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DA‘V Limit of a Function and Limit Laws

sial  Limits of Function Values

RS LR R

EXAMPLE 1 How does the function

behave near x = 17

Solution

o) = & _A_lf’rl-l_ Do vt 1 for x#1.
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DA‘V Limit of a Function and Limit Laws

R A, T

TABLE 2.2 As x gets closerto 1,
f(x) gets closer to 2.

itself. If f(x) 1s arbitrarily close to the number L (as close to L as we like) for all x suffi- X fx) = x*=1
ciently close to ¢, other than ¢ itself, then we say that f approaches the limit L as x x—=1
approaches c, and write 0.0 19
lim f() = L, 1.1 2.1
_ e N 0.99 1.99
which 1s read “the limit of f(x) as x approaches ¢ is L.” In Example | we would say that
f(x) approaches the limit 2 as x approaches 1, and write 1.01 2.01
| 0.999 1.999
lim fo) =2, or  limT—7 =2 1.001 2.001
0.999999 1.999999
1.000001 2.000001
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PA‘V Limit of a Function and Limit Laws

8)liaJl EXAMPLE 2

LR LT T

-1 "1__]1 Cx# 1
(a) flx)= — (b) glx)=< * (©) hix)=x+ 1
- L, x=1
limf (x) =2 limg (X) =2 limh (x) =2
X— x -1
s e T (D) g(1) =1 hl) =2
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PA‘V Limit of a Function and Limit Laws

(a) If f 1s the identity function f(x) = x,

lim f(x) = lim x = c.

X—=C X—=C

(a) Identity function

(b)y If f 1s the constant function f(x) = k

v

X—* X—C

lim f(x) = lim k = k. L —=

https://manara.edu.sy/
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L i, LY L1} "_‘ '1_I
™

\//1
L+ /_k/ flx) < = M
- = = X i = i
0 € X 0 X r—
(a) hm flx)=L (b) lim f(x)=M
X—= A—a
(a) Right-hand limit as x approaches c. (b) Left-hand limit as x approaches c.
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[ZV Approaching a Limit from One Side

T
fx) = x/|x|

| =

lim f(x) =1 and lim f(x) =

r—0F r—0" 0
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[ZV Approaching a Limit from One Side

gliall  EXAMPLE The domain of f(x) = V4 — x?is [—=2, 2]; its graph is the semicircle
in Figure 2.26. We have

Iim V4 —x2 =10 and lim V4 — x2 = 0.

x——27 r—s

¥ 4— x=

> X
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[ZV Approaching a Limit from One Side

R A, T

THEOREM 6 Suppose that a function f1s defined on an open interval
containing c, except perhaps at ¢ itself. Then f(x) has a limit as x approaches ¢
if and only 1f it has left-hand and right-hand limits there and these one-sided
limits are equal:

Iim f(x) = L = lim f(x) = L and Iim f(x) =

X—C A—*L !L—Z'E
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EXAMPLE 4

0,
(a) Ux) = {

(b) gx) =%

(¢ flx)=

Discuss the behavior of the following functions, explaining why they
have no limit as x — 0.

x=0

x> D

https://manara.edu.sy/
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(a) Unit step function U(x)

limU (x)=0

X —0"

limU (x) =1

limU (x) = limU (x)
X =0~ x —>0"

Bagage & Adlgdl)

Limit of a Function and Limit Laws

(b) g(x)

lim g (X) =—o0

x—0"
lim g (X) =+
x —0"

Iirgl_g(x);t Iirp+g(x)

85 54 b Algdl

(c) f(x)

limf (x) =0

X —=>0"

Bagage pf gl Im T (X)
X —>

—1<sinx <41 33 ga ga e dilgdl)
the function’s values between +1 and -1
in every open interval containing 0
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THEOREM 1 —Limit Laws
If L, M, ¢, and k are real numbers and

lim f(x) = L

X—*C

. Sum Rule:

. Difference Rule:

. Constant Multiple Rule:

. Product Rule:

. Quotient Rule:

. Power Rule:

. Root Rule:

and lim g(x) = M, then

X—*C

Im(f(x) + g(x)) =L+ M

X=—=

im(f(x) — gx)) =L —M

X—*

hm(k- f(x)) = k- L

i T

lim(f(x) - g(x) = L+M

R T

. ) L
;l_rlﬂrﬁ—M, M#0

lim [ f(x)]" = L", n a positive integer

X=—=

lim Vf(x) = VL = L' n apositive integer

X=—=

(If n 1s even, we assume that f(x) = 0 for x in an interval containing c.)

https://manara.edu.sy/
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DA‘V Limit of a Function and Limit Laws

RS LR R

{a

(b)

(c)

llm(13 + 432 = 3)

X—=C

x4+ 2 =1
lim -
e Tl X + 5

lim V4x2 — 3

x——2

Solution

(a) lim(x* + 4x> = 3) = lim x* + lim 4x*> — lim 3

K= X—»C X—»C
=3+ 42 -3
= A 2
by lim =] e D
x—c X2+ 5 lim (x2 + 5)
X—*C

lim x* + lim x* — lim 1

X=—C X=—> N—C

lim x2 + lim 5
X—C X—=
_ e
2+ 5

() lim Vdx2 =3 = =\ lim {41- — 3)

r——2 y—s—2

=V lim 4+ — lim 3

x——2 x——2

= V4(-2y - 3
= V16 - 3
=13
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[Z\y Evaluating Limits of Polynomials and Rational Functions

djligJi
"""""""""" THEOREM 2 —Limits of Polynomials
If P(x) = a,x" + a,—x"~' + -+ + ap. then
lim P(x) = P(c) = a,c" + a,_ "' + -+ + a,.

