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Chapter 3
Series and Residues

1. Sequences and Series
2. Taylor Series
3. Laurent Series
4, Zeros and Poles

5. Residues and Residue Theorem
6. Evaluation of Real Integrals
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1. Sequences and Series -
Sequences
= A sequence {z,} is a function whose domain is the set of positive integers; in
other words, to each integer n =1, 2, 3, ..., we assign a complex number 2

For example, the sequence {1 + "} is
1+, 0, 1—1, 2, 1+1,...
) 0 0 0 0
n=1 n=2, n=3, n=4, n=>5,...

* |f lim z = L we say the sequence {2z } is convergent.

n n
n—>00 /

{z,} converges to the number L if, for each positive humber >\
& an N can be found such that |z, — L| < £ whenever n > N. \ /

The sequence {1 + "} is divergent. x

L""
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= Example 1: A Convergent Sequence y
r[;n+1 /I;n+1 i
The sequence {—— converges, since lim — =0 1N L
n n—»>90 n, _* 5{ \’3 T

y —]\\ *"--n-, l'
1 1 1 1 N jf

_17 T T Ty Ty T T M“""L_____ ’,’
2 3 4 5 """"-—.-......-:_:3-

» Theorem 1 (Criterion for Convergence): A sequence {z} converges to a

complex number L if and only if Re(z,) converges to Re(L) and Im(z,)
converges to Im(L).

ni

.

n + 21
Re(z) =2n/(n? +4) — 0and Im(z,) = n?/(n*+4) > 1as n— o

» Example 2: The sequence { } converges to i. since
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Series

= An infinite series of complex nhumbers

(0.0)
DI AE S A A O AL

Is convergent if the sequence of partial sums {S }, where

n

converges. If S, — L as n — oo, we say that the sum of the series is L.

Geometric Series

o0 —
Zk_oazk —ag+az+az’ +--+a2" +--

4 a(l-2" a
S =a+az+az +-+az" = ( )—>
l—2 nowl—2

when |z| <1
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Zazk converges when |z] < 1, and diverges when |z]| > 1.

k=1

Vl-2)=14+z+2"+2°+---, 1l+2)=1—2+42" -2 +-.- valid for |2| < 1
n—1

1-2"Y1-2)=1+2+2"+2>+-+2

= Example 3: Convergent Geometric Series
0 -~k . N2 N
Z(l—;?z) _ 1+ 22 N (1 +22) N (1+22) L
k=1

5 52 53
IS @ geometric series with a= (1 + 2¢)/5 and z=( 1 + 2i)/5.
2 (1 +2i) M2
2| = V/5/5 < 1 = the series converges Z( = ) _ 1 s .
k=1 ~ 75
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= Theorem 2 (Necessary Condition for Convergence): If sz converges, then:
limz =0 w=l
n—>0

= Theorem 3 (The nth Term Test for Divergence): If lim z # 0, then the series:

1 —>0

sz diverges.

k=1
For example, the series Z% diverges since z, = (n+ 57)/n > 1as n — o
k=1

0 0] o0
= Definition: An infinite series sz Is absolutely convergent if Z|zk,| converges.
k=1 k=1

For example, the series Z(il‘;)/k2 is absolutely convergent ‘(ik)/kQ‘ = 1/k°
k=1
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= Note: Absolute convergence implies convergence.

> (i*)/k* is convergent
k=1

* Theorem 4 (Ratio Test): Suppose sz IS a series of nonzero complex terms
such that k=l

Zn+1

lim = L

n—>00

Zn

(i) If L <1, then the series converges absolutely.
(i) If L > 1 or L = o0, then the series diverges.
(iii) If L =1, the test is inconclusive.
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* Theorem 5 (Root Test): Suppose sz IS a series of complex terms such that:

k=1
lim g|z,| = L

n—o

(i) If L <1, then the series converges absolutely.
(ii) If L > 1 or L = o0, then the series diverges.
(iii) If L =1, the test is inconclusive.

Power Series
Zak(z - zo)k =a, +a,(z —2zy) +a,(z — z0)2 + .-
k=0
where the coefficients a, are complex constants, is called a power series in
z— 2, Centered at z,,

Series and Residues https://manara.edu.sy/ 2024-2025 9/60


https://manara.edu.sy/

-{:ijl__i_c'n_!i
Circle of Convergence )

|f—f.;'_:.| = R“‘

convergence

= Every complex power series has radius of convergence R,
where R is a real number.

