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Combining Functions; Shifting and Scaling Graphs

Like numbers, functions can be added, subtracted, multiplied, and divided (except where
the denominator is zero) to produce new functions. If f and gare functions, then for every
xthat belongs to the domains of both f and g(that is, for x eD; "D, ), we define
functions f+ g, /- g and fg by the formulas

(f + 8)x) = f(x) + glx)
(f — 9x) = f(x) — g(x)
(fe)x) = f(x)g(x).

At any point of D; nD, at which g(x) # 0, we can also define the function 5g
by the formula

f f(x)
(E)(I) = g(—i) (where g(x) # 0).
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vl Combining Functions; Shifting and Scaling Graphs

deola
~-== Functions can also be multiplied by constants: If cis a real number, then the
function ¢ is defined for all xin the domain of f by

(chHx) = cf(x).

EXAMPLE 1 The functions defined by the formulas
f)=Vx and gix) = VI —x

have domains D(f) = [0,00) and D(g) = (—oco, 1]. The points common to these
domains are the points in

[0,00) N (=00, 1] = [0, 1].
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[ZV Combining Functions; Shifting and Scaling Graphs

R A, T

Function Formula Domain

f+eg (f + 9x) = Vx + V1 — x 0, 1] = D(f) N D(g)

f—g (f — @) = Vx — V1 —x 0, 1]

g—f (g — N =V1—x— Vx 0, 1]

f-g (f-@)x) = f(x)gx) = Vx(1 — x) 0,1

/e f L = f) X 0, 1) (x = 1 excluded)
g g(x) 1l — x

g/f 8y =8¥ _ [1=x (0,1] (x = 0 excluded)
f fx) X

https://manara.edu.sy/


https://manara.edu.sy/

DEFINITION If f and g are functions, the compeosite function fe< g (*“f com-
posed with g”) is defined by

(feg)x) = flg(x)).

The domain of f ¢ g consists of the numbers x in the domain of g for which g(x)
lies in the domain of f.

X — g g(x) [ — flgx)

The functions f e g and g © f are usually quite different.
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[ZV Composite Functions

liail EXAMPLE 2  If f(x) = Vxand g(x) = x + 1, find
(@) (feg)x) (b) (g° fix) (©) (fefHx) (d) (geog)x).

Solution

Composition Domain
@ (feg)x) = f(gx) = Vgx) = Vx + 1 —1,00)
(b) (g°Hx) = g(f(x) = f(x) + 1 = Vx + 1 [0, 00)
© (fe ) = f(f(x) = Vf(x) = VVx = x'/ 0, 00)
d) (geg)x) =ggx) =gx) +1=x+1)+1=x+2 (—00, 00)

To see why the domain of f e g is [—1, 00), notice that g(x) = x + 1 is defined for all real
x but g(x) belongs to the domain of f only if x + 1 = 0, that is to say, when x = —1. W

Notice that if f(x) = x~ and g(x) = \V/x, then (feg)x) = (\/;)2 = x. However, the
domain of fe g is [0, c0), not (—oo, 00), since Vx requires x = 0.
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Shifting a Graph of a Function

Shift Formulas

Vertical Shifts

y = f(x) + k£ Shifts the graph of f up k units if k > 0
Shifts it down |k| units if k < 0

Horizontal Shifts

y = f(x + h)  Shifts the graph of f left hunits if h > 0
Shifts it right || units if h < 0
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[Zv Shifting a Graph of a Function

8)lioJl
A y .
0 y=x"+12 EXAMPLE 3
y = x2 + 1 (a) Adding 1 to the right-hand side of the formula y = x? to get y = x> + 1 shifts the
graph up 1 unit (Figure 1.29).
y = %2 (b) Adding —2 to the right-hand side of the formula y = x? to get y = x> — 2 shifts the
graph down 2 units (Figure 1.29).
y = x2 -2
1 unit
FIGURE 1.29 To shift the graph
— 2
I b > of f(x) = x“ up (or down), we add
—2 {1) |\2 positive (or negative) constants to
2 units the formula for f (Examples 3a
L
and b).
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[Zv Shifting a Graph of a Function

6)liall Add a positive Add a negative
constant to x. constant to x.
= y
_ 2
y=(x+3)

FIGURE 1.30 To shift the graph of y = x? to the
left, we add a positive constant to x (Example 3c¢).
To shift the graph to the right, we add a negative

constant to x.
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FIGURE 1.31 Shifting the graph of
y = |x|2 units to the right and 1 unit
down (Example 3d).
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Scaling and Reflecting a Graph of a Function

To scale the graph of a function y= f{x) is to stretch or compress it, vertically or

horizontally. This is accomplished by multiplying the function f, or the independent
variable x, by an appropriate constant c.