X—>

THEOREM 3 —Limits of Rational Functions
If P(x) and Q(x) are polynomials and Q(c) # 0, then

PO P©
.r]—rﬂ' O(x) B Q(c)

EXAMPLE 6
poo XA =3 -1 +4-1D7 =3
=1 x2+5 (—1)Y + 5

0 _
c=0

https://manara.edu.sy/
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[Z\y Evaluating Limits

b . EXAMPLE 7 Evaluate

2

x4+ x-—-2

Iim

r—=1 X — X
Solution

x3+x—2=(ﬂr—1)(1+2)=x+2

X2 —x x(x = 1) A

.o+ x-2 . x+2 142

lim — = lim—F— = = 3.
x—1 X — X x—s1 |

if x # 1.
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[ZV Evaluating Limits

oo V2 + 100 — 10
o)li_aJl ‘ ) - + —
L= EXAMPLE 8 Estimate the value of Iim 5 .
x—0 X
Va2 + 100 — 10 _ V% + 100 — 10 V% + 100 + 10
x? x? "V + 100 + 10
X2+ 100 — 100

2(Vxr + 100 + 10)

(Vx> + l(}{] + 10)
Vil + 100 + 10

Therefore,
i VX + 100 =10 _ .
0 X Hnm + 10
1 Limit Quoti
- 02 + 100 + 10 not 0 at x =
_ 1 _
=50 0.05.
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https://manara.edu.sy/

R A, T

The Sandwich Theorem

THEOREM 4—The Sandwich Theorem
Suppose that g(x) = f(x) = h(x) for all x in some open interval containing c,
except possibly at x = ¢ itself. Suppose also that

lim g(x) = lim h(x) = L.

X—=C X—C

Then lim f(x) = L.

X—C

EXAMPLE 10 Given a function u that satisfies

2 2
I—I—EH(I)EI+%

4 for all x # 0,

find lim,__; u(x), no matter how complicated u 1s.

https://manara.edu.sy/
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The Sandwich Theorem

Solution Since

lim (1 — (x*/4)) = 1 and lin?}(l + (x*/2)) = 1,

xr—sl)

the Sandwich Theorem implies that lim,_,5 u(x) = 1

https://manara.edu.sy/
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Involving (sin x)/x

THEOREM 7 —Limit of the Ratio sin #/60 as 6 — 0

im 2% — 1 (6 in radians) (1)
g—0 O

/ %ﬂ (radians)
L] P —| g
—3 22— T~—217 3
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[Zv Limits Involving (sin x)/x

dszola
&t ol cosy — 1 n2x 2
EXAMPLE Show that (a) lim——~—— =0 and (b) lim>¢— = Z.
y—=0 y x—0 SI 5
Solution
(a) Using the half-angle formula cos y = 1 — 2 sin? (y/2), we calculate
U I y 2 sin’(y/2)
o Y s Y
= —lim Msilz'.l 0 Let 0 = y/2.
90 0O 4
= —(1)(0) = 0. Eq. (1) and Example 11a

in Section 2.2

https://manara.edu.sy/
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PAV Limits Involving (sin x)/x

LR LT T

(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator,
not a 5x. We produce it by multiplying numerator and denominator by 2/5:

Gin 2x (2/5) sin 2x
lim = lim
x—s) 5x x—0 (2/5) Sx
_ 2 < lim sin 2x Eq. (1) applies with
S;{'—;D 2.1” f = 2x.
2
=2y =2

https://manara.edu.sy/
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[Zv Limits Involving (sin x)/x

22 EXAMPLE Find una‘ﬂ“ "L;f‘"" 2
[—

Solution From the definition of tan f and sec 2¢, we have

. 1 sint 1
lim -~

lim tan 1 sec 2t ) _
[ COSTI cos 2t

1 -
t—s() 3t t—s() 3
| sint 1 |

= 7 lim ——- .
350 [ COST cos2t

_1 _1
= z(HMHA) = 3.

https://manara.edu.sy/
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Involving (sin x)/x

— EXAMPLE Show that for nonzero constants A and B.

Solution

I sinAB_l quBAB BO 1
600 sinBO 550 A6 * sin BO BO

lim sinAf B A
9—0 A6 sin BB

: A
lim (1)(1)

A

B

https://manara.edu.sy/
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LZv

ﬂJLz_uJI Continuity at a Point

lim, - f(x) = 0 lm,_,;+ f(x) =1 f(1) =1

so the function is continuous from the right at x = 1.

lim, ., fx) =1 f(2) =2 \ | .

