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Slope-Deflection for Beams and Frames
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SIope-Deerction Method for Beams and Frames

:
o

* Analysis of Frames without Sidesway.

* Analysis of Frames with Sidesway.
s
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Basic Concept of the Slope-Deflection Method and Slope-Deflection PA
Equations. deola
i bt
When a continuous beam or a frame is subjected to external loads, internal moments generally developed at
the ends of its individual members.
The slope-deflection equations relate the moments at the ends of a member to the rotations and
displacements of its ends and the external loads applied to the member.
To derive the slope-deflection equations, let us focus our attention on an arbitrary member AB of the

continuous beam shown in foIIowing figure>

P Undeformed position

| L | Deformed position
(elastic curve)
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Basic Concept of the Slope-Deflection Method and Slope-Deflection PAD
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W
When the beam is subjected to external loads and support settlements, MABQJ"T‘T“T‘T—T’W1>MM
: : . A B
member AB deforms, as shown in the figure, and internal moments are ! L .
| El = constant |
_ induced at its ends. : T
(1]
. . |
E The free-body diagram and the elastic curve for member AB are shown | Tangent at A <
) . | Undeformed A
using an exaggerated scale. : B4
. . . . . . . . AE============ _===:==::==:43
As indicated in this figure, double-subscript notation is used for
member end moments, with the first subscript identifying the member ik
end at which the moment acts and the second subscript indicating the A
< other end of the member. Thus, M, denotes the moment at end A of NEUSEESS S "
S_-E member AB, whereas M, represents the moment at end B of member
[J)
2 AB. Also, as shown in figure, GA and GB denote, respectively, the 4
é . . Tangent at B
5 rotations of ends A and B of the member with respect to the
& : .
undeformed (horizontal) position of the member. 1 (b)
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Basic Concept of the Slope-Deflection Method and Slope-Deflection PAY/
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A denotes the relative translation between the two ends of the MAB(r'm\—T‘ﬁ’W1>MM
: o . . A B
member in the direction perpendicular to the undeformed axis of the ! L i
| El = constant
. member; and the angle \J denotes the rotation of the member’s chord :
(1}
. . . . .. |
E (i.e., the straight line connecting the deformed positions of the member | Tangent at A <
. |
=3 . . ) . Undeformed
ends) due to the relative translation A. Since the deformations are | B4
. AE============ _===:==::==:43
assumed to be small, the chord rotation can be expressed as
A E" —_
V= I A
S e =
§ The sign convention used in this chapter is as follows:
L
3
% . Aag
5 The member end moments, end rofations, and Tangent at B
= chord rotation are positive when counterclockwise.
I (b)
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Basic Concept of the Slope-Deflection Method and Slope-Deflection PA

Equations. deola
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Tangential Deviations Due to External Loading
Mga r@
ot (d)

3El

TR ST S AL X

FEMyz 8y=0g=wy=0

Tangential Deviations Due to Mg,
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The slope-deflection method is a displacement method: Primary unknowns are rotations (slopes) & [Av

deflections that determine the deviation of the deformed position from the undeformed one. &)Liall

Positive end rotations & relative deflection

Positive end moments & shear forces

End Moments & forces are external not internal!!
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Degrees of Kinematic Indeterminacy in Beams & Frames LZ\V
The degree of kinematic indeterminacy (DKI) is the number of unknown kinematic (displacement) boundary Eﬁj
values for every considered segment in the structure, respecting the nature of supports & connections, and
neglecting axial deformation.

While the degree of static indeterminacy (DSI) is the number of unknown static (force) boundary values

exceeding the available number of equilibrium equations and conditions in the entire structure.

A propped cantilever is statically indeterminate beam to degree

one. Also it has one kinematic unknown 95 Axial deformation

is neglected so there is no translation at B

This continuous beam is statically indeterminate to degree one.

however it has three kinematic unknowns GA, 63' and GC

This continuous beam is statically indeterminate to degree two.

Also there is two kinematic unknowns 95, and QC
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Degrees of Kinematic Indeterminacy in Beams & Frames Eﬁ
deal ~
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The frame is statically indeterminate to degree one. However, there are 3

kinematic unknowns, 95,, ecand A, the horizontal displacement of B and C. Since

we do not assume axial deformations to take place in the beams or columns: B

and C must have the same horizontal displacement, and the vertical displacement

'I at B is zero.

7 A

The frame is statically indeterminate to degree six! However, there is only

one kinematic unknown, O 5. Since members cannot e|ongate or contract,

point B cannot move up or down, right or left.
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Fixed End Moments LZ\

1"Ma
*?(Za—b)

wa’
1212

(6L* —8La +3a%)
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S

: : deol A
Ay El=Const / ojliall

‘A =Vp— V4

M . —ZE(ZH +6, —3y)+FEM 4,

A Slope-deflection equations

W= :
Mg, :2%(9A +26, —3y)+FEM, L or 1, 2, 3 equations

FEM: fixed end moment due to external loads while the other end values are zero
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Ex.1: Compute the reactions then draw the SF & BM diagrams DAV