Reflections across the coordinate axes are special cases where c=-1

Vertical and Horizontal Scaling and Reflecting Formulas

For ¢ > 1, the graph is scaled:

vy = cf(x) Stretches the graph of f vertically by a factor of c.

y = % f(x) Compresses the graph of f vertically by a factor of ¢.

v = flcx) Compresses the graph of f horizontally by a factor of c.
vy = f(x/c) Stretches the graph of f horizontally by a factor of c.
For ¢ = —1, the graph is reflected:

vy = —f(x) Reflects the graph of f across the x-axis.

vy = f(—x) Reflects the graph of f across the y-axis.
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S5H y = 3\/-; 4
4 ; y=V3x
3 stretch y = Vx 7 - e y=V7x
2 - stretch
1 compress ¥ y=3va ’ x/3
| l 1 | [ > 5
| I E Y N 1 0 1 2 3 4
-1 0 | 2 3 4

FIGURE 1.33 Horizontally stretching and

FIGURE 1..3 2 Vertically stretching and compressing the graph y = Vx by a factor of
compressing the graph y = Vx by a 3 (Example 4b).

factor of 3 (Example 4a).
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FIGURE 1.34 Reflections of the graph

y = Vx across the coordinate axes
(Example 4c¢).
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Angles are measured in degrees or radians. The number of radians in the central angle
A'CB' within a circle of radius r is defined as the number of “radius units” contained
in the arc s subtended by that central angle. If we denote this central angle by # when mea-
sured in radians, this means that = s/r (Figure 1.36), or

5 = rt (0 in radians). (1)
7 radians = 180° (2)
and
. 180 T :
| radian = — (=57.3) degrees or 1 degree = m{=ﬂ.ﬂl?} radians.
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FIGURE 1.40 Nonzero radian measures can be positive or negative and can go beyond 27,
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hypotenuse

—
adjacent
0 h
sin 0 = PP csc B = P
hyp opp
adj h
cos A = 2 sec f = E
hyp ad)
0 adj
tan # = E cot @ = |
ad] opp

opposite

sin A
tan # = cotf =
cos #
]
sec B = csc =
cos @
. i ¥
sine: sinf = 7 cosecant:
cosine: cosf = ‘:: secant:
v
tangent: tan# = T cotangent:

_5‘_
-

s H

csc @ =

sec @ =

cotf =

|

= |~

- b
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A

5 A
sin pos all pos
T C
tan pos COS pos

> X

Even

cos(—x) = cosx
sec(—x) = secx

0Odd

sin(—x) = —sin x
tan(—x) = —tan x
csc(—x) = —cscx
cot(—x) = —cot x
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Periodicity and Graphs of the Trigonometric Functions

DEFINITION A function f(x) is periodic if there is a positive number p such
that f(x + p) = f(x) tor every value of x. The smallest such value of p 1s the

period of f.

Periods of Trigonometric Functions

Period 7 : tan(x + ) = tanx
cot(x + ) = cotx

Period 27w: sin(x + 27) = sinx
cos(x + 27) = cosx
sec(x + 2m) = secx
csc(x + 2m) = cscx
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Periodicity and Graphs of the Trigonometric Functions

¥=C08 X y=sinx
/ \ : :
| | x
L, x ! vx  —EFT_% /|0 % /m 3m
-7 & 0 1',1' T 27 - _i ( yis EIE g 4 2 i
I 2 2N | 2 2 2 2
[ I | | 1
Domain: =00 < xy <00 Domain; — 00 < y < 00 Domain:x#igfi%‘rb“
Range: —1=y=1 Range: —1=y=1 o i -
Period: 2w Period: 2w gﬂl?gz.‘ 00 <y <00
(El] {b} (= B IaT0 N w [C‘:l
}' }- _T
VY=EEC X 1 Y=CSC X ¥ y= cot x
: ' - X I I | X oy
_15_17_ 0 & 7 3 -r w0 @ % 3z 2nm —fr_ o\ w\¥% Im\2m
? m ? mza m 2 [’z'\ 2 2 2
Dumain:x;ﬁ:l:g,:l: 31_11 Domain: xZ0, £, + 2, ... Domain: x#0, £, + 27, . ..
Range: y=—lory=1 5‘1[153 ;5— lory=1 I;arlugz:. — 00 < y < 00
Period: 2 CUNL T eriod:
(d) (e) (f)
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Trigonometric Identities

cos’ 0 + sin’ 6 = 1. (3)

1 + tan®? 6 = sec? 6.
1 + cot? @ = csc? 0.

