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THEOREM —The Sandwich Theorem for Sequences

Let {a,}, {b,}, and {c,} be sequences of real numbers. If a,
holds for all n beyond some index N, and if lim,_, _a, = lim,_,_c,
lim,_, b, = L also.
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2" — 1
BTN, | Calculate lim o if it exists.

n—ox%

SOLUTION Simplifying, we get

l.m 2n . l B ]m 2n B l B lm l n - L n
,,l—nc 6" nl—>x 6" 6" Nl—’x 3 6
lim LY lim L) 0-0=0
= |1 o =3 | S - — —
n—x 3 n—> 6

where the second last equality follows from (3) with r = % and r = (l, o}
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daadia llile (e 3 140 & sana

If » # 1. we can solve for s,:

a(l —r"h

1 — r

s,=a+ar+ar’+ -+ ar" =
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Y ar" =a+ar+ar’+---
n=0

If —1 < r < 1, the sum of the infinite geometric series is

a
atar+ar*+---+ar"+-..-=

| — r
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9-26 Determine whether the sequence is convergent or diver-
gent. If it is convergent, find the limit.

9. a" —

1.

13.

15.

17.

19.

2L o

23.

dn

a"

n

|
3n*

_2n2+n—1

>
n2

3+ 5n
2+ Tn

1 — (0.2)"

5

"
vn3 + 4n

= cos(nm/2)

10"
l + 9”

10.

12.

14.

18.

20.

22.

a,=In2n>+ 1) — In(n*> + 1)

a, =

n®—1

n®+1

e T = 2—n + 6—n

a, = sin(nw/2)
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9. ,lango n = 'lan;o a5 "ango — = 0. Converges sl et

5 . : . 1 . .9 . 1\"
10. a, = 3n 158 geometric sequence with r = 3 So lim a, = lim o 5 lim 3) = 5-0=0 Converges

2
.a,= il i =2+l—iso lim a, = lim 2+ lim - lim 2 =2+0-0=2 Converges
n2 n n2 n—00 L~ 00 n-—o0 N n-—00 n2

n3 -1 2 1 2 2 ” 2 .

12 a, = == = lim a, = lim n° — lim —_ lim n® When n is large, n” is large so lim a,, = oo and

the sequence diverges.

13. lim a, = lim o lim 2_:1771 = lim g = "_’wg —= = e Converges
n— oo n—oo 2+ (N n— oo n— 0o 247 Bm = 4 Bm 7 -
n n n—oo N n-—00
3
nd 1 = 31 1—-l3 im 1— lim —
14. lim a, = lim — = lim —*— = lim B =2 "_’°°"i - =1 Converges
n-— 00 n—oo N + 1 n—oo n* 4+ 1 R—00 4 ] lim 14 lim — 1+0

https://manara.edu.sy/


https://manara.edu.sy/

15.

16.

17.

18.

19.

[

&jliall

LILEE PSS et

a, =1—(0.2)",s0 lim a, =1—-0=1 [by (3)withr =0.2]. Converges

n—>00

-1 -n __ 1 " 1 ! : —_ 1 1 : . 1 "_ —
Sy =& = "(2) +(6) S°nl‘_."§oa"_,.l‘_.n§o(2) +,.ll.“§o(6) =Se—g

[by (3) withr = 3 and 7 = 2] Converges

3 n? V/n3 ; :
soa, — ocoasn — oo since lim /n = oo and

n - - vn
VR +dn  /n® +an/\V/n3 1+4/n? n—oo
lim /1+4/n%2 =1. Diverges

n—00

an =

a, =sin(nw/2) = a) =sin(7/2) =1, a2 =sin(w) =0, a3z =sin(37/2) = -1, a4 =sin(27) =0,
as; = sin(57/2) = 1. Observe that a,, cycles between the values 1,0, and -1 as n increases. Hence the sequence does not

converge.

a, =cos(nm/2) = a)y =cos(m/2) =0, a2 =cos(m)=-1, a3z =cos(37/2) =0, a4 = cos(2w) =1,
as = cos(57/2) = 0. Observe that a,, cycles between the values 1, 0, and —1 as n increases. Hence the sequence does not

converge.
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23.

T - . ;
Ap = =—— = (—) so lim a,, = lim
3n n-— 00 n— 00
107!
10" o

= lim

lim an, = lim

s n—oo ] 4 9n n—oo 14+9 n—oo | ( 9 )"
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R, T

(%)n = 00 since % ~ 1.05 >1 Diverges

1

lim 1

n—+00

— = lim

= — = oo because the

— lim 1Y + lim 9
10" 10" 10 n—+0oo 10 00 10
denominator approaches 0 while the numerator remains constant. Diverges
/ n'/? lim -
3 1/3 1/2 n—oo Nnl/6 0
lim an = lim idzlim 1/2n 1/4=lim 1/2"’/ o n/ =3 0=0
n-— oo n—oo /N + \/ﬁ n—oo N +n n—oo n +n B 14 B — .
n1/2 L~ 00 n—oo N /
Converges

a, =In(2n* +1) —In(n* +1) =In (

2n2+1) —ln(2+l/n2

n?+1 1+ 1/n?

) — In2asn — oo. Converges
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3n+2
24, a, = - R “
5 U:‘JLAA
e" + e™"
25. a, = —; 1 26. a,=In(n + 1) — Inn
e2" —

B 37:#2 - 32371

U an == e 9(£)", so lim a, =9 lim (£)" =9.0=0by(3)withr = . Converges

e 4+e " e i d-a 2n e ) . M‘
5. an = =3 B R, — — —+ 0asn — oo because 1 + ¢ — land e" — e ™ — co. Converges

c - » » PR »

1 1
2.a,=Inln4+1)~Inn = ln(i — ln(l + —\ — In(1) =0asn — oco. Converges
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