. . 0 1
f is not continuous at x = 2.

o -2
I
S
|

b2
4l
e

FIGURE ' The function 1s not

: _ 1
-l-lmit_*d_ f) = l. ﬂi{l} -2 contmuousat x = l,x = 2, and x = 4
the function is not continuous from the left. (Example 1).

The function is continuous from the right at x

The function is continuous at x = 3 -0

https://manara.edu.sy/
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DEFINITIONS Let ¢ be a real number that 1s either an interior point or an
endpoint of an interval in the domain of f.

The function f 1s continuous at ¢ 1f

lim f(x) = f(c).

X=—C

The function f is right-continuous at ¢ (or continuous from the right) if

lim_f(x) = f(c).

X=—»C

The function f 1s left-continuous at ¢ (or continuous from the left) if

lim f(x) = f(o).

X—C

https://manara.edu.sy/
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Continuity Test
A function f(x) is continuous at a point x = ¢ if and only if it meets the following

three conditions.
1. f(c) exists

2. lim,_,_ f(x) exists
3. lim,_,. f(x) = f(c)

(¢ lies 1in the domain of f).
(f has a limit as x — c¢).

(the limit equals the function value).

https://manara.edu.sy/
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THEOREM

1

N R WD

. Sums:

Differences:
Constant multiples:
Products:
Quotients:

Powers:

Roots:

— Properties of Continuous Functions
If the functions f and g are continuous at x = ¢, then the following algebraic
combinations are continuous at x = c.

f+g

f—g

k- f, for any number &
f-g

f/g, provided g(c) # 0
", n a positive integer

n ) .. .
\/j_’, provided 1t 1s defined on an interval
containing ¢, where n 18 a positive integer

https://manara.edu.sy/
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(a) Every polynomial P(x) = ax" + a,_x""'+ --- + a, is continuous because
lim P(x) = P(c) by Theorem 2, Section 2.2.

X—=L

(b) If P(x) and Q(x) are polynomials, then the rational function P(x)/Q(x) is continuous
wherever it 18 defined (Q(c) # 0) by Theorem 3, Section 2.2.

EXAMPLE The function f(x) = |x| is continuous. If x > 0, we have f(x) = x, a
polynomial. If x < 0, we have f(x) = —x, another polynomial. Finally, at the origin,
lim, ., |x| = 0= 10|

https://manara.edu.sy/
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DAV Continuity of Compositions of Functions

R A, T

THEOREM | —Compositions of Continuous Functions
If f 1s continuous at ¢ and g 1s continuous at f(c), then the composition g ¢ f 1s
continuous at c.

g f

Continuous at ¢

&

~~" Continuous ~_ " Continuous

at ¢ N at f(c)
» L
c fle) g( flc))

https://manara.edu.sy/
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PA‘V Continuity of Compositions of Functions

daoln
EXAMPLE 8 Show that the following functions are continuous on their natural
domains.
2/3
_ 2 = %

(@ y=Vx—-2x—5 b y= -3

x—2 X Sin x

I d —

(© ) Ig_z‘ (d) y 2+ 2

https://manara.edu.sy/
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DA‘V Continuity of Compositions of Functions

R A, T

Solution

(a)

(b)

(d)

The square root function is continuous on [ 0, co) because it is a root of the continu-
ous identity function f(x) = x (Part 7, Theorem 8). The given function 1s then the
composition of the polynomial f(x) = x> — 2x — 5 with the square root function
e(n) = \/1._', and 1s continuous on 1ts natural domain.

The numerator 1s the cube root of the identity function squared; the denominator 1s an
everywhere-positive polynomial. Therefore, the quotient 1s continuous.

The quotient (x — 2]/(_1:2 — 2) 1s continuous for all x # T \/2_’, and the function
1s the composition of this quotient with the continuous absolute value function
(Example 7).

Because the sine function 1s everywhere-continuous (Exercise 64), the numera-
tor term x sin x 18 the product of continuous functions, and the denominator term
x? + 2 is an everywhere-positive polynomial. The given function is the composite
of a quotient of continuous functions with the continuous absolute value function

https://manara.edu.sy/
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DAV Continuity of Compositions of Functions

R A, T

THEOREM 10—Limits of Continuous Functions
If im,_,,. f(x) = b and g 1s continuous at the point b, then

lim g(f(x)) = g(b).

X—+(

EXAMPLE 9 Applying Theorem 10, we have

lim cos| 2x + sin 3 + x =cos| llm 2Zx + lim sin 3—W+x
x—ml2 2 x—ml2 x—»af2 2

= cos (w7 + sin27) = cos T = —1.

https://manara.edu.sy/
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Intermediate Value Theorem for Continuous Functions

S § THEOREM 11 —The Intermediate Value Theorem for Continuous Functions
If f is a continuous function on a closed interval [a, b ], and if y, is any value
between f(a) and f(b), then y, = f(c) for some ¢ in [a, b ].

y=flx)
fb)

Yo

fla)

0

https://manara.edu.sy/
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Intermediate Value Theorem for Continuous Functions

guall EXAMPLE 10 Show that there is a root of the equation x> — x — 1 = 0 between 1
and 2.