Addition Formulas

cos(4 + B) = cosAcosB — sinAdsinB

. . . (4)
sin(4 + B) = sinA4 cosB + cosAsinB

cos(A — E’j = cos Acos B + sinAsin B

sinfA — B) = smAcos B — cos Asin B
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rigonometric Identities

Double-Angle Formulas
cos 20 = cos*H — sin’ @ (5)
sin 20 = 2 sin 6 cos 6
Half-Angle Formulas
cos? 0 — 1 + ;os 20 (6)
Gin2 g = 1 — gos 20 7)
c? = a®> + b* — 2abcos#. (8)
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Exercices

5. Copy and complete the following table of function values. If the
function 1s undefined at a given angle, enter “UND.” Do not use a
calculator or tables.

0

sin
cos
tan @
cot 6

sec

csc f

— T —2m[3 ] (2 I3 [4
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%\7 Exercices

s 0 3x/2 -um/3 -=ml6 w4 5m/6

sin f)
cos f
tan ¢
cot ¢

sec f

csc

- nraE Em mE A P REE SRS S N E WrS 8w s

Use the addition formulas to derive the identities in Exercises 31=36.

31. -:-:-5( — %) = sIn x 32. cos (x + %) = —sin x
33. sin (J:' + g) = COS X 34. sin (x — g) = —CO0S X
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In Exercises 3942, express the given quantity in terms of sin x and

COS X.
39. cos(m + x) 40. sin(27 — x)
41. sin E—N—x 42. cos j—ﬂ-l—x
2 2
43. Evaluate sin .= as sin( T + T
. Evaluate sin 75 as sin| 7 3 )

11 T 2w
44. Evaluate cos 12 as COS (Z + T)

T . 57
45. Evaluate cos I 46. Evaluate sin R
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Algebraic Combinations
In Exercises 1 and 2, find the domains and ranges of f, g, f + g, and

frg.
I. flx) =x, glx)=Vx—1
2. flx)=Vx+1, glx)= Vx—1

In Exercises 3 and 4, find the domains and ranges of f, g, f/g, and
g/f

3. f(x) =2, gx)=x+1
4. f =1, g) =1+ Vx
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Compositions of Functions

Py

5. If f(x) = x + 5 and g(x) = x* — 3, find the following.

a. f(g(0))
c. f(g(x))
e. f(f(=3))
g. f(f(x))

b.
d.
f.
h.

g(f(0))
g(f(x))
g(g(2))
g(g(x))

6. If f(x) =x — land g(x) = 1/(x + 1), find the following.

a. f(g(1/2))
c. flg(x)
e. f(f(2)
g. f(f(x))

b.

d.
f.
h.

g(f(1/2))
g(f(x))
g(g(2))
g(g(x))
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[A\\/ In Exercises 7-10, write a formula for fe ge h.
éyliall 7. flxy=x+ 1, gx)=3x, hx)=4 —x
8. flx) =3x+4, glx)=2x—1, hx) =

15. Evaluate each expression using the given table of values:

x -2 | =1 0 1 2
Ji(x) ] 0 -2 1
g(x) 2 1 0| —1 0

a. f(g(=1)) b. g(f(0)) c. f(f(=1)
d. g(g(2) e. g(f(=2)) f. f(g(1)

16. Evaluate each expression using the functions

—x, —2=x<10

fo) =2 -x g{‘ﬂ_{x—l, 0=x=2
a. f(g(0)) b. g(f(3)) c. g(g(—1))
d. f(f(2) e. g(f(0)) f. fleg(1/2))
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Shifting Graphs

23. The accompanying figure shows the graph of y = —x? shifted to
two new positions. Write equations for the new graphs.

Position (a) y=—ux" Position (b)

https://manara.edu.sy/


https://manara.edu.sy/

Py

24. The accompanying figure shows the graph of y = x* shifted to
two new positions. Write equations for the new graphs.

-~

Position (a)

* 1

Position (b)
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Thank you for your attention
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