circuit.

4. A real, nonideal capacitor has a parallel-model leakage resistance, as shown in Fig. The leakage

resistance may be as high as 100M£2 and can be neglected for most practical applications. For this reason,

we will assume ideal capacitors.
V2 Leakage resistance
AW

||
O | O

N

Capacitance
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Obtain the energy stored in each capacitor in Fig. under dc conditions

2 mF

SKQ%
6 mA 3 kQ 4 kQ
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Solution:

Under dc conditions, we replace each

capacitor with an open circuit, as shown in

Fig.

6ma (})

—O + Z)l — O—

3 kQ

—O0 1 .5 +O—/ M\

4 kQ

The current through the series combination of the 2-KC and 4-KCQ resistors is obtained

by current division as
i=6(mA) X

= 2mA

3+ 2

+ 4
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Hence, the voltages v, and v, across the capacitors are
vy = 20000 =4V , v,=4000i =8V

and the energies stored in them are

1 1
Wy =5 —Cy - v? = > X (2x1073) x (4)? = 16m]
1 1
Wy =3 —C, V5 = > X (4 x1073) x (8)% = 128m]
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Series and Parallel Capacitors
We know from resistive circuits that the series-parallel combination is a powerful tool for reducing circuits. This
technique can be extended to series-parallel connections of capacitors,which are sometimes encountered.

We desire to replace these capacitors by a single equivalent capacitor C__.
q

AL A A ] -
: : . . ) i Cl) Ci=—= == = Cy == v
of N capacitors in parallel, consider the circuit B

In order to obtain the equivalent capacitor Ceq

in Fig. (a) The equivalent circuit is in Fig. (b). (a)
Note that the capacitors have the same

N
voltage across them. Applying KCL to Fig. (a), i Coy == v

l=l1+l2+l3‘l‘ ‘l‘lN
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But i, =C,.dv/dt. Hence,
—Cdv+C dv_l_c dv 1 dv
L=bg Tl et Ndt

- (Z Ck) gt - Cea g

where Ceq = C; +C, + C3 + -+ Cy

The equivalent capacitance of N parallel-connected capacitors is the sum of the individual capacitances.
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We observe that capacitors in parallel combine in the same manner as resistors in series.
We now obtain of N capacitors connected in series by comparing the circuit in Fig. (a) with the

equivalent circuit in Fig. (b). Note that the same current i flows (and consequently the same charge)

through the capacitors.

< +

v - v Ct) Ceq —
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Applying KVL to the loop in Fig. (a) daols — | I [— ——
L +tV—- +V2—- +V3—- 4+ UN -
U:U1+U2+V3+‘“+UN v(f)
t
1.
But Vi = o i(t)-dt + v, - Therefore
kto
t ’ t y t
V= i(t)-dt +v(ty) +=— f i(t)-dt +v,(ty) + - +— | i(t) - dt + vy (ty)
C C> Cn
to tO 0
1 1
= (C +C + - +—) fl(t) dt + vy (ty) + vy (ty) + -+ + vy ()
1 2 o
1 ¢ 1 _ 1,1 o1
= C_eq l(t) - dt + Uo(to) Where Ceq Cl Cz CN

to
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The initial voltage v,(t) across C,q i required by KVL to be the sum of the capacitor

voltages at t, -
v(ty) = v1(ty) + vo(tg) + -+ + vy (to)

The equivalent capacitance of series-connected capacitors is the reciprocal of the

sum of the reciprocals of the individual capacitances.

Note that capacitors in series combine in the same manner as resistors in paraIIeI.

For N=2 (i.e., two capacitors in series),

1 1 1 . _GixG
or a1,

_I_
Ceqq C1 G
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Find the equivalent capacitance seen between terminals a and b of the circuit in Fig.

S uF 60 uF
|| |
Ceq
20 uF == 6 uF == 20 uF == -
O b
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The 20-UF and 5-LLF capacitors are in series; their equivalent capacitance is

20><5_
20+5

This 4-LLF capacitor is in parallel with the 6-1UF and 20-UF capacitors; their

4 uF

combined capacitance is
4+6+20 =30 uF

This 30-UF capacitor is in series with the 60-LF capacitor. Hence, the equivalent
capacitance for the entire circuit is

. ~30x60
A4 30+60

2 uF
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Find the equivalent capacitance seen at the terminals of the circuit in Fig.

50 uF
| 60 uF
o— [
|
Ceq 1
—  OuF == 20 uF
O

= 120 uF

Answer: 40 mF.
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Find the equivalent capacitance between terminals a and b in the circuit of Fig.

a
o
80
40 uF |
Il | uF == — 1 uF
I 12 40
I I
I0uF 10 uF = ac 1 1
50 20
H 2uF =— 2 uF =/ = 2 uF 2 = 30 = — 10
20 uF
— I5uF  15uF = b o |
60
3uF =/ 3 uF =/ 3 uF =/ — 3 uF
O O
a b (L
b
manara.edu.sy
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Find and the energy stored in the capacitor and inductor in the circuit of Fig. under dc conditions.

