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* Indeterminate Forms and L'Hopital’s Rule
* Improper Integrals

* Infinite Sequences and Series

* Functions of Several Variables

* Partial Derivatives

* Multiple Integrals

Complex number.

* Conics and Calculus.

https://manara.edu.sy/


https://manara.edu.sy/

[Py

6jliall

Calculus 2

Lecture 1

Indeterminate Forms and
L'Hopital’s Rule
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Indeterminate forms

This lecture is divided into 2 parts; they are

1 The indeterminate forms of type 0/0 and oo/co
1.1 How to apply L'Hopital’s rule to these
types
1.2 Solved examples of these two
indeterminate types
2 More complex indeterminate types
2.1 How to convert the more complex
indeterminate types to 0/0 and oo/co forms
2.2 Solved examples of such types
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Indeterminate forms

What are Indeterminate Forms?

When working with limits, the following forms are
indeterminate in that the value of the limit is not
“obvious.”

0 o

0 0
— —, 000, c0o—00, 0°, o0, 17
0 o
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PAV Indeterminate forms

deola
?Ju_ﬂ'" . ] X2 _4
Consider: lim or lim InX
X2 X —2 xolyx —1
0
If we try to evaluate by direct substitution, we get: 0

Zero divided by zero can not be evaluated. The limit may
or may not exist, and is called an indeterminate form.

In the case of the first limit, we can evaluate it by factoring
and canceling:

Iimx2—4 (X +2)(X_2)=Iim(x+2)=4

Xxo2 X —2 X —2 X —2 X —>2

This method does not work in the case of the second limit
For limits of this type, L'Hopital’s rule is useful
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PAV L'Hopital's Rule

E]L. Theorem: Suppose fand g are differentiable and
g'(x) # 0 near a (except possibly at a). Suppose that

lim f (x)=0 and Ilmg(x) 0

X—a

or

lim f (x) =00 and Ilmg(x) +00

X—a

(In other words, we have an indeterminate form of type
0/0 or oo/e=.) Then

lim———= F(x) _
Seg(x) o2 g'(x)

if the limit on the right hand side exists (or is e or oo).
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PAV L'Hopital's Rule

Note that : "x — a" can be replaced by any

of the symbols z — a ,2 — a",z — 00,z — —00.

When to Apply L'Hopital’s Rule?

* An important point to note is that L'Ho6pital’s rule is only
applicable when the limit produce an indeterminate form
0 or © Forexample

0 00
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PAV L'Hopital's Rule

8)Uiall example

. sin2 . . 0
lim =% Cannot apply L’Hospital's rule as it’s not — form
=0 ¢ +1 0
. sin2 . 0
hng PHAY Can apply the rule as it’s 7 form
r— x
. e L, 00
lim — Can apply the rule as it’'s — form
T—+00 T X0
. e’ . . 00
lim " Cannot apply L'Hospital’s rule as it’s not — form
T——+00 OO
1+
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Examples of 0/0 and oo/

W

dcol d
o)li_a , ——(x?-4)
im ) i X ‘4:1@20';; _1im2X _g4
X—a g(x) X—2 X_2 d—X(X _2) X—>2 1
9 nx)
i £ OO im 21X iy dX _iimZX limL o1

x—>1 1 x—> 1Y

Xaag(x)_x_)lx_l x—>1d—(x _1)
dx

d ,
— e
i ex . dx ( ) ) ex
lIm —=1Iim =lim—=w
X >0 X X —>00 d x> |

d—x(x)
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% On the other hand, you can apply L'Hopital’'s rule as many
5o MUINECES necessary as long as the fraction is still

Indeterminate:
Example : Evaluate |, 1—COSX
Xx—0 X2
Solution: 1—cosz 0
lim —
z—0 an O

we use L’Hoépital’s Rule to find the answer.

. 1—-cosz . sinx 0
lim — lim
x—0 372 x—0 233 O

We apply L’Hopital’s Rule again.
- 1l—cosx . sinx .. cosx 1

Iim > =]im = lim —

x—0 X x—0 2x x—0 2 2
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PAV L'Hopital's rule for other indeterminate forms

sual Note: For some functions where the Ilmolé does not initially
appear to as an indeterminant 9 or F—

It may be possible to use algebralc technlques to convert the

function one of the indeterminants — or - 00
O

EXAMPLES
Indeterminate Form 0.0
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PA EXAMPLE Evaluate lim [xsin e

cle_-‘\ X—>00
6)lioll
Solution
] 1 _
lim! xsin = This approaches
X—>o0 X
Rewrite as a ratio!
|
SIN —
Im X This approaches
X—>00 1
X

