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Classical Methods vs. Matrix Methods.

Planar Frame Member, Nodal Displacements & Nodal Forces in Local Coordinates

Truss Analysis by Stiffness Matrix Method

Truss Member Stiffness Relations in Local Coordinates
Member Stiffness Relations in Global Coordinates
Structure Stiffness Relations
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Frame & Beam Analysis by Stiffness Matrix Method

Analytical Model for Planar Frame Structure

Global & Local Coordinate Systems

Member Stiffness Relations in Local Coordinates
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Classical Methods vs Matrix Methods %V

Classical Methods  Matrix Methods

Help to understand the structural behavior Simplify the overall picture of Structural

& the principles of structural Analysis

Time consuming for the analysis of Iarge

systems

Vary according to the structure type

Analysis

Time saving as being computerized

Less varying
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Planar Frame Member, Nodal Displacements & Nodal Forces in Local Coordinates

v

S * x& yarethe Local Coordinates system of the undeformed frame member be
a ® Under external actions the member move to the deformed position b'e’ 5)Liall
o * Nodal (adj.) of node =joint o
® The Column vector u is the local nodal displacements
* The Column vector Qs local nodal forces.
y
- 3 e 3
:8 ul . Qs Ql
T 6
o u, ot -¢---- Q2
u (&
U= {U} — 3 . deformed position e Q — {Q} — Q3 >
u, Q4
2 \Us | w7 \Qe )
s u; undeformed position Uy X
- — > >
2 (b) m eall (o)
£ Typing Q.1 = KesUsa Hand writing {Q }6><1 - [k ]6><6 {u }6><1
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Truss Analysis by stiffness matrix method

Vi

: Lo
E A truss is a structural system that satisfies the following requirements: e
1. Members are straight, slender, and prismatic.
2. Cross-sectional dimensions are small compared with lengths.
?E; 3. Weights of the members are small and can be neglected.
: 4. Joints are assumed to be frictionless pins (or internal hinges).
5. Loads are applied only at the joints in the form of concentrated forces.
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Truss Analysis by stiffness matrix method

The parameters and variables describing the behavior of a typical truss element
In local coordinates are:
E, A 2

—>

L
Geometric & Material Properties: A, L& E

Kinematic response: The local displacements u, of joint 1, & u, of joint 2, & o
the elongation of the element.

X

Uy, Q1 —p p Uz, Qs — »

Static response: The local forces Q, at node 1, & Q, at node 2 , & the internal
axial forces N of the element.

When this elastic bar is subjected to an oL N L
Internal axial force N by Hooke's Law O=¢cL=—=—
It deforms by an amount 6 suc that E EA

o)lioJl
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Truss Analysis by stiffness matrix method

U, Q1 > > Ui, Qs —» % %

From compatibility From equilibrium cﬁ
5=U4—U1 N :Q4:_Q1
Substituting in Hook’s law, we find the two equations
EA EA
Q, = _T(u4 _ul) & Q,= T(u4 _u1)
Grouping in a matrix form Or symbolically

kzxzule — Q2><1

% 1 -1)ju, _ Ql kZXZLocaI element stiffness matrix
L _—1 1_ Q,

u4
Local Element Eq.

U, Local element nodal displacements

szl |_ocal element nodal forces

https://manara.edu.sy/ Slide 7


https://manara.edu.sy/

27/10/2024

B. Haidar

Finite Element Methods

Kinematic Transformation from global to local coordina@> X [>,D

2 2 2 o
(U)” =(v,)" +(v,) by u,, S0
V1 V2 - Oyiat
U1 = _Vl + —V2
ul ul R | = cosd= (X-x1)/L
e — - 2°N1
u, =lv; + my, m =sin O= (yo-yy)/L
Similarly - L= 6 02y T
u, =lv,+mv, -
Grouping in a matrix form = _ Symbolically
_ _ Vi Upy = T4V
( U, ) | m O O v, Global element nodal
3 = 0 0 | < T p 1 displacements
Lu4 J | m_ Vs T Kinematic G-to-L
Vv, >4 transformation matrix
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Static Transformation from local to global coordinates@ X l>jv

Equilibrium at node b

F =1Q & F, =mQ,

Similarly at node e

F,=1Q, & F, =mQ,

Grouping in a matrix form

W1 ST T

L

\

m
0
0

0
0
I

m

| = cosf = (Xo-X1)/L
m =sin &= (y,-y1)/L
FZF L = [(ex) +(2-y2)]”
1
X

>

L T
|:4><1 U T4><2Q 2x1

(Q 3 Symbolically
1

Q T!. Static L-to-G transformation
<4 4x2 :
matrix

I:4><1 Global element nodal forces
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Global Element Equations l>,v

Combining Static & kinematic transformations with the Local Element Eq. fioo
SuLa

4><1 ><2Q2><1 k2><2u 2l Q2><1 U,y = T2><4V4><1

Fra = T4><2k2><2T2><4V4><1 = KV =Fig
Global Planar Truss Element Eq.