— 0 = 22 kN/m 133 8% claols
QA o GD o O ' ‘ I'l ‘ I l | ~ QC\ | EI = constant ?Jb_ﬂ-”
IREASSRAR/ SFE—==eeal D E = 200 GPa
& A=0 }E o ' I=210 x 106 mm#
HB io& Hcio . 6 m ——I——4.5m_—_~
2El 2El wL® El
MAB:T(29A+95—3W)+FEMAB:T(O+‘95—0)+ 53 0, + 66
2
M., =25 0, +20, ~3p)+FEM,, = 2EL (0420, —0)- W 2Ly g6
L L 12 3
Mg :2%(28B +6. —3y)+FEM . :2%(26B +6.-0)+ PBL = 2? (26, +6.)+101.25
M =2—E'(9B +26. —3y)+FEM,, =2%(9B +20, —0)—"E _ 25' (6, +26,)—-101.25
M :2%(26?C+6’D—3w)+FEMCD :Z—EI(29c+0—0)+0=8%6’C
M ¢ :2—E|(6C+26’D—3w)+FEMCD :Z—EI(6?C+O—O)—O:4—5|6’C
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Ex.1: Compute the reactions then draw the SF & BM diagrams

135kN

22 kN/m Mg, y .
O Nl | el x
(TA B“> C%)A/IBC<TB CT) <£%€D<Tc DT)
Myp I Mpc T My
MAB=%HB+66 Mg, + Mg =0 & Mz +M =0
2El 1.336, +0.336, =—-35.25/ El

M,, =—0, —66
3 0.339, +1.5660, =101.25/ El

M .. =Zﬂ(29B +6.)+101.25

Z?EI G;=-44.41/El & 6. =74.34/El
Mes :?(‘98 +260¢)-101.25 M, =51.34kN.m M, =——95.75kN.m
M. =oElg Mg =95.75kN.m M, =——66KN.m

9

AE| M., =66KN.m M. =32.71kN.m
Mpc =——6

a

0)lioJi
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Ex.1: Compute the reactions then draw the SF & BM diagrams

Y

<
S 73.4 72.46 62.54 21.94 .
o
& 22 KN/m 1 1 135 kN 1 1 32.71 “—“’-ﬂ]ﬁ
oyli_aJ
S RRERRRRRRRRNNETL) 1 (fct) it
S [A B' 05.75 <= "95.75 tB CT 66 == 66 TC Dl
51.34
Sip= 586 Spa =734 Spc = 7246 Scp = 62.54 Sen =214 Spe=E194
B, =145.86 C,= 84.48
135 kN

. 51.34 kN-m OEIm 1 32.71 KN-m
3 AEIIIRENNAEY a D
® mom = mom
: T T

. — 145.86 kN 84.48 kN o1 AT

58.6 72.46

l\ 21.94
F B E

A C ]D
S 268 m—l\
g 734 ~62.54
©
g 121.63
B 27.18 32.71
‘g A /\ B C /I
(7]

51.34 66

95.75
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Ex.2: Determine the member end moments and reactions for the
following continuous beam.

30 kN
10 kN/m 1
) IITTTTT e,
I 6 m } 9m I 4 m !
EI = constant
; 30 kN
120kN—m<———1D
TC
30 kN 30 kN
10 kKN/m ﬁlZOkN—m
N IRERERERRE
| i C =
0,=0&A=0

0y 0 & 0% 0

[

0)lioall

Fixed-End Moments:

FEM,p = FEMyp =0
10(9)?
12
FEM g = 67.5kN.m ™~ or — 67.5 kN.m

FEMg, = =67.5kN.m < or + 67.5kN.m
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Ex.2: Determine the member end moments and reactions for the PA

g following continuous beam. d2ol
S 8yliall
S 30 kN
10 kN/m
T I T T e | o |
= on D Equilibrium Equations:
——6m 9m —4m !
:c;: EI = constant M g Mcg
f B ) C
Slope Deflection Equations: (‘Q:‘ Mg (‘I—Z‘ Hen
Mgy + Mg =0
Map = == (8p) = 0.333EI 0, &' AE
MCB + 120 = O
2E1
8 Mgy =="(205) = 0.667EI 6 0.111E16p + 0.222E16; = —67.5
§  Mpc =205 +0¢) + 67.5 = 0.444E] 0 + 0.222E] 0 +67.5 0.222E105 + 0.444E10¢ = —52.5
S
= — 2
£ Mep =22 (20¢ + 65) — 67.5 = 0.222E1 65 + 0.444E] 6 —67.5 Uy = — IS
z EI6, = —97.62 kN.m?
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Ex.2: Determine the member end moments and reactions for the PA

EI9, = —97.62 kN.m?

following continuous beam. doola
6)liaJl
30 kN
10 kN/m 1
BY VY Y Y Vv ivic 4 Elfg = —41.25 kN.m?
|

A ' o =5
|
|

| 6 m 9m 4m

EI = constant

Member End Moments:

M, = 0.333EI 65 = 0.333(=41.25) = —13.7kN.m (13.7 kN.m ~)
Mg, = 0.667EI 05 = 0.667(—41.25) = —27.5kN.m (27.5kN.m ~)
Mge = 0.444E] 05 + 0.222E1 O, + 67.5 = 0.444(—41.25) + 0.222(—97.62) + 67.5 = 27.5kN.m (27.5 kN.m = )

Mg = 0.222E1 05 + 0.444E1 6, — 67.5 = 0.222(—41.25) + 0.444(—97.62) — 67.5 = =120 kN.m (120 kN.m ~)
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Ex.2: Determine the member end moments and reactions for the

P

N . .
g following continuous beam. deol
° 30 kN
10 kN/m 1
) ARRRENERRRII
I 6 m I 9m I 4m !
:‘,E EI = constant
(1]
I
&
687 3472 55.27 30 30kN
137 10 KN/m
( )( )( ‘ ”“*)( D(
A 27.5 275 120 120
6.87 6.87 T 34 72 ss q T
— B,=41.59 C,=8527k
S : _
8 30 kN
< e 10 KN/m 1
L .
: ¢ I T ) |,
E |
| T
b= 6.87 41.59 85.27
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