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Improper Integrals

-Evaluate an improper integral that has an
infinite limit of integration.

- Evaluate an improper integral that has an
infinite discontinuity.

‘Tests for Convergence and Divergence
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The Fundamental Theorem of Calculus

Quick Review
If f is continuous on the interval [a,b] and F is any

function that satisfies F '(x) = f (X) throughout this
interval then

[ f(x)dx=F(b)-F(a)

REMEMBER: [a,b] is a closed interval
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PAV Improper Integrals

introduction

Up to now we have focused on definite integrals with
continuous integrands and finite intervals of integration.

we extend the concept of a definite integral to the cases where:

°The interval is infinite

f has an infinite discontinuity in [a, b]

These are called improper integrals
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INTEGRALS OF TYPE 1: INFINITE INTERVALS

b
Recall in the definition of Ia f (x)dx,

the interval [a, b] was finite. If a or b (or both) are o=

or —o=, we call the integral an improper integral of
type 1 with an infinite interval. For example:

SN0 )'¢
Jo 14+ x°

1
o | xe " dx

Yo o) 2
o | x%e ¥ dx
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PAV Improper integral: type I

siai 1) If f(x)iscontinuous on[a, »), then o
o . b If the Limit is
| f(x)dx=lim [ (x)adx finite, then the
e Improper Integral
2) If f(x)is continuous on [—oo, b), then > coﬁve?ges. :
[" f(x)dx=lim [ f(x)dx If the Limit fails,
‘°° e then it diverges

J
3) If f(x)iscontinuouson (—oo, o), then

jif(x)dx:fwf(x)dx+ff(x)dx

_/

v

If both Improper Integrals converge,

then so does
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PAV Evaluating an Improper Integral on [1,)

GJMJ' Does the improper integral [“e *dx converge or diverge?
O

o _ b
_[O e *dx=Ilim| e dx

b—o0 o0

_ b

:Ilm(—e X )
b—o0 0

— Iim(—e‘b +e‘°)

:Iim(l—e‘b) -
bh—>o0

Lo
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PAV Example Using L'Hopital’'s Rule with Improper Integrals

§liall  Evaluate L xe "dx.

© b :Iim(—e‘b(b+1)+2e‘1)
L Xe dx:tl)lm 1 Xxe " dx b—>00
u=XxX — _ b+1
du =1dX V=—p" b—>o0 e e
: v | b Use L'Hopital's Rule
_t!m(_xe 1_.“1_e dx) . ( 1) 2
b :Ilm __b + —
:Iim((—xe‘X —e‘x) ) b—o| @ e
b —o0 1

.
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%V Express the Example Evaluating an Integral on (- o,)

6)liaJl

Evaluate [ dx . —

o]+ X *

00 0 00
j L dx= L dx+ L dx

—_oo 1+X —oo 1+X 0 1+x

.0 . b
= lim Ldx+Ilim| -1 dx

a—-wda X b—owd0 1+X

) 0 . b
= |lim (arctan x\a)+ Ilm(arctan x\o)

a—>—o0 b— o0

= lim (arctan 0—arctana)+ lim(arctanb—arctan0)

a—>—00 b— o0
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IMPROPER INTEGRALS OF TYPE 2: INFINITE

INTEGRANDS

b
Recall in the definition of Ia f (x)dx,

the functions f was bounded on [a, b]. If fis not bounded
on [a, b] (that is, has an x-value, a £ x £ b, where the limit is
oo or —oo, we call the integral an improper integral of type
2 with infinite integrand. For example

1 dx jo d_x J‘l d_x

ox2’ a2y’ Jay?
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%v Improper integral: type 2

ﬂfiﬂ 1) If f (x)iscontinuous on(a b], then h Ifthe Limit is
jbf (x )dx = lim I dx finite, then the
3 g=il Improper Integral
2) If f (x)is continuous on[ ,b), then > converges.
b _im [€ If the Limit fails,
Lf (x)dx _CILT a]c (x) dx then it diverges

J
3) If f (x)iscontinuouson |a,c)u (c b], then

_[bf (x )dx :J:f (x )dx +I dx

a
V

If both Improper Integrals converge,

b
then so does _[a f(x)dx.
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PAV Example Infinite Discontinuity at an Interior Point

Evaluate onX , ‘
11
jo—dx_!LrQ de
= Ilm( )
c—0" 11 |

= lim (2V1-2c) 52>

c—0"
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IZV Example Infinite Discontinuity at an Interior Point

1

"’L“'J' Evaluatej =T 7 dx. y
(X
_ C 3
= lim = OX + I|m 1 = 0X
c—1" 90 (x- ) el 1
:Hm(B j+hm( ) o et T
c—1 col"

= lim (3(c-1)"* ~3(0-1)" )+I|m(3(3 1) -3(c-1)")

c—l1 c—o1"

:(0+3)+(3€E—o)
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[Zv Example : Improper integral

o0
j e_XdX G—— Converges
1

L.
lim| e "dx

b—ow J1

. b
Iim —e™

b—0

lim —e™® -(_e—l

b—w

0
lim 7%# |
b—o0 e e e
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PAV Example : Improper integral

deol A . :
8)li_all _
S Does j e * dx converge?
1
Compare:
1 1 "
—-to — for positive values of X.
X
e” e
2 1 1
For x>1 e* >e* — <
X X
e e
1
Since—~ converges to a finite number, _Zmust also converge!
e X
e
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Comparison Test (Using estimation to show convergence

or divergence)

Let f and g be continuous on [a,)with 0< f (x)<g(X)

forall x> a, then:

(1) j ) dX  converges if j ) dx converges.

@ I ) dx diverges if j ) dx diverges.
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[ZV Using estimation to show convergence or divergence

deola
Example ro szx dx
1 X
Solution:
)
sin“x 1
0<=—-<-= on [Loo)
X X
1 2

Since 2 converges, converges.
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[Zv Using estimation to show convergence or divergence
MR ample

dx

.1
L JxX2-0.1

Solution:

\/X2 —0.1<x forpositive values of X, so:

1 .
=01 X

on [1, OO)

1 1
Since — diverges,

X JX2 =01
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Thank you for your attention
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