K4><4 T4><2k2><2T2><4 the global planar truss element matrix

| O
m O|EA[1 -1])[I m 0 O]
K4><4: Y
o I{{L|-1 1])Jj0 0 I m
_O m_

https://manara.edu.sy/ Slide 10


https://manara.edu.sy/

27/10/2024

B. Haidar

Finite Element Methods

Global Element Equations [>1

Detailed form of the global planar truss element stiffness matrix deola
&)Ul
- ) _
I Im -1 —Im
2

EAlImMm m?* —-Im -m
I‘<4><4 - 2 2
L | —I —Im I Im

-Im -m* Im m’

Like the local matrix it is symmetric and singular. It relates the nodal global displacements to
the global nodal forces

[ 2 2 1 ) =

I Im —-I° —Im ||V, )

EA Im m2 _Im _m2 V2 :2
— < =3 >

2 2 o

L | - —Im | Im ||V, s
—Im -m* Im m?®||v,] |F,

Compatibility —Equilibrium Equation - =
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EXAMPLE . Element Stiffness Matrix
Figure shows a planar truss. The material is steel, E = 2(10)Pa and the cross-sectional
area of member AB and BC are respectively 0.01 m?and 0.02 m?2.
1. Construct the global stiffness matrix for each member & the truss stiffness matrix,
then find the displacement of joint B.
2. Find the member internal forces and the support reactions.
SOLUTION

Step 1: We select kN, m as the problem units. The origin of the global coordinate system will
be located at point A. The labeled model is shown in Figs. and (c).

10 kN 10 kN

It helps to create the following table that contains the terms in the global element stiffness matrix.

[y

o)lioJl
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EXAMPLE . Element Stiffness Matrix

| ; T
|I .I_-"
¥

g Member | (X,,Y,) (Xa Ye) L I m AE/L doolA
5 1 (0,0) (3,4) 5 06 | 08 Ax10° 8)tial
2 (3,4) (6,0) 5 0.6 -0.8 8x10°

Step 2& 3: We now create the two global element stiffness matrices.

_ For element 1, we have:

” 12 Im -1 —Im] (036 048 -0.36 -0.48

) i, o AE|Im m? -m mt |, o 048 064 048 064

L —1° —Im | Im -036 048 036 048

-Im -m* Im m° | |-0.48 -0.64 048 064

% For element 2, we have )

§ 1> Im -1° —Im 0.36 -0.48 -0.36 0.48 |

g Kfm AE Im2 m* —Izn -m? _810° 048 064 048 -0.64

;_; L 1< —-Im | Im —0.36 048 036 -048

; m -m? Im m? | 048 064 048 0.64 |
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EXAMPLE . Element Stiffness Matrix

g Finally, the global element equilibrium equations for the two elements can be written as -
5] A For Element 1 ﬁ
N Vy _ SN N A
036 048 -036 -0.48||v F'
@ » V3 1 1
;| 048 064 -048 -0.64||v, F;
1] 5 4x10 =y \
Vs ' Ve -0.36 -048 036 0.48 ||v, F;
£ ~048 -0.64 048 064 ||v F!
” @ @ - 1074 4 )
Vi Vs For Element 2
(036 -048 -036 048 ][v,] [F?
. -0.48 064 048 -0.64 <V4 F’ >
3 (=
g -036 048 036 -0.48||v. F’
: 048 064 048 064 ||v,| |FZ
E Useless equations: the two matrices are singular & the two nodal load columns are unknown
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EXAMPLE . Element Stiffness Matrix

Step4. From the 8 equations of the 2 separated members, we need to construct the 6
equations describing the equilibrium of the entire truss. Starting with member 1.

7036 048 036 048 0 07[v) [F)
048 064 -048 -064 0 O [|v,| |F!
|-036 —048 036 048 0 0||v,| |F
4x10 v [T et
-0.48 -064 048 064 0 O0|lv,| |F
0 0 0 0 0 O0flvw| |0
0 0 0 0 0 0fly |0
Now using the equations from member 2, we get
0 0 0 0 0 0 v [0
0 0 0 0 0 0 [lvo| |0
Jo 0o o072 -096 -072 096 |lv,| |F?
4x10 W, [T1F2(
0 0 -09 128 09 -1.28||v,| |F,
0 0 -072 096 072 -096|lv.| [F?
0 0 09 -1.28 -096 128 |\v,| |[F2

v
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https://manara.edu.sy/

Slide 15


https://manara.edu.sy/

EXAMPLE . Element Stiffness Matrix

v

3 (036 048  -0.36 -0.48 0 0 Jfv.] [ F
2 048 064  -0.48 ~0.64 0 0 ||v,| | F, oyli o
4x10° —0.36 -0.48 |0.36+0.72 0.48-0.96 |-0.72 0.96 ||v, |:31 + F12
X > = <
048 -0.64 |0.48-0.96 0.64+1.28 | 096 -1.28||v,[ |Fi+F/
0 0 —0.72 0.96 0.72 -0.96]|v, F32
; 00 0.96 128 -096 128 ||v,] | F?
f Elements within the rectangle show the coupling between the two truss members.
The component of the applied load at node 2 are 70cos(30°)& 70sin(30 ), we have the system equations as.
B 2%l
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036 048 -036 -048 0 0 Tfv,] [F° [>
048 064 -048 064 0 0 |N,| |F MA]_?
| -0.36 -0.48 -072 096 ||v,| |8.66] symbolically ool
4)(10 y L= X
048 -0.64 096 -128||v,[ |500[ K, v, =F.,
0 0 -072 09 072 -096]|lv.| |F
0 0 09 -128 -096 128 |lv,| |F

We can carry out a few checks to ensure that the results are acceptable. First, the structural stiffness matrix K
should be symmetric. Second, K is usually diagonally dominant, meaning that the diagonal element has the largest
magnitude in that row and column. As we can see in the equations above, this condition is met by most but not all
diagonal elements. However, the largest number is a diagonal element, K,,. Note also that all diagonal elements
are positive.

Step 5: The boundary conditions for this problem are v, = v, = v = v, = 0. Imposing these conditions on the
system equations yields the modified system equations:

4x10° 108 ~0.48] v, 6.0 or symbolically K. .v..=F
X = —
—048 192 V4 500 y y 2x2 © 2x1 2x1

Step 6: Solve the system equations Kv = F V3 =2.581x10°m & v, =1.296x10°m,
for the nodal displacements v. v=(v42+v,?)12=2.888x10 ~m
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