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V.1 Introduction Eigenvalues and Eigenvectors
« Eigenvalue problem:

If A 1s an nxn matrix, do there exist nonzero vectors x in R” such that Ax is a scalar

multiple of x?

« Eigenvalue and eigenvector:

A: an nxnmatrix : .
. .
A: ascalar | ix
X: anonzero vector in R’ o
Eigenvalue \ X X
Ax=Ax " -
Eigenvector ¢ 1) Ax
4
« Geometrical Interpretation: Ax=Ax,A>0 o Ax = Ax, A<0
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« Theorem 7.1: (Finding eigenvalues and eigenvectors of a matrix Ae M)
Let A 1s an 7xn matrix.

(1) An eigenvalue of A is a scalar A such that that det(A/— A) =0

(2) The eigenvectors of A corresponding to A are the nonzero solutions of (A/— A)x=0
« Note:

Ax= x=>AI-A)x=0 (homogeneous system)
If (A./— A)x= 0 has nonzero solutions iff det(A/— A) =0

« Characteristic polynomial of Ac M,
det(Al — A) = [(A —A)| = A" +¢, A" +--+¢l+c,

« Characteristic equation of A: det(A/— A)=0
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2 =12
A=t 5|
Sol:

Characteristic equation:

A-2 12

det(A]f — A) = 1 A4+5

= +314+2=A+1DA+2)=0

=>A=-1,-2

Eigenvalues: A; = -1, A, = -2
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(DHA,=-1= (M—A)X{j lﬂ[jﬂ:[g}
-3 12 1 -4 X | _ |4 _ 4
ER I I T M R

@) h=-2= (ﬂ:f—mx{j 132] Xl {g}

—4 12] [1 -3 x, | [3t] |3
R MR W R

Check: Ax=Ax
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« Ex 3: (Finding eigenvalues)

Find the eigenvalues and corresponding eigenvectors for the matrix A.

A=

S O N
S N =
N S

Sol:

Characteristic equation:

A-2 -1 0
Ar-A= 0 A-2 0 |=(1-2) =0 Eigenvalue: A =2
0 0 A1-2
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A =2 = Eigenvectors:
(0 -1 0][x,] [O]
AL -Ax=[0 0 0f|x, [=]0
00 0fx| |0
0-10] [010] x| [s|] [t] [o
00 0[~[000] = |x|[=|0[=s[0|+¢£/0], s,t%0
00 0 000 7 | 0 ]
=« Note:

If an eigenvalue 4, occurs as a multiple root (& times) for the characteristic

polynomial, then 4, has multiplicity &.
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« Theorem 7.2: (Eigenvalues of triangular matrices)
If A 1s an nxn triangular matrix, then its eigenvalues are the entries on its main
diagonal.

« Ex 4: (Finding eigenvalues)

0 0
A=|(-11 0
3

Sol: - -

A-2 0 0
AI-A=| 1 A-1 0 |=A-2)A-DA+3)

_5 _3 ﬂ'+3 1122512:1513:—3

https://manara.edu.sy/ .



[

&)Lial
« Diagonalizable matrix:

A square matrix A 1s called diagonalizable if there exists an invertible matrix 2 such
that P! APis a diagonal matrix. (P diagonalizes A)

« Ex 1: (A diagonalizable matrix) 13 0
Sol: Characteristic equation: A=|31 0
A-1 =3 0 00 -2/

[Ar-Al=| 3 2-1 0 |=(A-4(A+2) =0
0 0 A+2 Eigenvalues: A, =4, A, =-2, ;=2

1

(1) A, = 4 = Eigenvector: 71 = | |
0
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(2) A, =-2 = Eigenvectors: P> =

P = [pl P>

« Notes:

(P =|p,

)P =|p,

1
p3:|= 1
0

P p3] =

P p1] =

—_— O O = = |

o O

dsola
] 0
-1{, p, =10
_O_ _1_
4
— PTAP =0
0
— PTAP =
= PTAP =
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« Theorem 7.4: (Condition for diagonalizﬁifah)
An nxn matrix A 1s diagonalizable if and only if it has » linearly independent
eigenvectors.