+ :
[
vc == 2 F ‘L

3A 40 0.5H
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Under dc conditions, find the energy stored in the capacitors in Fig.

3 kQ
—VVW\—
1 kQ
|
[l
30 uF
S50V 20 uF == 6 kQ2

Answer: 20.25 mJ, 3.375 mlJ.
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For the circuitin Fig., find the voltage across each capacitor.

20 mF 30 mF
|| ||
[ i
V] — _
+ 7 + U2 4
30V t) A0 mF == v3 == 20 mF
manara.edu.sy
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Solution:
We first find the equivalent capacitance C_, shownin Fig. ~ 30V = Ceq

20 mF 30 mF

-|—1}1_ -|-T}2_

30V C_D 40 mF == ¥3 == 20 mF

The two parallel capacitors in Fig. can be combined to get 40+ 20=60 mF. This 60-mF capacitor

is in series with the 20-mF and 30-mF capacitors. Thus,

1
Ceq = T : —mF = 10 mF
60 T30 T 20
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The total chargeis ¢ = C..0 =10 X 107> X 30 = 0.3 C

This is the charge on the 20-mF and 30-mF capacitors, because they are in series with the 30-V

source. (A crude way to see this is to imagine that charge acts like current, since i=dq/dt)
G 0.3 0.3

Therefore, o, 49 _ — 15V v, = 9 _ —

C, 30X 107

= — =10V
C, 20X 107

Having determined v, and v, , we now use KVL to determinev; by ., =30 —p, —v, =5V

Alternatively, since the 40-mF and 20-mF capacitors are in parallel, they have the same voltage V, and
their combined capacitance is get 40+ 20=60 mF. This combined capacitance is in series with the 20-

mF and 30-mF capacitors and consequently has the same charge on it. Hence,
0.3
60mF 60 X 10

U3
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Find the voltage across each of the capacitors in Fig.

40 uF 60 uF
| I
| 1
+ V1 — + U3 —
+ +
90V (* V) == 20 uF %4 == 30 uF

Answer: V= 45V, V,= 45V, V3:1 5V, V4:3O V.
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Inductors T

A, TR

An inductor is a passive element designed to store energy in its magnetic field. Inductors find
numerous applications in electronic and power systems. They are used in power supplies,
transformers, radios, TVs, radars, and electric motors.

Any conductor of electric current has inductive properties and may be regarded as an inductor.
But in order to enhance the inductive effect, a practical inductor is usually formed into a

cylindrical coil with many turns of conducting wire, as shown in Fig.

|~—Length, ¢ —-‘

Cross-sectional area, A

Core material

Number of turns, N
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An inductor consists of a coil of conducting wire.
If current is allowed to pass through an inductor, it is found that the voltage across the
inductor is directly proportional to the time rate of change of the current.

di

— L —
MAET:

where L is the constant of proportionality called the inductance of the inductor. The unit of
inductance is the henry (H), named in honor of the American inventor Joseph Henry (1797—

1878). It is clear from Eq. that 1 henry equals 1 volt-second per ampere.

In view of Eq., for an inductor to have voltage across its terminals, its current

must vary with time. Hence, v=0 for constant current through the inductor.
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Inductance is the property whereby an inductor exhibits
opposition to the change of current ﬂowing through it,

measured in henrys (H).
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A, LR

)
EICRE
O O
(b) (c)

air-core, (b) iron-core, (c) variable iron-core.
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inductance is independent of current. Such an inductor is known as a linear inductor. For

a nonlinear inductor, the plot of Eq. v=L.di/dt will not be a straight line because its

inductance varies with current. We will assume linear inductors unless stated otherwise.

The current-voltage relationship is obtained from Eq. v=L.di/dt as

v A
1
di = Evdt
Integrating gives 2 Gopect
1 t 1 : >
i = T fv(t)dt or i= - j v(t)dt +i(ty) ° difd
oo £
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t t
o1 .1 .
= jv(t)dt or 1=Ejv(t)dt+1(t0)
— 00 tO

Where i(t,) is the total current for —00 < t < t, and i(—20)=0. The idea of making i(—20)=0 is
practical and reasonable, because there must be a time in the past when there was no

current in the inductor.