We apply L'Hopital’s rule

I ) )
Sln; X X2

Iim = lim
X —>00 1 X—>00 1

X X2

o0 -0

0
0

= lim cos(%j — cos(O) -1
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Indeterminate Differences

deal o
5)Liall . 1 1
EXAMPLE Evaluate lim —
-1 Inx x-1
Solution
Iim( 1 _ 1 j «——— This is indeterminate form o0 — 00
-1\ Inx x-1 : -
Rewrite as a ratio!
If we find acommon denominator and subtract, we get:
. [ x=1-InXx 0
[im <«—— Now it is in the form —
1| (x—1)Inx 0
[ 1 )
1-=
lim X Hopital -
ot | x—1 <+<— |'Hopital’s rule applied once.
——+Inx
X /
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: X —1 | | 0
lim <«—— Fractions cleared. Still —
x> X =1+ X InX 0
1
- 1 e . Answer: —
Iim «——— L’Hopital again. 2
x->1\ 1+1+1In X
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= ] o0 0
9ol Indeterminate Forms: 1 0 00

Evaluating these forms requires a mathematical trick to
change the expression into a ratio.

n nInu

U =¢€
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[ZV Indeterminate Powers o’ \

- L?_ﬂ_” = 1/x
2=l EXAMPLE Evaluate lIm X
X —>+00
Solution
. 1/X A :
||m X <+«———— This is iIndeterminate form OOO
X —>+00
1 In( x
1/x In(x Ux ) ;In(x) )(( )
X =€ =€ =€
. In(x) 00
[im < we can apply L'Hopital’s rule
X —>+00 X o0
1
~In(x _ — - 1/x A0
[im ( ) ~limX-=0 th lim x —e =1
Xx—wo X x—owo ] en X —>+00
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%V Indeterminate Powers 1% \

o)li_all

EXAMPLE Evaluate  lim (COSX )*

X —0"

Solution
1
lim (COS X ); «——— This is indeterminate form 1

X =07

1
1 In[(cosx )X] i.ln(COSX) In(cos)

(cosx )* =e —e> —e *
. In(cos O A
Ilrg ( " x) ) 0 we can apply L'Hopital’s rule
sSin X 1
_ _ 1.
lim M(COSX) _ iy _€OSX_ _g e lim (cosx)* =e® =1

X —0" X X —0"
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[ZV Indeterminate Powers g’ |

2ol EXAMPLE Evaluate  lim(x—1)™
X =1
Solution
Iim(x—1)'“>< <«——— This is indeterminate form OO
X =1

(X_l)lnx —e '”((X—l)lnx) _e In(x ).In(x-1)

lim In(x).In(x-1) «—— 0.0 Rewrite as a ratio!

X —1

jim In(x ).In(x-1) = lim &= >

X —1 X —1 1

In(x )

Q0
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PAV Indeterminate Powers (@’ \

glia  we can apply L'Hopital's rule

d
L In(x=1)
fim In(x ).In(x~1) = lim &= 7y dx

X —1 X —1 1 — X —1 d 1
In(x) dx | In(x)

~x[In()]" o

1
= lim—X=1  —|im ==
X —1 -1 X —>1 X —1 0

x[In(x)T

we can apply L'Hopital's rule
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Ly I

deol o
o)lioaJl

lim In(x ).In(x— 1)_||m_x[|n(X] LI )] ~2in(x) 0

X —1 X —1 X —1 1

then

lim(x-1)" =e’ =1

X -1
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Use L’Hopital’s rule to evaluate)

6)liall 2 . ]
1— lim SIN X —COS X 5_ Ilmxzel—x
X_)z X _z X —>00
4
. _ tan%x
2 — lim 6—1im(2-Xx)
v=+oo In(1+ 3e”)
— X
. 1—-coszx : 1+X_1_§
3 — lim lim >
7—0 5132 x—0 X
1
4— lim VX .Inx lim (e* + x)*

x —0* x—0"
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(Use L’Hopital’s rule to evaluate)

” i X lim tan z In(sin )
Xx—0~ X2 m
T——
2
. 1-cosx . 1l—tanzx
lim " lim
r—=7/4  CcOS 2T
_ X—4/3
lim —
x—>+o §IN(1/ X) 1 1
lim| —— ——
x=>0"\ X SIN X
lim x1In x
Xx—0"
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Thank you for your attention
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