« Note:

If » linearly independent vectors do not exist, then an mxn matrix A i1s not
diagonalizable.
« Ex 2: (A matrix that is not diagonalizable)

Al
Sol: Characteristic equation:

A-1 =2

|ﬁ,[—A|=‘ - /A

‘ =(1—-1)> =0 Eigenvalue: A, =1
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0o 21 [o 1] _ . 1
ﬁ]—A:]—A:[O 0]"[0 0} = Eigenvector: pl—[o}

A does not have two (n=2) L. L. eigenvectors, so A is not diagonalizable
« Steps for diagonalizing an nxn square matrix:
Step 1: Find 2 linearly independent eigenvectors p,, p,, ... p, for A with corresponding

eigenvalues A, A,, ... A,

Step 2: Let P = [Pl \Pz |Pn:|

Z., 0

. -1 0 /?2 .

Step3:Let P7AP =D = , where Ap. = Ap.,, 1=12,...,n
0 0 - A

n

https://manara.edu.sy/ =



[

6jliall
« Note: |

The order of the eigenvalues used to form 2 will determine the order in which the
eigenvalues appear on the main diagonal of ).

« Ex 3: (Diagonalizing a matrix) i

1 -1 1]
Find a matrix Psuch thatis P!'APdiagonal A=| 1 3 1
-3 1 -1

Sol: Characteristic equation:

A =1 4 1
Ar-A=|-1 2-3 -1|=A-2)A+2)(1-3)=0
3 -1 A+1

Eigenvalues: A, =2, A, =-2,A;=3
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Q) =-2 = ALT-A=

dsoln
ojtol
1 1 1| [1o01]
-1-1-1|{~|010
3 1 3 000
[ | Ein -1
0 |=¢ 0| = Eigenvector: p, =| 0
t 1 R |
-3 1 1 1 0 -1/4
-1 -5-1|~{01 1/4
3 -1 -1 00 O
wae] o [1
—(1/4)t | =—¢t|-1| =  Eigenvector: /> =
t 414
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B)A=3 = AT-A=

[

)lioll

2 1L 1
=i |

o O -
O = O

=t| 1 | = Eigenvector: P; =
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« Notes: k1s a positive integer
d 0 -« 0 d 0 - 0
0 d --- 0 L
wp=| ¢ Vs o= E 0
10 0 - d, | 0 0 - d*

2)D=P'AP = D' =P'AP) = P'A'P
= A" = pD'P™
« Theorem 7.5: (Sufficient conditions for diagonalization)

If an nxn matrix A has z distinct eigenvalues, then the corresponding eigenvectors are

linearly independent and A is diagonalizable.
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« Ex 4: (Determining whether a matrix is diagonalizable)
1 -2 1]
A=|0 0 1
0 0 -3

Sol:

Because A is a triangular matrix, its eigenvalues are the main diagonal entries.

}-lzl,l2=0513=_3

These three values are distinct, so A 1s diagonalizable.
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V.3 Symmetric Matrices and Orthogonal Diagohalization

» Symmetric matrix:
A square matrix A4 is symmetric if it is equal to its transpose: A = A"
« Theorem 7.6: (Eigenvalues of symmetric matrices)
If A 1s an nxn symmetric matrix, then the following properties are true.
(1) A 1s diagonalizable.
(2) All eigenvalues of A are real.

(3) If 4 1s an eigenvalue of A with multiplicity %, then 4 has & linearly independent

eigenvectors,

https://manara.edu.sy/ =



« Orthogonal matrnx:
A square matrix Pis called orthogonal if it is invertible and 7' = P'
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« Ex 2: (Orthogonal matrices)

(a)P:[

(b) P =

0 1
-1 0

nh | O | w

o

} .