* When 0 < R < o, a complex power series has a circle of
convergence defined by |z — %] = R. divergence

» The power series converges absolutely for all z satisfying
|2 — 2| < R and diverges for |z — z| > R. The radius R of convergence can be:

(i) zero (the power series converges at only z = z,),

(i) a finite number (the power series converges at all interior points of the
circle |z — z| = R), or

(iii) oo (the power series converges for all 2).
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= Example 4: Circle of Convergence
k+1

: R .
Consider the power series Y ——. By the ratio test
n+2 k=1
- o Thus the series converges absolutely for
lim "ntll = lim 1|z| =|z| |2 < 1. The circle of convergence is |7 = 1
n—o0 n—>o0 .
L ne and the radius of convergence is R=1.
n

On the circle of convergence, the series does not converge absolutely.

It can be shown that the series converges at all points on the circle |z| = 1

except at z= 1.
or L = lim gf[a,|

n—>00

an+1

a’n

= Note: the radius of convergence is R=1/L. L = lim

n—>o0
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» Example 5: Radius of Convergence

o k
Consider the power series Z(% i 1) (z — 24)"
i\ 2k + 5

. . bn+1 . —
lim 3/|a,| = lim 2n+5 =3 The radius of convergence of the series is
" nomen T R=1/3. The circle of convergence is |z— 21| = 1/3,

the series converges absolutely for |z — 21| < 1/3.

2. Taylor Series

= A power series defines or represents a function f; for a specified z within the
circle of convergence, the number L to which the power series converges is
defined to be the value of fat z; that is, f(z) = L.
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= Theorem 6 (Continuity): A power series Zak(z — zo)k represents a continuous
k=0
function fwithin its circle of convergence |z — 2| = R, R # 0.

= Theorem 7 (Term-by-Term Integration): A power series Zak(z—zo)k can be
k=0
integrated term by term within its circle of convergence |z — 7| = R, R # 0, for

every contour C'lying entirely within the circle of convergence.

» Theorem 8 (Term-by-Term Differentiation): A power series Y a;(z — 2,)" can be
k=0
differentiated term by term within its circle of convergence |z — z| = R, R # 0.

Taylor Series
= A power series represents an analytic function within its circle of convergence.
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. f(k)(z ) k o=
f(z)=> o ~(z—2,)" Taylor series for fcentered at z,.
k=0 .
= (0 - -
f(z)=>Y ; v Maclaurin series for f
k=0 .

= Theorem 9 (Taylor's Theorem): Let f be analytic within a domain D and let z,
be a point in D. Then fhas the series representation

o (k) 5
=3 I
=0 K <

valid for the largest circle C with center at 2, and radius R
that lies entirely within D.

D
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Some Important Maclaurin Series
2 o0 k
& =l +tot = Z—, R =
2 = k!
23 5 00 2k+1
Sin 2=z ———+— —. Z (—1)" = o0
3 9 i 2k + 1)
/22 4 00 2k
cos z=1-— Z R =0
2! ¥ (2k)'

= Note: the radius of convergence R is the distance from the center z, of the
series to the nearest isolated singularity of f. An isolated singularity is a point
at which f fails to be analytic but is, nonetheless, analytic at all other points

throughout some neighborhood of the point.

15/60
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» Example 6: Radius of Convergence

Suppose the function f(2) = - ' s expanded in a Taylor series with center
— 1+ 2

2o =4 — 2i.What is its radius of convergence R?

The function is analytic at every point except at z = -1 + 4, which is an
Isolated singularity of f. The distance from z=-1+ :1t0 z, =4 — 27 is:

z—z| = (—~1-4)° + (1-(-2))’ =34 =R

» Example 7: Maclaurin Series .

(1-2)

Find the Maclaurin expansion of f(z) =

1
1—2

=l+z+2°+2° ++, |z <1
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Differentiating both sides

! =1+22+32%+--- = 3 P 12 <1
(1-2)° -

= Example 8: Taylor Series

Expand f(z) = in a Taylor series with center z; = 2.

1-2
First Method:
n! !
f ( ) (1 . )n+1 f ( ) (1 B 27;)”4_1
Z 19 )n+1 (z —2i)" circle of convergence |z — 22‘| -5
k=0 ()

(using ratio test)
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Second Method:
1 1 1 1 1

-z 1-2+2i-2i 1-2i—(z-2i) 1-2i, 2-2i
1-21
i : N2 NG ]
1 1 2 —21 2 —21 2 — 21
= 1+ + + + .-
-2 1-2 1—-2¢ 1 -2 1 -2
1 1 1 . 1 2
= + > (2 —20) + (2 —20)" + -

-2z 1-2i (1—2i) (1 - 24)

Iz —2il=+5

-
L%

= Note: we represented the same function 1/(1 — 2) by 2 different power series.
The first has center 0 and radius of convergence (ROC) 1. The second has
center 2; and ROC +/5. The shaded region is where both series converge.
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3. Laurent Series
= |If a complex function f fails to be analytic at a point z = z,, then this point is

said to be a singularity or a singular point of the function.