The inductor is designed to store energy in its magnetic field. The energy stored can be

obtained from Eq. (v=Ldi/dt). The power delivered to the inductor is

L Ldi _
p=vi=|Lo]i
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The energy stored is *ﬁ
t t t
f (t)dt =L di dt = L f’dt 1L'2(t) 1L'Z( )
— — — — = — _—— — Q00
W D dtl I > I > I

Since i(—)=0
1

= —Li%
w > l

We should note the following important properties of an inductor.
1. Note from Eq. (v=Ldi/dt) that the voltage across an inductor is zero when the current is

constant. Thus,
An inductor acts like a short circuit to dc.
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2. An important property of the inductor is its opposition to the change in current flowing
through it.

The current through an inductor cannot change instantaneously.

According to Eq. (v=Ldi/dt), a discontinuous change in the current through an inductor
requires an infinite voltage, which is not physically possible. Thus, an inductor opposes

an abrupt change in the current through it.

manara.edu.sy
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For example, the current through an inductor may take the form shown in Fig. (a),
whereas the inductor current cannot take the form shown in Fig. (b) in real-life situations

due to the discontinuities. However, the Voltage across an inductor can change abru ptly.

I A I A

/

(a) (b)
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3. Like the ideal capacitor, the ideal inductor does not dissipate energy. The energy stored
in it can be retrieved at a later time. The inductor takes power from the circuit when

storing energy and delivers power to the circuit when returning previously stored energy.

4. A practical, nonideal inductor has a significant resistive component, as shown in Fig.
This is due to the fact that the inductor is made of a conducting material such as copper,
which has some resistance. This resistance is called the winding resistance R , and it

appears in series with the inductance of the inductor. L R,

manara.edu.sy
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The presence of R makes it both an energy storage device and an energy
W

dissipation device. Since R is usually very small, it is ignored in most cases. The

nonideal inductor also has a winding capacitance deue to the capacitive coupling

between the conducting coils. C, is very small and can be ignored in most cases,

except at high frequencies. We will assume ideal inductors.

L R,
O—— 1T —"WW—-0
s
Cy
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The current through a 0.1-H inductor is i (t) = 10te >‘A. Find

the voltage across the inductor and the energy stored in it.

manara.edu.sy
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The current through a 0.1-H inductor is i(t) = 10te >*A. Find the voltage across the

inductor and the energy stored in it.

Solution:

Since v = Ldi/dt and L = 0.1 H,

d
v = O.IE(IOIeSI) =e¢ T+ 1(=5e " =¢ (1 -5V
The energy stored is

1, 1 ~ ~
w = ELE“ — 5(0.1)100rze 0 — 542,101 7
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Find the current through a 5-H inductor if the Voltage across itis

o(6) = 30, t>0
0, r <0

Also, find the energy stored at t=5s, Assume i(v)>0.
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Solution:

1 t
Since 1 = 7 J v(t)dr + i(ty) and L = 5 H,

Io

1 (7 ¢
f=€J 30r2dr+0=6><?:21‘3A
5 ), :

The power p = vi = 607, And the energy stored is then

5
= 156.25kJ

0

- .-.-l:" 6

" [
w = der=J 6015df=6{}E
0

Alternatively, we can obtain the energy stored using Eq. w=1/2 li?, by writing

1 1 1
wl> = ELF(S‘} — 5 Li0) = S(5)2 % 5% — 0 = 156.25k]
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Consider the circuit in Fig. Under dc conditions, find:

(a) i

(b) the energy stored in the capacitor and inductor.

| Q2 50
—MWMW—
o
%49
.\ 2H
ve —— |1 F
(a)
1 Q 5Q

%4(2 o
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Solution:

(a) Under dc conditions, we replace the capacitor with an open circuit and

Inductor with a short circuit, as in Fig. (b). It is evident from Fig. (b) that
12

145

=2A

i:iL:

The voltage v is the same as the voltage across the 5-() resistor. Hence,
ve =5 =10V

(b) The energy in the capacitor is

—1(;‘2 —1(1) 10%) =50
wC_ZUC_2' ( = .

and that in the inductor 1s

1, 1
w; = EL:}i = 5(_2)(22) =4]

12v (F)

i
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Series and Parallel Inductors

Now that the inductor has been added to our list of passive elements,
it is necessary to extend the powerful tool of series-parallel
combination. We need to know how to find the equivalent inductance

of a series-connected or parallel-connected set of inductors found in

practical circuits.
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deola U=U1+v2+v3+"°+vN
o)ioli _
| di .
_z.._ Ly Ly Ls Ly Substituting V) = L— resultsin
211292112 11 N dt
to, T Ty, T T o T ) . . .
- ) p A A A
U p— —_— _— [ PR —_
‘dt  TCdr o Tt N dt
(a) di
i dt
G N . .
di di
+
’ gLeq (;ZJ A>dr °d gt
o
(b) Where Leq =L, +L,+L;+ -+ Ly

Thus, The equivalent inductance of series-connected inductors is the sum of the individual inductances.
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(a)
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—
O
+
v eq
o
(b)

Ly

Py

A, LR

Inductors in series are combined in exactly the same

way as resistors in series.