Solution Let f(x) =x*—x—1. Since f(I) =1—-1—-1=—-1<0 and f(2)=
22 — 2 —1=5 >0, we see that y, = 0 is a value between f(1) and f(2). Since f is a
polynomial, i1t 1s continuous, and the Intermediate Value Theorem says there 1s a zero of f

between 1 and 2. Figure 2.45 shows the result of zooming in to locate the root near
x = 1.32.

3

https://manara.edu.sy/
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Intermediate Value Theorem for Continuous Functions

EXAMPLE 11 Use the Intermediate Value Theorem to prove that the equation

V2x + 5 =4 — x°

Solution We rewrite the equation as

V2x+54+x2—-4=0,

and set f(x) = V2x + 5 + x> — 4. Now g(x) = V2x + 5 is continuous on the interval

| —5/2, 00) since it is formed as the composition of two continuous functions, the square
root function with the nonnegative linear function y = 2x + 5. Then f is the sum of the

function g and the quadratic function y = x*> — 4, and the quadratic function is continu-

ous for all values of x. It follows that f(x) = V2x + 5+ x> — 4 is continuous on the
interval [—5/2,00). By trial and error, we find the function values

f(0) = V5 — 4 = —1.76 and f(2) = V9 = 3. Note that f is continuous on the finite
closed interval [0,2] C [—5/2,00). Since the value y, = 0 is between the numbers

f(0) = —1.76 and f(2) = 3, by the Intermediate Value Theorem there is a number
c € [0, 2] such that f(¢) = 0. The number ¢ solves the original equation. ]
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Involving Infinity; Asymptotes of Graphs

otoll  Finite Limits as x —» + oo

EXAMPLE 2 The properties in Theorem 12 are used to calculate limits in the same
way as when x approaches a finite number c.

(a) lim (5 + %) = lim 5 + lim % Sum Rule
=54+0=5 Known limits
(b) 11111 %/_ = lim TT\/E%%
= llm T \/_ llIl'l E * Iim % Product Rule
= a7V3i-0:-0=0 Known himats [ ]

https://manara.edu.sy/
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PAV Limits Involving Infinity; Asymptotes of Graphs

R A, T

EXAMPLE 3 These examples illustrate what happens when the degree of the numer-
ator 1s less than or equal to the degree of the denominator.

I 5¢° + 8x — 3 — 1 5+ {Sfr}':} - (3;’_1‘2} Divide numerator and
(a) Il}n;u 32 + 2 — Il}ngu 34 (2/'.1::1) denominator by x-.
540-0_5 o
= 310 = j See Fig. 2.51.
b 1 l1lx + 2 li (llfl’xz} + (2;’;3] Divide numerator and
(b) I_}Elm 73— 1 - I—PP.:;:. 7 — (1,/13} denominator by x-.
— g tg:{} See I‘]_._j.. 2. .

https://manara.edu.sy/
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[Z\y Horizontal Asymptotes

s e . DEFINITION A line y = b 1s a horizontal asymptote of the graph of a function
y = f(x) if either

Iim f(x) = b or lim f(x) = b.

A= X—— 00

EXAMPLE 4 Find the horizontal asymptotes of the graph of

x? — 2
x|+ 17

flx) = |

https://manara.edu.sy/
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rizontal Asymptotes

Solution We calculate the limits as x — T co.

P =2 ¥ —-2 1=/
— . — — —
Forx = 0. lim x|? + 1 am o T M T /x%)

. x =2 . x =2 . 1 —(2/x%)
< . = = = —1].
rore =0 A WP+l Ay 1 BT am

The horizontal asymptotes are y = —1 and y = 1. The graph 1s displayed 1n Figure
2.53. Notice that the graph crosses the horizontal asymptote y = —1 for a positive
value of x. [l

https://manara.edu.sy/
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PA‘V Horizontal Asymptotes

LR LT T

_\_/f{ﬂ— |I| y
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Horizontal Asymptotes

EXAMPLE 5 Find (a) lim sin(1/x) and (b) llm x sin(1/x).

X—= O x— Too

. 1 . .
lim sin = lim sint = ().