* For example, the complex numbers z = 2¢ and z = —27 are singularities of the
function f(z) = 2/(z%2 + 4) because fis discontinuous at each of these points.

Isolated Singularities

= Suppose that z = z; is a singularity of a complex function f. The point z = z; is
said to be an isolated singularity of the function fif there exists some deleted
neighborhood of z,, 0 < |z — 2| < R throughout which f is analytic.

= For example, z = 127 are isolated singularities of f(z) = #/(2* + 4) since [ is
analytic at every point in the neighborhood |z — 2i] < 1 except at z = 27 and at
every point in the neighborhood |z — (—27)| < 1 except at z = —21.
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= On the other hand, the branch point z= 0 is not an isolated singularity of Log =
since every neighborhood of z= 0 must contain points on the negative z-axis.

= We say that a singular point z = z, of a function f is nonisolated if every
neighborhood of z, contains at least one singularity of f other than z,.

= For example, the branch point z = 0 is a nonisolated singularity of Log z since
every neighborhood of z = 0 contains points on the negative real axis.

A New Kind of Series

= If 2= 2z, is a singularity of a function f, then certainly fcannot be expanded in a
power series with z, as its center. However, about an isolated singularity z = z,
it is possible to represent fby a new kind of series:
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f(z) = i a,(z — zo)k = ia_k(z - zO)_k - iak(z - zo)k
p— k=1 k=0

Such series representation is called a Laurent series or a Laurent expansion
of f.

o0

ia_k(z — ZO)_k = Z i
k=1

i1 (2 — Zo)k
Is called the principal part and will converge for |1/(z — z)| < r* or equivalently
for |z — z| > 1/ =1

D 4z - %,)" s called the analytic part and will converge for |z — %l < R.
k=0

f(2)= > a,(z=2)" will converge for r< |z— z| < R

k=—o0

Series and Residues https://manara.edu.sy/ 2024-2025 21/60


https://manara.edu.sy/

6)liaJl

= Example 9: A New Kind of Series
The function f(z) = (sin 2)/2* is not analytic at z = 0 and hence cannot be
expanded in a Maclaurin series.

: 2 2 LT
Sin 2 =2 ——+———+ -
3 a7
converges for all |z| < o
principal part analytic part
sin 2 1 1 z oz 2
f(Z): 1 = 3— +=— 5 — +— —
2 27 3lz st 7t 9

The analytic part of the series converges for |z| < o. The principal part is
valid for |z] > 0 = the series converges for all zexcept at z=0 (0 < |2] < ).
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= Theorem 10 (Laurent’s Theorem): L'é"t"'f be analytic within the annular domain
D defined by r < |z - z| < R. and let z; be a point in D. Then f has the series
representation:

- C
f(2)= ), a(z=2)"
k=—00
valid for r < |z — z| < R. The coefficients a, are given by: ;|
ak:# f(s)klds, k=0,£1,%£2,...
2717 C (s — 2,)"" D

where C'is a simple closed curve that lies entirely within D
and has z, in its interior.
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= Example 10: Laurent Expansions
1 : : :
Expand f(z) = oD in a Laurent series valid for (a) 0 < |z] < 1, (b) 1 < |4,
\ X —
(c)0<]z—1]<1,and (d) 1 < |z—1]. y
1 1 1 gl N
(@) f(z)=--— = —[l+z+2°+2°+-] -
z1-—2 z - ~- \ 1
|Z|<]_ \‘u_‘___r_,..-'/
U R BT S converges for 0 < |2| < 1
< y
1 1 1 1 1 1 AT~
b) S0 =5 =[S S AN
12 Z z 0z z [ o X
< ) I R\\- .-r“'/fl
1 T
Z
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1 1 1 1 for 1
f(z) =—+—+—+—+- converges for 1 <|z]
Z Z < Z
1 1 1 1 y
(©) f(2) = =
I1-1+z2-1 2z-11+(z-1) F
/
1 -4
= 1[1—(z—1)+(z—1)2—(z—1)3+---] N
“ T |z—T|<1
f(2) = ! ~14+(z-1)—(z-1)7*+--- converges for0 < |z — 1| <
z—1 .
1 1 1 1
< +(Z ) (Z— ) 1+ . _0"1:
Z_
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1 1 1 1
f(2) = -1 - + > - =t
(z—1) z=1 (z-1) (z —1)
L<1
z—1
1 1 1 1

f(2) =

+ ... converges for 1 < |z —1]