ApplyingKCL [ =14 + I, + i3+ -+ Iy
t

1
But [ = T vdt + i (t,) hence
k
to

1! | 1 [ .
I — LJ' vdt + I](f()) + LJ' vdt + Ig(f())

2
to lo

l r
+ - —I_LJ' v dt + I'N(f())

N
Ly

manara.edu.sy



https://manara.edu.sy/

o)ligJl
<1+1 + +1)r It + iy(1y) + ix(1o)
: — e — U @ I I
14 L L Ly 1o 2o

Io

+ o+ in(ito)

N 4 N l I
(a) — ( 2 ) [ v dt + 2 .fk(f(]) — [ vdt + I.(f{})
k=1 Lk k=1 ch

Iﬂ rﬂ'

Where — b — e —

(b) The initial current through at is expected by KCL to be the sum of the inductor currents at Thus,

i(ty) = i1(ty) + ix(tp) + -+ + in(to)
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The equivalent inductance of paraIIeI inductors is the reciprocal of
the sum of the reciprocals of the individual inductances.
Note that the inductors in parallel are combined in the same way as

resistors in parallel. For two inductors in parallel (N=2)

1 1 1 LyL,

— =—+— or  Lg=

Lo, L L “ L +L

As Iong as all the elements are of the same type, the A-Y transformations

for resistors ,can be extended to capacitors and inductors.
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Important characteristics of the basic elements.’

Relation  Resistor (R) Capacitor (C) Inductor (L)
U-1 v =1IR v = L qui('r)dfr +ou(ty) v = Lﬁ
C . dt
s
i-U i =v/R i = % i = % JIO v(T)dr + i(ty)
v? 1
porw: p=iR= N w = ECU2 w = ELiz
Series: Ry =R, + Ry, Co =12 Leg=1L; +L
eq 1 2 eq C] + C2 eq 1 2
R\R, L\L,
Parallel: R,y = R + R, Ceq = C1 + G, Leg = L +L,

Atdc: Same

Circuit variable
that cannot

Open circuit

change abruptly: Not applicable v

Short circuit

¥ Passive sign convention is assumed.
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gﬁajl 4 H 20H
5)liall 5 RIIR
Find the equivalent inductance of the circuit shown in Fig. Leg
—_— 7TH 12 H
o—— T
8 H 10 H

Solution:
The 10-H, 12-H, and 20-H inductors are in series; thus, combining them gives a 42-H inductance. This

42-H inductor is in parallel with the 7-H inductor so that they are combined, to give

7x42_6H
7+ 42

This 6-H inductor is in series with the 4-H and 8-H inductors. Hence,

Leq =4+ 8+6=18H
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For the circuit in Fig. i(t) =4(2—e °)mA. If i,(0) =1—-mA, find
il (O), U(t), (%1 (t), (%) (t)l il (t)l iZ (t)
l 2 H

fi yi

+ t oo - Iy I
+

v 4 H %) 12 H

o

Solution:

(a) From i(1) = 42 — ¢ 'Y mA, i(0) = 42 — 1) = 4 mA. Since i =
il + ig,

11(0) = 1(0) — (0) =4 — (=1) =5SmA
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doola i 2H
6)liall — AT .
(b) The equivalent inductance 1s T Tk N
Loa=2+4|12=2+3=5H "’ +H 2
Thus, o

i
v(r) = L —; = 5A)(=1)(=10)e™ " mV = 200e™ " mV

eq

and
.
v,(f) = 25; = 2(—4)(—10)e """ mV = 80¢ """ mV

Since v = v; + v,,

v-(1) = v(t) — v(f) = 120e """ mV

12 H
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i et .
. . +  tou - Jrfl
(¢) The current 7, 1s obtained as +
Wi 120 ” 3y
il(f):J v, di + i,(0) :J e "dr + 5mA B
4 0 4 0 O

= =3¢ +5mA = 3" +3+5=8-3¢""mA

Similarly,
. 1 (! . 120 (* —10¢
() =5 | vadt +ix(0) = —=- | em di — 1 mA
0 0
:_e—lﬂr‘fo_lmA:_e—lUI+1_1 :_e—l{}rl.nA

Note that 7,(f) + i»(f) = i(1).
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6)ligJl

Find the equivalent inductance of the circuitin Fig. Assume all inductors are 10 mH.
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6)ligJl

Find the equivalent inductance Iooking into the terminals of the circuit in Fig.

12 mH

4 mH

4 H

9H
4115

10 H
TN —

%6H

12 H

Q
S O—

3H
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