X— 00 y r—s 0"

(b) We calculate the limits as x — oo and x — —o¢:

1 sin f . 1 sin |
lim 15111; = Iim — =1 and Iim X siny = Iim — = 1.
X— 00 f—07F ! X——00 . f—~ !

https://manara.edu.sy/


https://manara.edu.sy/

[Z\y Horizontal Asymptotes

gial  EXAMPLE 7 Using the Sandwich Theorem, find the horizontal asymptote of the curve

SIN X
X

y=2+

Solution We are interested in the behavior as x — *o0o. Since

sin x 1
0= || = |x
and lim, .+ |1/x| = 0, we have lim, i (sinx)/x = 0 by the Sandwich Theorem.
Hence,
lim (2+5‘2I)=2+ﬂ:2,

and the line y = 2 1s a horizontal asymptote of the curve on both left and nght (Figure 2.56).
This example illustrates that a curve may cross one of its horizontal asymptotes many
times. ]

https://manara.edu.sy/
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PA‘V Oblique Asymptotes

ﬂju_,:-,_j| EXAMPLE 9 Find the oblique asymptote of the graph of

LR LT T

fx) = I - i
Solution We are interested in the behavior as x — *oo. We divide (2x — 4) into
(x* — 3):
X
5 + 1
2x — 4)x> + Ox — 3
x? — 2x
2x— 3
2x — 4
1
This tells us that X
glx) = 5 + 1
_x =3 _(x |
f0 =5 =3~ (z+ 1)+(2x—4)'

remainder

—— I.]]]'._“L‘l]' .-“r[_'l'-l

https://manara.edu.sy/
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Infinite Limits

%2 EXAMPLE 10 Find lim and lim ——.
X = 17 - x — 1
. 1 : 1 _
lim = 00 and lim = —0Q.
r—]1TX — 1 — 17X — ]-
5 4
EXAMPLE 13 Find lim = —°¢*1
x——0 3x-+x—17
o2 =6+ 1 . 2 —6xr + X7
lim 5 = lm -1 -2
r——oc X~ +x —7 x——00 3 + X — Ix
) 232 (x — 3) + x72
= lim
x——0o0 3 + ;l’.'_l - ?I_l
= —0Q,

https://manara.edu.sy/
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Vertical Asymptotes

DEFINITION A line x = a is a vertical asymptote of the graph of a function
y = f(x) if either

lim_ f(x) = + oo or lim f(x) = oo

X=>i] =il

EXAMPLE 16 Find the horizontal and vertical asymptotes of the graph of

fo) = ——==

x2 — 4

https://manara.edu.sy/
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Vertical Asymptotes

Solution We are interested in the behavior as x — T oo and as x — T2, where the
denominator is zero. Notice that f is an even function of x, so its graph is symmetric with
respect to the y-axis.

(a) The behavior as x — T oo. Since lim, .. f(x) = 0, the line y = 0 is a horizontal
asymptote of the graph to the right. By symmetry it is an asymptote to the left as well
(Figure 2.65). Notice that the curve approaches the x-axis from only the negative side
(or from below). Also, f(0) = 2.

(b) The behavior as x — T 2. Since

lin:_"rl+ flx) = =00 and Iim f(x) = o0,

x—2"

the line x = 2 is a vertical asymptote both from the right and from the left. By sym-
metry, the line x = —2 is also a vertical asymptote.

https://manara.edu.sy/
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%‘\7 Exercices

R Graph the functions in Exercises 9 and 10. Then answer these questions.
a. What are the domain and range of f?
b. At what points ¢, if any, does lim,_, . f(x) exist?
¢. At what points does the left-hand limit exist but not the right-
hand limat?
d. At what points does the right-hand limit exist but not the left-
hand limat?

Il--I"I."'Ill] _.Il._, 0= x < 1 F_x
9. fx) =14 1. l=x<2 10 fm =41,
'-.E" x=2 L0,

—1 = x < 0,
r=10
x=—1 or

or 0<x=1

r =1
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%‘\7 Solution

5 G all |
s 9. () domamn:0<x<2 ¥ ez 0 PO
range:0 <y <land y =2 , T lSx<2
(b) lim f(x) exists for ¢ belonging to (0,1) (1, 2) 0 . x=2
X==€ 2+ ]
fc) =2
(d x=0
Io\.—o
0 1 2 m

10. (a) domain: —wo < x <o
range: —1<y <1
(b) lmm f(x) exists for ¢ belonging to

E:‘;:- -Du-L1)u(d, «)
(c) none
(d) none

Y, —1sx<Dor0<xsl
y=41, x=0
0, x<=] or x>1
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[A‘V Exercices Find the limits in Exercises

14, }L“E—(x : 1)(1 ¥ ﬁ)(E 7 I)

VIZ+ 4h+ 5 — V5

15. lim
[ h
Ve —- ViR +1lh+ 6
16. lim
f—s .ri-i'
_ |_1' + El ) |I T 2|
17. a. IE[IITI:I +3) T3 b. IHIIIZ_{J: +3) T3
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%V Solution

s 14 Im () (52) (35)= () (59) (5)=() ()

x—1

1|2

)=1

15. «H: +4.3:+5—u’r—_ m (4%%4%5—«1’5) (x}'h +4ﬁ+5+J_]_ lim (h* +47+5)=5
h Jﬁ +4f1+5+~.|"_ h—0" h(mhﬁ)

T h(h+4) _ 0+4

N T N 7

Fr—:vlil h—0'