G- G- GO (-1

= Example 11: Laurent Expansions

1
Expand f(z) = > in a Laurent series valid for
(z—-1)"(z - 3)
(@)0<|z—1] <2,
(b) 0 < |z— 3] < 2.
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c-12(:-8) (-1 2+4(z-1) 2c-17, 2-1
2 2
f(z) = - {1+z_1+(z_1) +(Z_31)3+..1

(@) f(2) =

2z —1)° 2 27 2
S SRS S S
20z-1)7 4(z-1) 8 16

validforO<|z—1| <2

1 1 1 1 37"
(b) f(Z)_(z—l)Q(z—B)_z—3[2+(z—3)]2 _4(z—3){1+ 2 }

using the general binomial theorem:
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(1+z)m:1+mz+m(n;—1)zg+m(m—;l3)'(m—2)23+_”’ 2| <1, me@
_ , _
f2) = 1 1+(—2)(z—3j+(—2)(—3)(z—3j .
4(z —3) 1! 2 2! 2
1 1 3 1 o
= ——+—(2-3)—-—=(&—-3) +--
fO=1 9 1T ) g Y
valid for 0 < |z— 3| < 2
= Example 12: Laurent Expansions
Expand f(z) = if " 1) in a Laurent series valid for 0 < |z | < 1.
\1L—Z
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f(z) = Pl TR :(8+l (I+z2+2"+2°+--
2(1—-2) z 1-z 2
F(2) = 2401921922+ validfor0<|s <1
2

» Example 13: Laurent Expansions
1

2(z —

In @ Laurent series

Expand the function f(z) =
valid for 1 < |z—- 2| < 2.

Find two series involving integer powers of z — 2: one
converging for 1 < |z — 2| and the other converging
for |z— 2| > 2.
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1 11 glal
?) = =—— 7 = [(2)+ J,(z
1® z2(z —1) z z-1 1)+ 5 (2)
1 1 11
z 2+ 2—-2 21+z—2
2
1. 2-2 (2-2% (-2
2)=——|1- + — 4N
f=-21-222, 62D Lo
1 z— 2 (2—2)2 (2_2)3
=57 a T — ... converges for |z — 2| < 2
h2) =5 2’ 23 91 9 |z =2
222 ] 1 {1_ + 5 = = oo
1+2-2 z—21+ z—2 z2=2 (=2 (2-2)
2 —2
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£(2) = 1 3 n L +... converges for 1 < |z — 2]
-2 (2-2) (2-2° (z-2)
B o2 o3
)= s 1 - 12+ 1 _1+z22_@i? L f)_m
(z—-2) (2=-2)y =z—-2 2 2 2 2

converges for 1 <[z —=2| < 2

» Example 14: Laurent Expansions

Expand f(z) = ¢** in a Laurent series valid for |z| > 0.

. 2
e =1+z2+—+—+---
20 3
2 3
e®? :1+§+3—+3—+--. valid for |2 > 0

z A2 317
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Classification of Isolated Singular Points

» A classification is given depending on whether the principal part of its Laurent
expansion contains zero, a finite number, or an infinite number of terms.

zZ= 2z

Removable singularity

Pole of order n

Simple pole

Essential singularity

Series and Residues

Laurent Series
a, +a, (2 —2) + a,(z — 2,)" + -
a a_., _ a_
O gt a(z—zy) o
(z—=2)" (2—2y)" Z — 2,
a_ 2
L ta, +a(z—2)+a,(z—2,)" +--
7=
a a
-+ = >+ = +a0+a1(z—zo)+a2(z—z0)2+---
(z—2y)" 2Z2—%
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» Example 14: Removable Singularity
. 2 4
SI2 % + % _...  z=0is a removable singularity of f{z) = (sin 2)/=.
Z .

» Example 15: Poles and Essential Singularity

principal part

)
sinz 1 2z 2° |2l > 0, we see that a_, # 0, and so z =0 is a simple
2, 31 5  poleof the function f(z) = (sin 2)/22.