W | W c:::t.n‘_}:_

1S O

rthogonal because P~ = P’ = [

is orthogonal because P~ = P’

0 -1
1 O

https://manara.edu.sy/
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« Theorem 7.7: (Properties of orthogonal matrices)
An nxnmatrix Pis orthogonal if and only if its column vectors form an orthonormal set

« Ex 3: (An orthogonal matrix)

1 £
33 3
2 1

P=| = — 0
NARR]

2 -4

. 5
S5 345 345

Sol:
If Pis a orthogonal matrix, then P~ =P’ = PP" =1

https://manara.edu.sy/ 2L



Let p, =

|
‘ML;JM-—-

NG

-2

‘r—t ST N

5

—4

S W

5

s Dy =

335 345 351

L=

%

WIN W N W —

s Py =

lZv

el
J5 345
R
V5 345
5
M
-
3
0
5
35

1 0 0]
(01 0|=7
00 1)
Dy =D D =D, pP; =0
Iholl-llpll-\lpll-l
{plapzsps}

1s an orthonormal set
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« Theorem 7.8: (Properties of symmetric matrices)
Let A be an nxn symmetric matrix. If 4, and 4, are distinct eigenvalues of A, then their
corresponding eigenvectors X; and X, are orthogonal.

« Ex 4: (Eigenvectors of a symmetric matrix)

I 3

corresponding to distinct eigenvalues are orthogonal

Show that any two eigenvectors of A = [3 1]

Sol: Characteristic equation:
A-3 -1
-1 A-3

= Eigenvalues: A, =2, A, =4

A1 — Al =

I=/12—6/1+8=(/1—2)(ﬂ—4)=0
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(1) 4, :Zzﬂll—A:[j :ﬂw[é é}:xlzs{_ll} s#0

(2)2,2=4:>22[—A=[_11 _ll]w[(l] _01}:>12=r[ﬂ, t#0

s
« Orthogonal Diagonalization

—S [
X,.X, = { } [J = st —st = 0 = x, and x, are orthogonal

matrix A is orthogonally diagonalizable when there exists an orthogonal matrix 2 such
that 7' AP= Dis diagonal

« Theorem 7.9: (Fundamental theorem of symmetric matrices)

Let A be an nxn matrix. Then A is orthogonally diagonalizable and has real eigenvalue
if and only 1f A 1s symmetric.
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« Orthogonal diagonalization of a symmetric matrix:

Let A be an nxn symmetric matrix.
(1) Find all eigenvalues of A4 and determine the multiplicity of each.

(2) For each eigenvalue of multiplicity 1, choose a unit eigenvector.

(3) For each eigenvalue of multiplicity & > 2, find a set of & linearly independent
eigenvectors. If this set 1s not orthonormal, apply Gram-Schmidt

orthonormalization process.

(4) The composite of steps 2 and 3 produces an orthonormal set of 1 eigenvectors. Use

these eigenvectors to form the columns of 2. The matrix P'AP= P'AP= D will
be diagonal.
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« Ex 6: (Orthogonal diagonalization)

. : . . 2 2 2
Find a matrix P that orthogonally diagonalizes A=|2 _1 a
Sol: Characteristic equation: 2 4 —1

(1) [AT—A=(A-3(A+6)=0
Eigenvalues: A, = —6, A, = 3 (has a multiplicity of 2)

2
(3:-33)

(2)1,=—6, v, = (1, _2’2):>H1_”V" 3

(3)27_ :3: v, :(25 13 0): Vs :(_2: 05 1)

1 r

Linear Independent

https://manara.edu.sy/
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Gram-Schmidt Process:
VW, 2 4

w,=Vv,=02,1,0), wy, =v, — w,=(—-—, =, 1)
W, W, 5 3
w 2 1 w 2> 4 5
u,=—"=(—F7=, =,0), uy=—-=(- : : )
B L2 IRVERRE A 35 3457345
Yy
3 N5 35 600
2 1 4 )
@ P =[pp.p]=| NG — PAP=PTAP =| 0 3 0
2 4 5 S
3 345
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