16 J_—xilﬁ.f'i A1A+6 _ g (JE—JSF:EHHH:?J (JE+1I5F!3+]1F!+6]

h JE+\[5F:3+11F1+6

Fr—:rﬂ h—0
~ lim 6—(5h?+11h+6) ~ lim —h(5h+11) _ =0+ __ 31
h—>0" ;:(JE+~‘-‘5,&3+11F:+-5] h—>0" h{JE+~jSh2+l lh+ﬁ) V646 26
17. (a) lim (r+3) |H2| = lm (x+3) (x+2) (Jx +2| = (x+2) for x > -2)
Xx—»=2" x—»=2" +2)
= lim (x+3)—((—2}+3)=1
x—=2"
(b) lm (x+3) |H§| = lm (x+3) [_(xf)] (x+2|==(x+2) for x <=2)
Xx—=2" = x—=2" )
= lm (x+3)(-1)=—(-2+3)=-
x—=2"
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%“7 Exercices

djliaJl

25. lim

27.

29.

31. lim

33.

35.
37.

39.

. lim

sin 3y

y=0 4y

tan 2x
X

x—

. XOCsc 2x
lim
x—0 CO0S 5x

. X+ xcosx
Iim —
x—0 SIN X COS X

; 1l —cos @
g—0  sln 26
sin{l — cos 1)

lim
i—p | — cosr
sin #

F%E-III sin 28

Iim @ cos A
A—0)

. tan 3x
him =
x—{ SIn ¥x

L
b

£ £ & =

= £ & £

Ihim =
h—i- 51N 3h

I 21
1m —

lim 6x%{cot x)(csc 2x
x—= ]

2

X=X <+ sInx

=0 2x

~ simn(sin h)
lm———
h—0  sInh

. 8In Sx
Ihm —
x—{0 sln 4x

lim sin & cot 26
B—=0)

sin 3y cot Sy

lim
y—0 ycotdy
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PAV Solution

23, lim 3230 _ 1y 36030 3 g, s030 3y sme 3 (where @ = 3y)
ﬁJI. - il .lr_>ﬂ 4_] 4}!_}{} 3}" 4.}_|_>'] 3_}-" 4&_}_'] 6’ 4
24, lim —2_= lim (l-.3—h)=l im —L—-=1f 1 _f-1,_1 (where & = 3h)
hao™ B3Ny g- 3 sm3h )3y o (250E) 3 Jim. mef 3 3

25, 1imM=1jm(mﬂ:5*)=mnﬂﬂ—3§=(um L )(umMJ:l-z:z

x—0 X x—0 * x—»( FCOS=Y x—0 €98

26. lim 2L —2]1111 —zlun*‘m“—z(limcosr] l__[=2.11=2

ranf SILT sin f
F—0 [m“) r—0 f—0 ol

2'? 1 XECSC LN

2x _ 13 x 1 1 : 1 Y 1
xf}} Ccos5x Ihg:a(sinzx cosﬁx] (3"1 Usmz )(;’E‘:& casﬁx) (2 l){l) 2

28. lim ﬁxz(cutx)(csczx) hmw lim (3::{}5:{ 2X )=3-l-1=3

x—0 x—0 sinxsin 2y x—0 sinx sm2x

-t )
0 SIX COSX x—30 510 X

= lim - lim ( 1 )+ lim
x—0 B x—0 05X r—0 =

20 11111 X+XCosX = ( X + XCOS X )
0 SN XCO5X 130 5N X CO5 X SIN X CO5 X

] M) +1=
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6)liaJl

30.

31.

32.

33.

34.

35.

36.

lim Xotsiny lim (£-1+1(smx))=0-L+l@m=0
X—» X—* -

lim 1=cosf _ | (1—cos @)(1+cos ) ' 1—cos” & . sin” 6

0o SI20 45 o (2sin@cos@)(l+cosd) 4, (2sinfcosd)(1+cos ) =f:!'l—H>}J (2sin @ cos #)(1+cos )

_1: s1n {7 _ 0 _
= 51;“_}1,1:, Geos0)1rcsd) — ) ~ 0

x(l=cosx) 1 1: l-cosx
et b l-cosx —]:II[[(—) 1
_ _ L x(1= : 3 . e 9 . z(0)
lunx_xfoaazllmlf_EUEI):hm 9_1 — lim 911: x—»0 'fq :91 =0
r—0 sm” 3x T—0 sm” 3x x—( &0~ 3x x— (M]_ ]ﬂn(ﬂ)_ 1"
91_2 3_\' 1._}{' 3]’
sin(l—cost) - sind :
————=lim =% =1since# =1-cosf »>0ast—0
t>0 1eost g5 ¢
lim ﬁljr: lim 3‘39 —1sinced=sinh —>0ash —0
h—0o S #—0
lim 00— lim (S00..20) — 1 Jim (sinf. 20-)-1.1.1=1
0—0 s 24 -0 sm2d 26 EH—}G 7 sm2¢ 2 2
e SISX 13 smdSx 4x S5\ _ 51 snSx _4x |\ _5.1.1=32
l!u_}]::] ainél,x'_x_}ﬂ(s.in-ﬂrx Sx 4) 4}15}1}]( 5x sin4x) 4 1-1 4
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37. lim fcosf=0-1=0