The Laurent expansion of f{z) = 1/(z— 1)%(z—3) valid for0 < |z — 1] < 2
princiealpart

~N

1 1 1 z-1 since a_, # 0, we conclude that z =1

f(z):_2(z—1)2_4(z—1)_§_ 16 isa pole of order 2.
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The principal part of Laurent series of the function f(2) = €7 contains an infinite
number of terms. Thus z= 0 is an essential singularity.
Zeros

= 2, IS a zero of a function fif f{z,) = 0. An analytic function f has a zero of order
nat z= z if

f(z()) =0, f’(ZO) =0, f”(ZO) = 0} ~- 4 f(n_l)(z()) = 0, but f(n)(z()) # ()

= If an analytic function fhas a zero of order n at z = 2, it follows that the Taylor
series expansion of fcentered at z, must have the form:

f(2)=a(2—2)" +a, (z—2y)"" +a,,,(z—2)

2
= (2 - zO)"[an +a, (2—2))+a,.,(2—2)) +-]

)n+1 n+2 4o
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» Theorem 11 (Zero of Order n). A function f that is analytic in some disk
|z — 2| < R has a zero of order n at z = 2, if and only if f can be written

f(2) = (2 — z)"#2), where ¢ is analytic at z= zy and ¢(z,) # 0.

» Example 16: Order of a Zero
The analytic function f{z) = z sin 2? has a zero of order 3 at z= 0.

6 10 4 8
ZSin22=Z|:ZQ—Z +Z —---:|:z3|:1_z _|_Z _:|
31 5 31 5

Poles

* Theorem 12 (Pole of Order n): A function f that is analytic in a deleted
neighborhood of z,, 0 < |z — 2| < R has a pole of order n at z = z, if and only if f
can be written f{2) = #(2)/(z — 7y)", where ¢ is analytic at z= z; and ¢(z,) # 0.
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= Theorem 13 (Pole of Order n): If the functions fand ¢ are analytic at z = z, and
fhas a zero of order n at z = z; and g¢(z,) # 0, then the function F(2) = g(2)/f(2)

has a pole of order n at z = z,.

» Example 17: Order of Poles
22+

Z o
/z) (z—1)(z +5)(z - 2)"*
The denominator has zeros of order 1 at z= 1 and z = -5, and a zero of order

4 at z= 2. Since the numerator is not zero at any of these points, it follows that
fhas simple poles at z=1 and z= -5, and a pole of order 4 at 2z = 2.

2= 0is a zero of order 3 of f{z) = zsinz? = F(z) = 1/(zsinz?) has a pole of order
3atz=0.

= If a function has a pole at z = zj, then |f{z)| — o as z — z, from any direction.
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5. Residues and Residue Theorem
= |f the complex function fhas an isolated singularity at the point z,, then fhas a

Laurent series representation:
a_g

J(z) = iak(z_zo)k:”'-l‘ - n
k=—o0

(2—20)2 7 = %

a
L ta,+a(z—z) +a,(z—2,) +

which converges for all z near z,. More precisely, the representation is valid in
some deleted neighborhood of z,, 0 < |z — ]| < R.

Residue

= The coefficient a_; of 1/(z - z,) in the Laurent series given above is called the
residue of the function f at the isolated singularity z;.

a_, = Res (f(?), 2y)
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= Example 18: Residues
z =1 is a pole of order 2 of the function f(2) = 1/(z — 1)%(z — 3). From the
Laurent series we see that the coefficient of 1/(z— 1) is a_; = Res (f(2), 1) = —Ya.
z = 0 is an essential singularity of f(z) = ¢¥2 From the Laurent series we see
that the coefficient of 1/zis a_; = Res (f(2), 0) = 3.

= Theorem 14 (Residue at a Simple Pole): If fhas a simple pole at z = z,, then:

Res (f(2), z5) = IIm (2 — 2,)f(?)

» Theorem 15 (Residue at a Pole of Order n): If fhas a pole of order n at z = z,,

then ! gn-]

Res (J(2): 20) = o =2

(2= 2))" f(2)
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= Example 19: Residue at a Pole

The function f(2) = 1/(z — 1)%(z — 3) has a simple pole at z = 3 and a pole of
order 2 at z=1

. L 1 1
Res (f(2), ) = lim(= - (@) = =05 = 4
1. d .d 1 1
Res (f(2), DZI!EE}E(Z_DZJC(Z):Izgdzz—3 -7

= Suppose a function f can be written as a quotient f(z) = ¢(2)/h(z), where gand h

are analytic at z = z,. If g(2;) # 0 and if the function i has a zero of order 1 at z,,
then fhas a simple pole at z = 2, and