—0
38. lim sinfcot2f = lim smﬁ?%z lim smﬂz F“:}m 5 = FJ“Lg =%
i1 —s0 -0 51 (0 sin & cos f—y() £€O5 2
30 lim fB23X _ lim (M;]: lim (M;E_Ii)
x—0 sin 8y x—0 cos3x sin8x 1—0 cosixy sm8x 3x 8B

_ 31 1 sin3x 8x }_3.7.1.1=3
_E:}E(mﬂx)( Ix )(sinEx) 8 1-1-1 8

sin3ycot5y lim sm3ysm4ycosSy lim (5i.ﬂ3_1-‘) (ainﬂl_r) [cusS}') (3-4-53-‘)

40. lm = : :
y—0 ycotdy y—0 ycosdysm3y y=0t Y cos4y sinsy 345y

= lim (Ei“?‘*"'] (Si“’”’) ( EL ) (““55-") (3)21.1.1.1.£=E

>0 3y 4y sy cosdy 3 3 5
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Exercices

33. lim sec (ysec’y — tan’y — 1)

y—1

34. lim tan(% cos (sin xlﬁ))

35.

x—=()

lim co

=)

Solution

33. lmm sn::c(ysaanz:2 y—’[.':l:n‘jI y—1)= hm sa::w;:(ySfac2 _v—sec2 y) = lim Sff:n::((_le‘—l)s..tat:,2 V) =sec ((1—1)56(12 1=

34.

35.

y—l

o

S
(\/19 — 3 sec 2t

y—l

) 36. lim Vesclx + 5V3tanx

xr—»Tl6

y—l

sec0 =1, and function continuous at y =1.

lim tan
x—0

lim cos

t—0

4

T

] -.,||'19—3 sec 21

o

4

T

.,||'19—3 sec 0

|

Z cos(sinx'? )] = tan [i cos(sin({}))] = tan(% ms(ﬂ)) = tan(%) =1, and function continuous at x = 0.

=Ccos—L =cosL = % and function continuous at f = 0.

Vie 4
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%\7 Exercices

ﬁJU—b-i] 45. For what values of a is

atx — 2a. x =2

fir]:{lzﬁ x <2

continuous at every x7

Solution

45. Asdefined, lim f(x)=12and lim f(x)= a’ (2)=2a = 2a* —=2a. For f(x) to be continuous we must have

x—2 x—2"

12:252—2a:>a=3 ora=-—2.
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%\7 Exercices

dszoln
djligJi
""""""""" 47. For what values of a and b 1s
—E’ r = —]
flxy) =4 ax— b, —1<x<1
3. r =1

Solution

47. Asdefined, lim f(x)=-2and ljm+ f(x)=a(-)+b=—-a+b,and im f(x)=a(l)+b=a+band

x—-1 x——1 x—1

lim f(x)=3.For f(x) to be continuous we must have 2 =—ag+banda+b=3=a=2 and b =

x—1" 2

I =
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%V Exercices

doola
sli=s 48. For what values of a and b is
(ax + 2h, r=10
gx) =4 x> +3a—b 0<x=2
| 3x — 5, x =12

continuous at every x?

Solution

48. Asdefined, im g(x)=a(0)+2b=2band Iim g(x)= (li?l]i2 +3a-b=3a-b,and lim g(x)= (22)2 +3a-b=

x—0" x—0 x—2
4+ 3a-band 11'11:5r g(x)=3(2)-5=1.For g(x) to be continuous we must have 2b =3a-band4+3a-b=1=
x—0
—_3 -3
a=-3 and b = >
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%\7 Exercices

daola
djligJi )
8)lisJ o -
25. lim (5> 2. lim \/ RN
x—=—oo\ x~ + Jx x—oo Vx +x—2
-1
27, lim 2YEE X 28, lim 2TV
x— 00 3.1' ol | _r—}-:::lz — \Vf;
3 e A -1 -4
29, lim VA= Vx 30. lim %
A Vs + Va e = 3
208 = X153 4+ 7 Vx — 5x + 3
31. lim 32. lim =
=00 85 4 3y 4+ Vx x——00 2y + xH — 4
. X+ 1 . x4 1
3. lim = M. lim =
_— — 3
35. lim —2—2 36. lim ——2%
=20 \/4x2 + 25 x—=20\/36 4+ 9
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%V Solution

1 d 1 3
deola _ - 5 _ X X 0sec\S
c-JLz_aJI 25. lim ( —1 ] = lm |{+—| =| Im < —(%) = o
........... i — x*=T7x T ——a0 1—? e — _? -
1 5 1 5
26. lim 1;‘—51—1]1]:1 1'\:,} = [ lim xlxij = 0-0 :JE:D
x> VX +x-2  you\|l5—F x—w l+—5—F% 1+0-0
X X X X
0 (FHE) Ek
27, lim 20T gy W22 28. lim 28X = fim sl o
Yoo X7 Yot 3—% N—p o 2—[x X—»o0 (%j_l
Ha)
. ws-a) . 3
29, hm }j‘ {F hm 1- I{m} = lim all P |
25
-1 -4 . X'FL2
30. lim L’H: lim =
x—oo X =X X—poo 1—x
] S 51 L 1
. 513_, 113 = 19715 _8/5
31. lim X +7 — lim x 2P

Bf5 3 1
X—poo X +3:1+~J_ X—»o0 1+__,3|"5 +—_111f10
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32.