Res (f(2), zy) = }‘CL],((ZZO))
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= Example 20: Residue at a Pole
The function 1/(2* + 1) has four simple poles

mil4 > _637m'/4 P 571i/4

21:6 92_ 93—6

Res (f(2), 2,) = 4_ _ le—3m'/4 iy

2z, 4

Res (f(2), 2,) = % _ 1 omin _

3
z2 1

Res (f(2), 23) = — =

423

—157i/4

1
4

Res (f(2), 2,) = —= = 16—21;:2'/4 Yy
4 4

24

Tril4
» 2y = €

1 1
— 1
INCEEND)

1

1
4J§_4f7’

1

:—+—Z

42 4[

1

+ 1
42 4J§
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Residue Theorem
» Theorem 16 (Cauchy’s Residue Theorem): Let D be a simply connected

domain and C a simple closed contour lying entirely within D. If a function fis

analytic on and within C, except at a finite number of singular points z;, 2,
z Wwithin C| then

C_fﬂc f(z)dz = 27Z7Lkzn:1Res (f(2), 2)

» Example 21: Evaluation by the Residue Theorem

1
Evaluate dz, where
C(z-1)7*(z-3)

(a) C'is the rectangle defined by =0, xr=4, y=-1, y=1, and
(b) C'is the circle |z| = 2.
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(a) CJ;C G- =3) dz =2mi[Res (f(2), 1) + Res (f(2), 3)] = 277@{ 0 + 4} 0
1 . P N
(b) C.ffc G103 dz =2n1 Res (f(2), 1) = 2771,( 4) ; 7

= Example 22: Evaluation by the Residue Theorem

Evaluate § 229 4. where Cis the circle |z — i = 2
C 2%+ 4
¢ 2240 42 = 27 Res (f(2), 20) = 278 22" = 7(3 + 2i)
Czo+4 21

» Example 23: Evaluation by the Residue Theorem
Evaluate 350 tan zdz, where C'is the circle |z] = 2
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tan 2 has simple poles at the points where cosz=0. 2= (2n + 1)7/2, n=0, 1,
2, .... Since only —/12 and #/2 are within the circle |z| = 2,

(JSO tan zdz = 2nwi[Res (f(2), — n/2) + Res(f(2),7/2)] =2mi —1-1] = -4

» Example 24: Evaluation by the Residue Theorem

Evaluate 3&0 e**dz, where Cis the circle || = 1
CJE;C e’“dz = 27i Res (f(2),0) = 67i
= Note: L'Hopital’s rule is valid in complex analysis. If {2) = ¢(2)/W(z), where g
and h are analytic at z = z,, g(z;) = h(z) =0, and h’(z) = 0, then

lim 9 _ 90
> h(2)  h'(z)
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6. Evaluation of Real Integrals
Integrals of the Form J'OM F(cos@, sinf)do

» The basic idea here is to convert this integral into a complex integral where
the contour C'is the unit circle centered at the origin. z = cos € + i sin 6 = €',

0<60<L2x | . . .
.y 629 + 6_29 ) 626 — 6_20
dz =1e"df, cos 0 = , sin 8 = .
2 21
1 : 1 _
d@:ﬁ, cos@==(z+2"), sinf@=—(z-2")
12 2 21

1 4o 1 1.\ dz
@CF(5(2+Z )’2_2'(Z_Z )jz

where C'is [z] = 1.
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= Example 25: A Real Trigonometric Integral

Evaluate j 40

(2 + cos 0)°

é- 2 - 2 dz
C(z"+4z+1)

Z <
f(2) = -

(2 +42+17% (-2 (z—2)
2y = =2 — J3, z2, =2+ J3 only z is inside the unit circle C,

b4
dz = 2mi Res(f(2),z
d d z 1

Res (f(2). ) = lim = (2 = 2)*f(2) = lim = Tl
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: . do = 2oz 14z
1 C(ZZ +4z+1)2 i 6\/§ 3\/§
J'Z” dé Ax

0 (2 + cos 0)° } 33

Integrals of the Form _[: f(z)dzx

= When fis continuous on (—oo, o), f; f(z)dx = lim

r—>00 9=

0

f(@)dz -+ lim jOR f(z)dz

» |f both limits exist, the integral is said to be convergent; if one or both of the
limits fail to exist, the integral is divergent.