33.

34.

35.

36.

e

I—}Dﬂ

x+1

_x-3

:r—:-::: 1;'41’ +25

lim
X——0

4—31’

.l-l-

\J{:N,_ - lim

x—}m (x+1)/ 'vl_ X—»a0

*J:f‘ 1/ x?
X—»—0 {x+]]f’\flx_‘

i G e T e e

X—00 AJAx2 +25/+fx2

iy @3 3y/4xS

_,1—}:-::«.,1'.1+f\|'r_

'u'(l’ +1)/x° \J'1+14"x _\1+0 -1
(x+)/x _}m (1+1/x) ~ (1+0)
ﬂ.l'{-‘-l +1]ﬂ'rl" V1+U/x®  JJ1+0 _1
ey (XHDI(=X) _}I( 1-1/x)  (-1-0)
(1-3/x)  (1-0)

X0 of(4x° +25)/x7

lim (4-3x7)/(=x7) —3y° ]a"(-:f )

X—p—o0 1;'{: +9]f:r

= lim —m= ==
X—p0 44425/x° V440

11

(—4;"1’ +3)

o0 A/1+9/x®

{ﬂ+3}

\1'1+ﬂ

=3

=1
2
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Find th:a limits in Exercises 80—86.

80.
81.
82,
83.
34.
85.
86.

lim (Vx+9 = Vx+4)

X—F

Tli}ngﬂ{xff +25—V2—-1)
lim (Vi F 3 + x)
-:Elllm{lt + V4x? + 3x — 2)
Tll}ngﬂ (VOx2 — x — 3x)
-TILII;E{H:/E + 3x — Va2 — 2x)
lim (VA F x — VA =)
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6)liaJl

- - . JX+9+ x+4jl_ . (x49)—x+4)
[\fl+9 JI+4:| |:1'I+5'+ x+4 _xl—]l::u Y+9 4+ x+4
3

80. lim (J.x+9-¢r+4]= lim

X—»a0 X

= lim

3 Ii Jx 0
R e N T .|I|1+2+,||1+i 1+1
X X

2 7 2 2
81. lim [\(ﬁ +25—\/x3 -1): lim [sz +25_J12 _1]. Va2 425 44221 _ i 829G
X—»a0 X—»o0 xﬁ+ -1 X—»o0 M+m
= lim = lim

26
26 T _0 _g
=P w'xz+25+~.l|x3—l X =00 f1+j—3+ ||‘L—L,.r 1+1
X x-
3 2 2
82. lim (\J'J:E+3 +x]= lim [w‘xz+3 +:.~:H:LH]= lim m= lim ——=2—

¥
T——uo X —p—a0 ~..|':r‘ +3—x X—p—on X" +3—x X——m0 4y 43—x

3
'T_D_ﬂ

3
73
Clm - om0
xr—m [l —L r—m (14341 11
N

=

[
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83. lim (zx+~f4;-2+3_r—2]= lim |:Zx+‘\"4x2+3_1’—2][2’T_"'|41_+31_2] fim G +3x2) ,:,V

X—»—o0 X=p—00 Ex—u'r411+31—2 X—— ’J:r—\fi}x +3x-2
_3x 2

=3
—3x+2 lim = gjh o ]|

= lm = A
X——0 21’—«141—+3;r— — = x—}- w0 i J4+

A,

_2
=
X

3 3
_ Y _ 30 1
= hm R R

Xx——w =2- J4+3‘ =

84. lim (‘\1'912 —.r—3x)= lim [\1'912 —_T—3I]'|:—M:'— lim 9x"—0)-(5x) = lim ———
ﬁ.|'9::3—:r+3:r X—po0 1”91’ —x+3x X—po 1'913—1+31

X=poc X—»m
X ) : .
= lim —~ = lim ——L—=-L__1

1_1 .T_-‘ X X

{11 +3 ;f}—(;:'E -2x)

i (V7435 = ~2v < tim | 3 - ]Hfiiiiﬂijﬂﬂﬂ G

X—pot

- 1 5
I—uﬂt 'JI +3x+~q|’x‘ 2,!: X— i V{H_ J_E 1+1
[‘JIZ +x —\I}{E —I] [-«Jr +x+yx° —x} lim (F+x)—(x"-x) _ ~ 1im Iy

's.lr‘r +1+1er —X X—rm \"r+r+v|[r -xX X—w \"x +x+~th —X

X—pot

86. lim ‘sz +x —\/_TE —x = lim

X—=pz X=ro0
2

= lim

X0 \(1+ +,Jl——
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R, T

Thank you for your attention
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