* |n the event that we know (a priori) that an integral _[: f(z)dx converges:

|” f@ds = lim jRR f(z)dz
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= This limit is called the Cauchy principal value of the integral and is written:

PV.[" f(@)dz = lim jRR f(z)dz

= When an integral of the form _[_o:o f(x)dz converges, its Cauchy principal value is
the same as the value of the integral. If the integral diverges, it may still
possess a Cauchy principal value. For ex., the integral f xdz diverge, but:

2 a2
PV.(" zdz = lim Rxdleim{R _ R)}zo

—00 R—>woJ-R R—w| 2 2

* To evaluate an integraljif(:v)da:, where flx) = P(x)/Q(x) is continuous on
(-0, ), by residue theory we replace x by the complex variable 2z and
integrate the complex function f over a closed contour C that consists of the
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iInterval [-R, R] on the real axis and a semicircle C' of
radius large enough to enclose all the poles of
f(z) = P(2)/ Q)(2) in the upper half-plane Re(z) > 0.

gffo f(z)dz = _[CR f(z)dz + I_RR f(x)dz = ZﬂiéRes (f(2),2) *

where z, k=1, 2, ..., n, denotes poles in the upper half-plane.

If we can show that the integral 'C f(z)dz > 0 as R — o, then we have:

R

P.V. j“; f(z)dr = lim '_RR f(z)dr = 27[73§R65 (f(2),2,)

R—o0 ¢
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= Example 26: Cauchy P.V. of an Improper Integral
0 1 y
Evaluate the Cauchy principal value of > > dx
(2" +1)(z" +9)
1 1
f(z) = — N . .
2+ 1D(z"+9) (z+9)(z—1)(z+ 3)(z — 37) _ 1_
R :
CJSC 1 dz:jR 1 dz + | 1 dz = I, + 1,

(2> +1)(2° +9) B (z* +1)(z° +9) W (22 +1)(2° +9)

I+ 1, = 2l Res (f(2), )+ Res (f(2), 30)] = 2] — + (_ ﬁﬂ =12

On Cp, |(2* +1)(z* + 9)| = | +1]|2* + 9| 2 o —1

[ - 9‘ — (R? —1)(R® - 9)
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|[2| = J- 2 : 9 dz| < 5 42 5 50
(27 +1)(27 +9) (R? — 1)(R? — 9) B>
im [ ? 12 do = P.V.[_ 2 12 dr = 2=
R—>w Jd—R (x + 1)($ + 9) —00 (aj + 1)($ 4 9) 12

» Theorem 17/ (Behavior of Integral as R — o). Suppose f(z) = P(2)/()(z), where
the degree of P(z) is n and the degree of ()z) is m > n + 2. If C, is a
semicircular contour z= Re?, 0 < < r, then IC f(z)dz — 0as R — oo.

» Example 27: Cauchy P.V. of an Improper Integral
o ]

dx
—0 4 4]

Evaluate the Cauchy principal value of
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1 1 1 I .
Res (f(2), 2,) = —E—mi Res (f(2), zy) = 4\/5 - 4\/57/
o0 1 .
P.V. T dr =2rmi[Res(f(2), z;) + Res(f(2), 2z5)] = %

Integrals of the Forms _Eo f(x)cosax dx or f f(z)sinaxdr

Using Euler’s formula e#* = cos ax + isin ax, where « is a positive real number
0.8} . o0 0.0}
j f(x)e ™" dz = j f(z)cosaxdx + z_[ f(x)sin ax dx

whenever both integrals on the right side converge. When f(x) = P(z)/ () is
continuous on (—oo, c©0) we can evaluate both integrals at the same time by
considering the integral 950 f(2)e'**dz, where a > 0 and (' again consists of the
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interval [-R, R] on the real axis and a semicircle C} of radius large enough to
enclose all the poles of f(z) in the upper half-plane Re(z) > 0.
» Theorem 18 (Behavior of Integral as R — o0): Suppose f(z) = P(2)/((z), where

the degree of P(z) is n and the degree of ()(z) is m > n + 1. If C, is a
semicircular contour z= Re?, 0 < < r, and a > 0, then:

jc f(2)e'**dz — 0 as R — ©

» Example 28: Using Symmetry

o TSINZT

Evaluate the Cauchy principal value of _f dx
> +9
o0 1 00
J- LEQSIIILE dr = = x2smx Iz
0 2 +9 292" +9
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With a =1, we now form the contour integral cj‘} e dz

2+ 9
where C'is the same contour as example 26

5 e“dz + j e"dr =2mi Res (f(2)e”,31) = <1
Cr 22 +9 Rg? 49 €
o i i i:lt T .
f(x)e"dz > 0as R > oo = P.V. dr = —1
Jo, —Oox4+9 e’
w | © T COST o TSINT T
j 5 emdxzj 2—dx+zj 5 emdxz—gz
-0 7“4+ 9 " +9 49 e
© T COST o SN T
PV.| ———dz=0, P.V. > dr = —
" +9 ~z"+9 e
o TSIN T 1 o TSINT T
x4+ 9 2 x°+9 2e
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Indented Contours

* When f(z) = P(z)/()(x) have poles on the real axis, we
must modify the procedure used in previous Examples.
For example, to evaluate f; f(x)dz by residues when f(2) ==~
has a pole at z = ¢, where c is a real nhumber, we use an

iIndented contour.

» Theorem 19 (Behavior of Integral as » — 0): Suppose f has a simple pole
at z = c on the real axis. If C, is the contour defined by z=c + e, 0 < < 7,

then:
lim| f(2)dz =rmiRes(f(z),c)

r—09C,
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» Example 29: Using an Indented Contour y
0 sin &
Evaluate the Cauchy P.V. of dx

= g(z® = 2z + 2)
The function f(2) = 1/2(2* — 2z + 2) has simple poles
at z=0and at z=1 + i in the upper half-plane.

9()0 (2 —6; +2) t = ch +j__; +.[_cr +LR =27 Res (f(z)e”, 1+ 9)

where j—Or = —jcr

Taking the limits R — o and r — 0, we find

-R =T r R

T

rv.[* G

. a:(x2 021 2) dr — n1 Res(f(2)e”,0) =2ni Res(f(z)e”,1+ 1)
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P.V. - dr = m(—j +ori| S (14 9)
> x(x” -2z + 2) 2 4
o COS
P.V. u dy = L et (sin 1+ cos 1)

o p(z* -2z + 2) 2

SIN 2

rv.[” : dr = 1[1 +e '(sin 1 — cos 1)]
~x(x® -2z + 2) 2
Integration along a Branch Cut

Branch Point at z= 0 We will examine integrals of the form _[;O f(x)dz.
These integrals require a special type of contour because when f(x) is converted

to a complex function, the resulting integrand f(z) has, in addition to poles, a
nonisolated singularity at z= 0.
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= Example 30: Integration along a Branch Cut
0 1
Evaluate dx
'[0 \/;(:z: +1)

1

f(z) = The origin is a branch point since z'2 has two values for
\/;(z +1)

any z= 0.

We can force 2 to be single valued by choosing the positive z-axis as a

branch cut (0 < &< 27).

The integrand f(z) is single valued and analytic on and
within C, except for the simple pole at z=-1 = e™.

1 .
4}0 SIEPRRET dz = _[C + ED+ICT+ in B 21 Res(f(2),— 1)

R

On AB, z= ze% and on ED, z = zel0 +27i= ge2i

r
Il
4

\

AR
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2riN-1/2 172 p o102
J- f(2)dz = J- (xe ) iy = [ L dr = T —dz
"+1 Ry +1 rx+1
(z eo@)—m N R V2
2)dz = e dr = dr
j /2) j ze’ +1 Lx+1
. . 7°_1/2 27T 1/9
z=reand z= Re'’on C.and Cf, = I f(2)dz| < 27T = — 0
C -7 -7 r—0
R 27R 1
and dz| < 2R = — 0
joRf(Z)z R—1"" " R-1R7 asm

2_‘-(:0 \/;(i D) dr =2mi Res(f(2),— 1) =2xmi( —1) =27

joo ! dx =7
0 \/;(x+1)
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= Example 31: Integratlon around a Point Cut y
Evaluatej ne dx
(z° +1)
logz T 377
Z) = , |2/ >0,——=<arge < — x

The branch cut consists of the origin and the negative imaginary axis.

In order that the isolated singularity z = ¢ be inside the closed path, we
require that r< 1 < R.

o mmite = [ 4] ] = 2miRes G0

Inr + 7/9 i0
2) = , (z=re
/) (r’e'*? +1)° (

On L, z=ze’ = z,and on L,, 2= ze”=—zx
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' fde= [ ln(—zx) +2mda: _ J' Inz + in 1 — IR 1n2x+z7z o
Ly R (27 +1) R (2% +1)° " (z" +1)
~ ‘R Inzx
2)dz = dx
Llf( ) b @E 1y
- —Inr+rx zr —rinr
— i _ D0 —
z=re’ & z= Re'?on C .and C,, = .Crf(z)dz < =) Tr =7 =) r:)@()
d [ f)dzl < MR+”zR S50
and . (R? - 1) r—0
© |nzx . . Az 1. T 7
2_[ : dx+j ~dr =2mi Res (f(2),1) =27mi| —+—i |=——+ —1
0 (2" +1)° (:U + 1) 8 4 2 4
00 0 1
j zln:chx:_E, j 2 2dx=£
0 (" +1) 4 0 (" +1) 4
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